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ABSTRACT

In this present paper de Rham cohomology of graded manifolds, cohomology of graded differential
forms and cohomology of DeWitt supermanifolds are studied. The structure of a G-supermanifold
in general is not acyclic. So, the cohomology is defined via the complex of graded differential
forms. This situation is investigated together with the graded Dolbeault cohomology of complex G-
supermanifolds. A theorem is established that the structure sheaf of any DeWitt G-supermanifold is

acyclic.
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I. INTRODUCTION

The aim of this paper is to unfold a basic
cohomology theory for supermanifolds. This
cohomology does not embody only trivial
extensions of results wvalid for differentiable
manifolds. For instance the natural analogue of the
de Rham theorem does not holds in general and
also in the case of complex super-manifolds there
is generally no analogue of the Dolbeault theorem.
As a result the sturecture sheaf of a supermanifolds
does not need to be cohomology trivial [2]. The
fact that the cohomology of the complex of global
graded differential forms on a G-supermanifold (
M,A) depends on the G-supermanifold structure (
M,A) so that super de Rham cohomology is a fine
invariant of the supermanifold structure [3].

I1. de Rham COHOMOLOGY OF GRADED
MANIFOLDS

Graded manifolds are not very interesting as far as
their cohomology is concerned. In the real case, the
structure sheaf of a graded manifold (X,A) is fine

and therefore A and all sheaves QFa of graded
differential forms are acyclic. This implies that the

cohomology of the complex °a (X) coincides
with the de Rham cohomology of X. In the
complex analytic case, a similar argument allows
one to prove a Dolbeault-type theorem.

The complex of sheaves A° is exact and moreover,
it is a resolution of the constant sheaf N on X i.e.,
the sequence of sheaves of N-modules

0 >N>A—L5Q'\—2>

Q—4 ... @2.1)
is exact. This 'graded Poincare’ Lemma' is most
easily proved by working in local coordinates and

proceeding on the analogy of the usual Poincare’
Lemma. By defining the de Rham cohomology of

(X,A), denoted by H'pr(X,A), as the
cohomology of the complex of graded vector

spaces A" (X), from (2.1) and using the ordinary

de Rham theorem, we obtain the following result
(cf. [8] Theorem 4.7.).

Proposition 2.1. There is a canonical isomorphism
H pr (X, A H" pr (X)) forall k> 0.

Here H'pr(X) denotes the usual de Rham
cohomology of X.

III. COHOMOLOGY OF GRADED
DIFFERENTIAL FORMS

Let (M,A) be a G-supermanifold. The sheaves
Q" ®g B, of differential
forms on M provide a resolution of the constant
sheaf B ., on M, in the sense that the differential

smooth B, -valued

complex of sheaves of graded-commutative B, -
algebras Q" ® B, (withQ° ® WB, C”L)isa
resolution of the constant sheaf B ., le. the
sequence



0—>B, >C"L—>Q'®yB, —>

Q°®yB, - (3.1)
is exact. The cohomology associated with this
complex via the global section functor I'(-, M),

i.e. the cohomology of the complex Q° ® B, , is
denoted by H “pr(M, B, ) and is called the B, -

valued de Rham cohomology of M. Since B, is a

finite dimensional real vector space, the universal
coefficient theorem [6] entails the isomorphism

H'pr(M,B,)' H or(M)®gB, . (3.2)
By virtue of the de Rham theorem, equation (3.2)
can be equivalently written as

H'or(M,B,)'H'(M,B,). (3.3)

By H'(M,-) we designate interchangeable the

lech or sheaf cohomology functor, which coincide
since the base space is paracompact.

In order to gain information not on the topological
or smooth structure of M, but rather on its G-
supermanifold structure, we therefore need to
define a new cohomology, obtained via a resolution

of B,, different from the differential complex
(3.1). We consider the sheaves QF a of graded

differential forms. The following result is a
generalization of the usual Poincare’ lemma (cf.

(5D

Proposition 3.1. Given a G supermanifold (M,A),
the differential complex of sheaves of graded B, -
algebras on M

0B, >A—4>0QW—>
Q? A—>

is a resolution of B .

(3.4)

Proof. Since the claim to be proved is a local
matter, we may assume that (M,A) = (B Lm’” ,G);

moreover, it is enough to
show that, if U is an open ball around the origin in

BLm,n
Ae QkG(U) is exact; i.e., there exists a graded
differential (k -1)-form 77 € Q' (U) such that

+z"™") in U,

then any closed graded differential %-form

A =dn . Given coordinates (z',--
let
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Ay A k o
o=dz* NndzM o, € QTR (U)  be

an H” graded differential k-form on U (k>0); let
us set

Ka(z) = (-D)Fdz*" A-ee A

t
" 2" [t ey, ()t
0

We have an isomorphism [2] Q"6 (U)’

Q" v B | it is therefore possible to introduce a

homotopy operator

K : QF6(U) = Q' 5(U), defined by
K(@®a)=Ko®a.

One can indeed  verify  easily that

dKA +KdA = A for any section A € G*(U),
so that, if dA =0 then A =d(KA). The case
k =0 has been left out. However, if f € G(U),

by writing f as f =  f®a, with f €
H*(U) and a; € B, , the condition df = 0 implies

directly that fis a constant in B, .

Definition 3.2. Given a G-supermanifold (M,A),
the cohomology of the complex

AM) —> QA (M) —L

Qa(M) — - (3.5)
denoted by H "spr(M ,A), is called the super de
Rham cohomology of (M,A).

The operation of taking the SDR cohomology of a
G-supermanifold is functorial. Indeed, given a G-

morphism (f,@): (M ,A)— (N,B), it is easily
the morphism Q°s(N)—
f.Q a(M) induced by@ commutes with the
differential yields a

of "
H"spr(N,B)— H"sor (M ,A ). 1t should be
noticed that the functor H “spr(-) does not fulfill

the Eilenberg-Steenrod [10] axiomatics for
cohomology (if it did, it would coincide with the

proved that

exterior and therefore

morphism graded B, -modules

B, -valued de Rham cohomology functor) since it
does not satisfy the excision axiom. Moreover, the

functor H “spr(-) does not give rise to



topological invariants. On the other hand, it is
easily varified that the graded B, -modules

H" spr (M ,Aare invariants associated with the

G-supermanifold structure of M. Indeed, if
(f,9):(M,A)— (N,B) is a G-isomorphism, it

¢" :H'spr(N,B)
— H " spr (M, A). is an isomorphism.

is easily proved that

The most natural thing to do to gain insight into the
geometric significance of the  groups

H"spr (M ,A) - which, as a matter of fact, are
graded B, -modules - is to compare them with the
cohomology groups H* (M, B, ), which have a
natural structure of graded B, -modules as well.

The morphisms Q*a (M) —> QF

( M ) ®n B . induced by the morphism
O0:A—>C”, give rise to a morphism of
differential complexes, which induces in

cohomology a morphism of graded B, -modules
K ZHkSDR(M,A)—>
H*pr(M,B,) Yk >0.

0
In degree zero, -
has manifestly
Hspr (M, AY (B,) " Hpr(M,B,),

where C is the number of connected components of
M, which we assume to be finite. In degree higher
than zero, we have, as a straightforward application

of the abstract de Rham theorem, the following
result.

(3.6)

is an isomorphism, in that one

Proposition 3.3. Let (M,A) be a G-supermanifold
and fix an integer q >1.1f H*(M,Q7A ) =0
for 0Sp<qg—-1 and 1<k<gq, there are
isomorphisms

H"spr (M, AYH"(M,B,)

for1<k<gq.

From equation (3.3), still working under the

hypotheses of Proposition 3.3., we obtain
isomorphisms

H"spr (M ,AY H" (M, B,)

for 0<k <gq..
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Proposition 3.3. provides a usefull tool for
investigating the cohomological properties of the
structure sheaf of a G- supermanifold. For instance,
it suffices to exhibit a G-supermanifold (M,A) such

that H'spr (M ,A)# H'pr(M,B,) to deduce

that, in general, the sheaf A can not be expected to
be acyclic.

IV. COHOMOLOGY OF DEWITT
SUPERMANIFOLDS

Considering in M the fine topology we study the
cohomology of a De Witt supermanifold (M,A);
this is advantageous because in this way M is para-
compact. Thus we continue to confuse the sheaf
and lech cohomologies with coefficients in
sheaves on M.

We need the following Lemma, which is obtained
from a result given in [19] by strengthening certain
hypotheses.

Lemma 4.1. Let X and Y be topological spaces,
with Y locally euclidean and F a sheaf of abelian
groups on X; let we assume that all groups

Hk(X, F) are finitely generated. Then for all

n>0 there is an exact sequence of abelian
groups

0> & H/ (X,H®yH"(Y,0)—>
JtKk=n

H'(XxY, 77'F—

— @ Tor[H'(X,F),H"(X,U)]—0

J+k=n+1
where Tor [ R ] defines the torsion product [6], [7]
and 7w : X xY — X is the canonical projection.

Proposition 4.2. The G-supermanifold (B,"" , G)
is cohomologically trivial:
H*(B,"",6)=0

Yk >0 4.1

Proof. In view of the definitions of the sheaves GH
and G, one has an isomorphism

G (™) (CT"®AN"®B,).
Therefore, applying Lemma 4.1. with the following
identifications:

X=R", Y=n"",
F=C"y" ® AN"®B,,



We obtain ( since H*(n"™" 1, U) =0 for k>0 and
Ho(nm’"L, U)=U)

H*(B,"",6)’

H"N™ c*"®AN"®B,).

Now, since the sheaf of rings C” g™ is fine, the

sheaf C* " @ AN"®B, of C” y"-modules is

soft and therefore is acyclic, which yields the
sought result.[]

Coarse partitions of unity. DeWitt supermani-
folds do not admit partitions of unity in a strict
sense, that is to say, there cannot exist partitions of
unity subordinated to any locally finite cover, since
the structure sheaf of a DeWitt supermanifold is
not soft and therefore is not even fine. However,
any DeWitt supermanifold has a particular kind of
partition of unity, that we call a coarse partition of

unity.

Lemma 4.3. Let (M,A) be a DeWitt supermanifold,
with body M , and projection ¢: M — M .

For any locally finite coarse cover U = {Uj} of M

there exists a family {g j}of global sections of A
such that
()Supp g, < U ;

0 g =L

Corollary 4.4. Let C be a locally finite coarse
cover of M. Then H(UF) =0, k>0, for any

sheaf F of A-modules.
If we consider in M the coarse topology (let us

denote the resulting space by M, , the sheaf A is

apparently fine; however, this does not allow us to
conclude that the sheaf cohomology of A is trivial,

since M pw 18 not paracompact. In any case, one
that the lech
the

can conclude
H*"(M,, N
H® (M ., , F), where F is any A-module) is trivial,

since the direct limit over the covers involved in
the definition of the 1ech cohomology can be taken
on coarse covers.

cohomology

(or cohomology

Theorem 4.5. The structure sheaf A of a DeWitt G-
supermanifold (M,A) is acyclic.
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Proof Any peM, has a system of
neighbourhoods m such that for all
W € m the supermanifold (@' (W), A ) is

o~ ()

isomorphic to (B Lm’n,G); therefore, A‘ > ) is

acyclic. We are then in the hypotheses of the
inverse image in cohomology [2] and hence

H"(M,ANH"(M,, D7), k>0.
is fine by Lemma 4.3., and hence acyclic, so that
we achieve the thesis. [_]

We notice that the same procedure that brought to
Theorem 4.5. can be applied to the structure

sheaves of anH or GH”™  DeWitt
supermanifolds, which are therefore acyclic as
well.

Corollary 4.6. Any locally free A module F is
acyclic. Proof. Let us at first assume that F

trivializes on a coarse cover. Then, since @, Fisa

@, A -module, the same proof of the previous

Proposition applies. Now we must prove that F
actually trivializes on a coarse cover. Without any
loss of generality we may assume that

(M,A)=(B,™",G) and that F trivializes on subsets

of B Lm’n which are diffeomorphic to open balls.
Let U be one of these subsets; then
F(UYG?'9(U). In view of the definition of the
sheaf G, if V'is any other set of this kind such that
O'DU) =D 'D(V) =W , then F(UY

F (V) , so that one has F = G p\qlw ' 0

For instance, the sheaf of derivations DerA and

sheaves QA of graded differential forms on
(M,A) are acyclic.

SDR cohomology of DeWitt super- manifolds.
The previous results have an immediate
consequence in connection with the super de Rham
cohomology of DeWitt supermanifolds.

Proposition 4.7. [9] The super de Rham
cohomology of a DeWitt supermanifold (M,A) is

with the B, -valued de Rham
cohomology of the body manifold M , :

isomorphic



H'sor(M)'H pr(M ;) ® B, . (42)

Proof- We have already seen that the sheaves of
graded differential forms Qs are acyclic,
H"(M,Q”)=0 for all k > 0 and p=>0.
Accordingly, Proposition 1.2. [9] implies

H'sor(M)'H*(M,B,).(43)
On the other hand, M is a fibration over M g with
a contractible fibre, SO that
H*pr(M)'H" pr(M ) and equation (4.3) is
equivlent to equation (4.2) [2]. []

Dolbeault theorem. Let (M,B) be an
(m, n)-dimensional complex G-super- manifold.

We have that 2”3 is the sheaf of holomorphic

graded p-forms on(M,B), while Q77| is the sheaf
of graded differential forms of type (p, ¢). Here | is
the complexification of the sheaf A, i.e. | =A® KA.

Proposition 4.8. Let (M,B) be a complex DeWitt G-
supermanifold. There are iso- morphisms of graded

C, -modules

H ™" (M,B)H*(M,Q"s).

Cohomology of G DeWitt super- manifolds.
Theorem 4.5., which states the acyclicity of the
structure sheaf of a DeWitt G-supermanifold can
be shown to hold true also in the case of the sheaf

A~ of G” functions on a DeWitt super- manifold.

Theorem 4.9. The structure sheaf of a G DeWitt
supermanifold is acyclic.

Proof. Working as in Lemma 4.3., one can
construct a coarse G~ partition of unity on M, so
that the sheaf ®,A” is fine and therefore is
acyclic.
the G* DeWitt super- manifold (B,"",G").
Lemma 4.1. implies

Let us now consider for a while

Hk(BLm,n’(o_m,n)—l (O_m,n)*GOO)l
H"(N" (™), 6*)=0
for all k> 0. Since (™)' (¢™"), G~
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"G” by the very definition of the sheaf G*, the

result is proved for the super- manifold (B Lm’n,
G™).From (cf. [1]

Proposition 4.11.) the result for a generic G~
DeWitt supermanifold now follows. []
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