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Abstract

The goal of this thesis is to explore a new formalism of Tensor Networks called
SIMPS and review its feasibility at tackling the computational challenges posed by
many-body systems. We will start this thesis with the review of some foundational
concepts of quantum mechanics and quantum information, and we review the ex-
isting formalism of TNs. Afterwards, we will review the literature by David. T.
Stephen [27] [26] which introduces the SIMPS formalism and proceed to investigat-
ing the cases where SIMPS provides obvious computational advantages over existing

formalisms.
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The next list describes several symbols & abbreviation that will be later used within
the body of the document
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SPT Symmetry Protected Topology
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Chapter 1

Introduction

Quantum information is the study of finite dimensional quantum systems, where
the abstractions are given a more quantitative representation so that they allow for
easier computations. This enables us to have more insight of how information is

stored, modified or transferred at the quantum scale.

A natural complication that arises when studying quantum systems like this is the
more than exponential increase in computational complexity as the number of par-
ticles in the system increases. This is due to the exponential increase of the possible
degrees of freedom that each new particle added to the system causes. For example,
if we were to perform some quantum measurement on a system with 1 mole particles
having spin degree of freedom, there would be a total of 2 x (6.022 x 10?*) possible
degrees of freedom. In other words, we would have to deal with 2 x (6.022 x 10%)
variables in our calculation, which would be incalculable. In fact, we know through
experiments that as the number of particles in a quantum system approaches 8,
9 or 10, the number of possible degrees of freedom quickly approaches incalcula-
ble territory. So we cannot get remotely close to the 1 mole particle mark before
the calculations get impossible to solve. This can be referred to as the many-body

problem.

In this thesis we will take a look at an algebra known as tensor networks, which
help us more efficiently mitigate this many-body problem by taking advantage of
the fact that in real systems, ground states have low entanglement. We will focus
on analysing a new formalism of TNs, called SIMPS. This was suggested by David.
T. Stephen in his recently published paper, “Non-onsite symmetries and quantum
teleportation in split-index matrix product states” [27]. We will further explore how
this new formalism is better suited to capturing certain symmetries of quantum
systems, and how it enables more efficient computation of quantum information

transfer (quantum teleportation).

To begin our analysis, we will first lay some groundwork by reviewing the foundations
of quantum mechanics and quantum information in chapter 2. We will review some



relevant language and the density operator formalism of quantum mechanics. Then
we will introduce some special states that are widely used in quantum information
and have a look at some operators (gates) relevant to it. Finally, we will wrap up

our foundation by reviewing quantum entanglement and its quantization.

In chapter 3 we will look at how quantum systems behave. We will look at the
randomness of measurement outcomes that are inherent to quantum systems. We
will see how information is transferred (teleportation) and the interactions of spin
systems.

After that, in chapter 4 we will introduce TNs. We will see what they are and why
they work in detail. Then we will move on to defining the existing formalism of TNs
known as MPS, both mathematically and graphically. We will then do the same for
SIMPS. Throughout this chapter we will focus on the algebra, how it works, how
we convert from one formalism to another, and also some example calculations of

what certain well known states look like under each formalism.

5, we will review the advantages of the SIMPS formalism that

Finally, in chapter
Stephen found in his paper. We will start by exploring how certain physical symme-
tries are represented in both the MPS and SIMPS formalisms, and how SIMPS are
able to better capture these symmetries under certain conditions. Next we will look
at how teleportation is computed for many-body systems in each formalism, where
we will see that SIMPS enable us to more efficiently compute something called the

byproduct operator - something that is challenging to do in the MPS formalism.



Chapter 2

Background Material

In this chapter we will start by looking at some foundational concepts of finite
dimensional quantum theory, like unitary transformations and measurements, etc.
which are tools that will constantly be used to describe and decode quantum systems.
We will explore the geometric representation of qubits through the use of Bloch
spheres and also look at the density matrix formalism of quantum mechanics and
see how the postulates of quantum mechanics are affected by it. As we move along,
we will start to shift our focus to topics that make up the foundations of quantum
information theory. We will look at some special states that are heavily made use
of in quantum information, and look at gates, which is how operators are generally
applied to systems in quantum computation. And finally to finish off the chapter
we will explore quantum entanglement. This will serve as the core idea behind the
topics we will handle in the next chapter - no-cloning, teleportation and spin chains.
These topics were explored with the help of foundational literature like [3], [23],
[17], [9], and [28]. Some well established papers like [6], [8], [10], and [15], were also
studied.

2.1 Some Relevant Languange

These are some core concepts that are relevant to understanding quantum systems,
entanglement, and teleportation.

2.1.1 Unitary Transformation

Unitary transformations[3], are linear transformations which satisfies the following,
Ul =U0UT =1,

where, U is a linear operator (called unitary operator), UT is the Hermitian adjoint
of U, and I is the identity matrix. As we move forward, we will see logical operators
called gates. These are all unitary operators and hence will be reversible via unitary

transformation, i.e. preserve inner products, and therefore probabilities.



2.1.2 Measurement

Unlike classical mechanics, in quantum physics, measurement is not a simple pro-
cess of observation where we reveal pre-existing properties of the system. Rather,
in quantum physics, measurements have the ability to change the system[28], a

phenomenon which is sometimes known as quantum collapse.

Let us take some quantum system with state |¢), and say that we want to measure
it via some operator O (which is a Hermitian operator we call the observable) that

has the following eigenvalue equation,

O |6n) = An [6n) -

Decomposing the state [¢) in terms of the orthonormal eigenstates of 0,

n

If the eigenvalue spectrum for this state is non-degenerate, by the Born rule we get

the following probability,

Prob(\,) = |an|?,
& ) Prob(),) =1.

Now that we have gotten this result \,, our wavefunction collapses like so,

[¥) — |¢n) ,

with probability |a,|* and consecutive measurements of the system for the same A,
will yield the same collapsed state |¢,,) with a probability of 1. When the eigenvalue
spectrum is degenerate, we will see the following,

Prob(A) = > an/?,

where C' is some normalization factor and n is just one of the possible outcomes

(eigenvalue) of the measurement.

2.1.3 Bloch Sphere

The Bloch sphere is a fundamental tool used in quantum mechanics that allows us
to visualize the state space of a single qubit by providing a geometric representation
of all its possible mixed and pure states[17]. It is constructed around the Pauli
matrices and has X, Y, and Z bases corresponding to the Pauli matrix directions,



as shown in Fig.2.1.

10)

Figure 2.1: Single qubit in Bloch sphere representation

X-Basis

This basis comprises of the states |[4) in the x, direction and |—) in the z_ direction,

_0+m gy 2 0=
H_>_ \/i d ’>_ \/é :

This basis is useful when representing superpositions.

Y-Basis
This basis comprises of the states |+i) in the y, direction and |—i) in the y_ direc-

tion,

|+i) = [0) +¢]1) and |—i) =

V2

This basis is useful when showing relative phase.

0) —il1)
N

Z-Basis (Computational Basis)

This basis comprises of the states |0) in the z; direction and |1) in the z_ direction,

(2] -]



Mathematically, a qubit can be represented as a linear combination of basis states
|0) and |1) as follows,

W) =al0)+8I1) & o +]87 =1,

where o and [ are complex numbers. We can rewrite this qubit with the help of

trigonometric functions as,
0 i . 0
) :cosi\()>+e¢31n§|1>. (2.1)

This 6 and ¢ allows us to show the state of a qubit as a point on the Bloch sphere
as shown in Fig.2.1. Of these two parameters, the polar angle has some additional
significance than just showing the position of the qubit. Especially the fact that this
parameter is always written as 6/2 in Eqn.2.1. A qubit lives in a 2D H-space. When
we then express this on a unit sphere like the Bloch sphere, its degrees of freedom is
reduced from 4 real parameters (in the H-space) to 2 for convenient visualization.
This change in parameter causes the polar angle in the unit sphere to always be
double that of the projective H-space, i.e., a full rotation of # on the Bloch sphere
corresponds to half a rotation in the H-space. Thus we always have to correct the
polar angle by dividing it by half to get the correct amplitudes.

This graphical visualization for a qubit is quite useful, however it is limited in that
there exists no such graphical generalization for higher dimensional qubits.

2.2 Density Operator

The density operator (or density matrix) is a way to formulate quantum mechanics
that makes it more convenient to describe a system with an unknown state[17]. It
is a more generalized form of the state vector formalism. While the state vector
formalism can only be used to describe pure states, the density operator formalism
can also be used to describe mixed states. This comes in very handy when dealing
with quantum teleportation, which is a significant part of this paper.

Let us say, we have a quantum system which could be in any of the state |¢;). Each
state has the respective probabilities p;. The density operator (or matrix) of the
system can be then defined as,

p= sz‘ [¥3) (sl {where p' = p}.

It will satisfy the following properties,

1. The matrices are Hermitian, p = pT,
2. The trace of the matrices will be, Tr(p) = 1,

3. All eigenvalues of p must be > 0.



For example, let us take the pure state,

W) = a|0) + B 1)
LW =T {0+ 67 (1]

Its density operator would be given by,

p = [ti) (Wil
= (a|0) + B [1))(a” (0] + 57 (1])
= aa”[0) (0] + a8 0) (1] + Ba” 1) (0] + 86" [1) (1]
aa®  af*

Bar B

2.2.1 Postulates of Quantum Mechanics Under the Density
Operator Formalism

Using this density operator p we just defined, we can make the following changes to
the postulates of quantum mechanics to fit the density operator formalism[17].

Postulate 1 Any and all isolated physical systems will have a state space (Hilbert
space) associated to it. The density operator acting on the state space of the said

system will be able to fully describe it and can be expressed as,

p=>_ppi {p=p'i)of p=>0;Tr(p) =1},
where, p; is the state the system s in, and p; is the probability associated with it.
[17]

Postulate 2 A unitary transformation can be used to describe the evolution of a

closed quantum system, 1.e.,
o =UpU",
where, p is the state of the system at t; and p' is the state of the system at ty. [17]

Postulate 3 Measurements taken of a quantum system are expressed as a collection
of measurement operators {M,,}, which act on the state space of the system that
18 being measured - m refers to the measurement outcomes that may occur during
measurement. So for a state p, the probability of getting result m will be given by,

p(m) = tr (M}, Mup) .,
and the state immediately after the measurement will be,

;o MmpMjn
S (MfM,p)



Furthermore, the measurement outcomes will have to satisfy the following,

> MM, =1.

[17]

Postulate 4 The tensor product of the state spaces of the individual physical sys-
tems makes up the state space of a composite physical system. Additionally, if sys-
tems 1 through n are present and system i is equipped in state p;, the joint state of

the entire system is given by,
P1 & P2 & ... pPp.

[17]

2.2.2 Pure States Vs Mixed States

A quantum system for which we know the state |¢)) exactly is called a pure state.
Let us consider some observable A with eigenvalue ), and eigenvector |\ ) where

1=1,2,3,...,9,. We can define the following,

1. Normalization Condition:

Tr(p) = 1. (2.2)

2. Expectation Values:

(A) = Tr(pA). (2.3)

3. Probability of Measurement Outcome:

P(An) = Tr(pP), (2.4)
where P, = Y% |\L) (\!] is the projection operator.
4. Time Evolution:
Lot = —[H (), pl0)] (2.5)
at”N T Rt Pl ’

When we do not know the state ) of our quantum system exactly, we call it a
mixed state. It is a statistical mixture of different pure states. Each [¢) will have
probability p; associated to it, s.t > ,p; = 1. Here our density matrix, p, can be
denoted by,

p= Zpipi. (2.6)

For mixed states we can define the quantities in equations 2.2, 2.3, 2.4 and 2.5 by
simply substituting the density operator for pure states, p, with Eqn.2.6

8



Pure or Mixed State?

The above mentioned definitions for pure and mixed states look very similar, but
there are two very fundamental relations which hold true for one and not the other.

For pure states, we can show that they are idempotent, i.e.,

= |1q) (Wilvi) (s| = i) (] = p.
——

I

From this we can say,
Tr(p®) = Tr(p) = 1.
For mixed states we have defined,
P = Zpipi = Zpi |thi) (Wil -
When we try to check for idempotency, we will see that,
ot =2 i i) (Uil # p.
Ofcourse, what will follow is that,

Tr(p?) # Tr(p).

2.3 Some Special States

2.3.1 Bell State

The Bell States[2], also known as the EPR pairs[l], are one of the most important
two qubit states in quantum computation. They form the fundamentals of quantum
teleportation - used as shared entangled pairs between qubits. The states are[17],

|Boo) = 7 (100) + [11)),
|501> = 7 (’01> |10>) )
|B10) = 7 (100) —11)),
|B11) = (|01> —[10)).

Sl

This can be written in a more generalized form as,

1Bi) —7(\0 )+ (D7) (2.7)



These states can be creating using a circuit that utilizes the Hadamard and C-NOT
gates as shown below,

Input Output 1— H
|00) | 5 (100) +[11)) = [Boo)
01 L o1y +|10)) =3
|01) | 5 (101) +110)) = [Box) 18:7)
110) | 5 (100) = [11)) = [B10)
111) | o5 (101) = [10)) = [B11) : D
J N

Figure 2.2: Creating Bell States

Finally, these states can be proven to have the four following properties|17],
1. They are maximally entangled states.

~

2. The states are orthogonal with each other and form the basis for a H®*
H®? @ H®? Hilbert space,

3. |Boo) and |Bp1) are symmetric while |510) and |fB11) are asymmetric.

Eqn.2.7 can be further generalized for D-dimensional H-spaces as,

v5) = £ 3 laa), (2:5)

where |a) are the computational basis states of the system.

2.3.2 GHZ State

The GHZ state[12] is a maximally entangled state that builds on the Bell states and

extends it to three or more qubits,

0

GHZ) = 5 (|000) + 111))  0o)———])
/A
0 B

Figure 2.3: Smallest GHZ State

It can be expressed more generally for up to n-qubits as the following tensor product,

1 d—1
|GHZ) :ﬁlzo i) @ -+ ® 1)
1
= (0@ @)+t ld=1)© - ©ld—1))

10



=
N
N
N
N

< |0) b

Figure 2.4: GHZ State of n-Qubits

It has the following properties,

1. All qubits in a GHZ state are entangled together - there are no subsets of
entangled qubits.

2. Taking a partial trace (measurement) over any one of the states will lead to

the whole system collapsing into an unentangled mixed state.

2.4 Gates

When building a classical device (circuit/algorithm), we use different kind of logical
devices/arguments that manipulate the signals/classical bits to build up to different
functions. Some common examples are AND, OR, XOR, NOT, etc. These logical
devices are essentially the building blocks of our classical device.

Gates are the quantum analog of these logical arguments, defined to take advantage
of superposition and entanglement so that they work on qubits in a quantum circuit.

All quantum gates have these general properties,
1. They are unitary operators so they are reversible.
2. Their action on qubits are linear.

3. They will not clone a qubit except for basis states(we will see this in more
detail in Sec.3.1).

Let us take a look at some common gates which we will need for the later parts of
this paper.

11



2.4.1 Identity Gate

The identity gate is quite simply the identity matrix acting on a single qubit. The
application of this will not modify the quantum state of the qubit. It is usually

used to compliment the mathematical representation of the results of other gate

0= b

Figure 2.5: Identity Gate

operations.

2.4.2 Pauli Gates

These gates are the Pauli matrices o,, 0, and o, respectively. When applied to
a single qubit, they generate rotations around the X, Y and Z axis of the Bloch
sphere.

X Gate

The X gate (also known as the quantum NOT or bit-flip gate) when applied to the
qubit |0), maps it to |1), and vice versa, i.e. it flips the qubit.

3=

Figure 2.6: X Gate

On the Bloch sphere, the action of this gate can be shown with a rotation of 7

around the z-axis.

Y Gate

The Y gate combines a flip with a phase when applied to a qubit - a |0) is mapped
to i|1) and a |1) is mapped to —i |0).

= [

Figure 2.7: Y Gate

On the Bloch sphere, the action of this gate can be shown with a rotation of w
around the y-axis.

12



7 Gate

The Z gate (also known as phase-flip) when applied to a single qubit, does not
change |0). However, it maps |1) to —|1).

=

Figure 2.8: Z Gate

On the Bloch sphere, the action of this gate can be shown with a rotation of 7

around the z-axis.

We will sometimes see these Pauli gates/operators being refered to as “byproduct”
operators. Essentially, when we are taking measurements of a system of entangled
qubits, due to the randomness of measurement outcome, unitary operators will
arise. These are just the the Pauli matrices, which then needs to be corrected for
(Hermitian transpose (1) of said matrices need to be applied) to successfully perform

the teleportation. This process is also termed the Pauli correction.

2.4.3 Control-NOT Gate

The Control-NOT or C-NOT gate acts on two qubits. When applied, one qubit
acts as the control qubit (e on Fig.2.9) and the other as the target qubit (€ on
Fig.2.9).

e e |1 000
0100
0001

69 0010

Figure 2.9: C-NOT Gate

When the control qubit is |0) then the target qubit remains unchanged. If the
control qubit is |1) then the target qubit is flipped. The operation on the four basis
states is as shown,

|00) — |00) |10) — |11) |01) — |01) |11) — |10).
This can be further generalized into,

i) 15) = 1) i@ j) (2.9)

where & is the binary addition.

13



This flip arises as a result of the Pauli X operator,
C—NOT=10)(0|®I+1)(l® X,

which is why it is also referred to as the control-X gate. Mathematically, the oper-
ation on a qubit will be as follows,

10)10) —10)

—~

0/0) @ I|0) + |1)

—~

1]0) ® X |0) — 10) |0)

A
{

1

0«)

iJ 0

0/0y ® I[1) + [1)

1

110) ® X 1) — ]0) |1)

0

0) 1) —10)

—~
—~

i
{

Qq

0[1) © 1[0} + 1)
8ij ij=1
1) [1) —0) <0|1>®]1|1>+|1> 1|1>®X|1>—>|1> 10)

5” =0 5” =1

ij

[1)10) —10) 1[1) @ X'|0) — [1) |1)

—~
—~

{
{

0

/\Q,'

The control gate can be similarly defined for the Pauli-Y and Z operators in the
following way,
Control =Y (CY) =10) (0] @ I+ |1) (1] ® Y,
& Control — Z (CZ) =10) (0| @ T+ |1) (1| @ Z.

The operation of the CY gate produces a bit-flip like the C-NOT with an added
phase, e.g.,

10)10) —10)10),,

0) 1) — [0} 1),

1) 10) — 2 [1) 1),
& 1) 1) — —i[1)]0).

The operation of CZ produces a phase-flip, e.g.,
10)10) —10) 10} ,
0} [1) —10) [1)
1)10) — 1) 1),

& 1) 1) — —[1)]0).

2.4.4 Hadamard Gate

The Hadamard gate or H gate acts on a single qubit and generates an equal super-

position state of the basis state it is applied on.

o
A V2] -1

Figure 2.10: H Gate
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Its operation is as follows,

1 1
— —(10) = [1)) = |—). 2.10
7 Sl0-m=1. o

On the Bloch sphere, the action of this gate can be shown with a map of z <= =z.

H10) = —=(0) + 1)) = |+), H[1)=

2.5 Entanglement

In quantum physics, entanglement is used to refer to a particular type of correla-
tion between quantum particles - for example, between qubits. This correlation is
such that, if we have two entangled qubits, their states will depend on each other
regardless of their physical space seperation, i.e. measuring the state of one qubit
will determine the state of the other. This phenomenon can be both a good or a
bad thing depending on the behavior. If, say, we have control over the states of
both entangled qubits, it would be a good thing. However, if we can only control
the state of one qubit and not the other, it is problematic as it leads to things like
decoherence and quantum error correction. We will see this in the later part of this
paper when we are dealing with teleportation - due to randomness of measurement
outcomes, byproduct operators will arise which needs to be corrected for. Most real
world quantum system behave like this.

Let us look at a system of two qubits more closely and try to generate entanglement
using a circuit comprising of the C-NOT and Hadamard gates.

0) H

(N
10) W

Figure 2.11: Generating Entanglement

We are starting with two qubits in the |0) state, feeding one to the C-NOT gate
via the Hadamard gate, and the other to the C-NO'T gate directly. We know from
Eqn.2.10 that the action of the Hadamard gate on |0) will be,

110) = (=(10) + 1)) o)
(10)10) +[1) 0}

(100) + [10)).

Sl

1
V2

So now, we can see that when |00) goes through the control qubit (e), the |0) going
through the target qubit (D) will remain unchanged. And when [10) goes through
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the control qubit, the |0) going through the target qubit will flip to |1). This will
yield us the state,
1
)=

The state we got from this circuit is the Bell state |Gy). We have already defined

(100) + [11)). (2.11)

in an earlier section that this state is maximally entangled. So why do we call it
entangled, and what does the term “maximal” mean in this context?

If we try to assign any particular state to either of the two qubits, i.e., take any
state |0) or |1) and try to factor it out of eqn.2.11, we can clearly see that it is
not possible to do so. Such states are called non-separable and hence entangled. A
seperable state would be something like,

1

We could easily factor out (seperate) the |0) state, giving a tensor product between

(100) +01)) = iz 10) (10) +[1)).

|0) and the equally likely superposition of |0) 4 |1).

Again, we can see that the qubit configurations |00) and |11) both have a probability
amplitude \/Li We know from the Born rule that the sum of probabilities of all states
in a system must be equal to 1. Since the qubits in this system also follow this rule,
we can intuitively see that each state having the same probability amplitude means
that the total probability is evenly distributed (50 : 50), i.e., each state is completely
dependent on the other (measurement of the state of one qubit would give the state
for the other). If the distribution of probability were not so even, the state would
still be entangled, but not maximally. When more than two states are involved,
this becomes more apparent as not having an even probability distribution would
create more randomness in measurement outcomes, so we would not necessarily
be able to fully measure the other states just by measuring one of them. And the
more skewed this probability distribution gets, the lower and lower the entanglement
would get, eventually leading to no entanglement when the probability amplitude
of one state goes to 0 and the other goes to 1. This is the significance of calling

eqn.2.11 maximally entangled.

Coming back to the circuit in Fig.2.11, if we repeat the experiment with the qubits
|01), [10), and |11), we will get the other bell states |5o1), |B10), and |B11), respec-
tively.

2.6 Measure of Entanglement & Separability of
States

Entanglement is mathematically quantifiable. Under this quantification, two or
more states in a composite system can be split into three categories, which carries
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information about how they decompose or fail to. The categories are:

1. Separable,
2. Entangled, and

3. Maximally Entangled.

Before we go into how we define these categories, we need to take a look at how we
can quantify entanglement. We will focus on pure states as there is no exact way to
quantify how entangled a mixed state is.

So let us start with some pure state [¢)45) which contains two qubits A and B, and
is in a 4-dimensional H-space,
Dim(H®1P)) = 4,

since each qubit is in a H-space of 2-dimensions. We can define the following density

operator to describe the state,

pag = [Yap) (Vas|.

We then do a partial trace for any one of the qubits,

pa=Trg(pap) or pp="Tra(pan)

Then we check the purity of either one of the qubits,

Tr(pi) or Tr(pf).

This will give us some value,

1 1
Dim(HD) * Dim(HP))

This result can then be interpreted in the following ways:

< Tr(p?*) < 1.

o Tr(p?) =1:

The reduced states of [1)45) are pure, which implies that there are no quantum
correlations and the state is separable,

[Vag) = |4) ®|B) .

We can also say that |t)4p5) can be expressed as a product of its reduced states.

1 1 2 .
Bime) OF Dmgreny < LH(p7) < L

This implies that the reduced states of |10 45) are in some probabilistic mixture,
that is, there is some quantum correlation. As a result, it is not possible to
express it as a simple product of reduced states - we call this an entangled
state.
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* Tr(p2) = Dim(}H‘A}) or Dim(é—l‘BU:

This tells us that the reduced states of |1 4p) are as mixed as they can be,
which means that there is a very strong quantum correlation between them.
We call this a maximally entangled state.
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Chapter 3

Cloning, Teleportation &
Spin-Chains

Continuing from the last chapter where we discussed entanglement, now we will build
up on it and study the interactions in multi-particle systems. We will start with a
look at cloning which is a common misinterpretation that arises from preconceived
notions of classical computation. Then we will move on to quantum teleportation
where entanglement plays a heavy role. From that, we will move on to spin-chains
which deal with very large quantum systems. There we will see the complications
that arise from having large multi-particle systems. This will serve as a gateway
to the next chapter where we will discuss very specific algebras that help us deal
with these complications. For this chapter the resources used were mostly well
documented articles like [14], [7], [5], [4], [L1], popular lecture material [28], and a
pre-print book [25].

3.1 Quantum Cloning|25]

When applying the gates discussed above, under certain configurations, it may look
like the original qubit we start with is being cloned. For example, if we fix the basis
state |0) as input to the target qubit as shown in the following diagram,

Figure 3.1: C-NOT circuit setup that seems to clone qubits

it will look like, for whatever qubit we input to the control qubit, it will get cloned
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and we will have two of them,
|2 [0) — [@) |4) -

However, we can very easily see that this illusion of cloning falls apart when we input
anything a little more complicated than the basis states. Let us take the following
superposition of states and run it through the circuit in Fig.3.1,

) = al0) +B1).

On the LHS of the circuit we will have,

[¥) 0)

= (a|0) + 81))]0)
= |00) + 310)
= |00) + B11) .

And on the RHS of the circuit we will have,

[¥) |)
= (a[0) + 8[1))(r|0) + £ ]1))
= a?(00) + aB |01) + Ba[10) + B*|11).

It should be very clear by now that the C-NOT gate is not capable of doing any
kind of cloning. In this case, it only generated some entanglement. Although this
was a very specific example, it can be shown that regardless of what approach we
take, it is impossible to do anything that can be called quantum cloning, except

maybe creating the illusion of it.

3.2 Shared Randomness|25]

Let us again look at two observers, A and B, who are very far apart. And let us

give them some qubit pairs from some maximally entangled state,

1

V2

As shown in Fig.3.2, when A performs a measurement and determines the state of

12) (100) +[11)).

the qubit it is observing, we know B will observe the same state in its qubit, i.e., if
A observes |0) B will also observe |0), and if A observes |1) B will also observe |1).
This is due to the phenomenon known as quantum collapse which was discussed near
the beginning of this chapter - by performing a measurement the observer causes
the superposition to collapse into the state that was observed first.
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Figure 3.2: Qubit Pairs

This simplification may create the misconception that A can influence its measure-
ment outcome. It also looks like A is using this “prior knowledge” of its measurement
outcomes and instantly communicating it with B. However, neither is possible, as
A only knows the probability of the state collapsing into either |0) or |1) and cannot
influence it, meaning it does not have any “prior knowledge” that it can commu-
nicate to B. In actuality, both observers get a random probabilistic outcome from
measurement, i.e., A, the moment it decides to take a measurement, is generating a
perfectly correlated pair with B that is randomly chosen to be either |0) or |1).

While this lack of control of measurement outcomes and inability to predetermine
bit values is a challenge, the ability of entangled qubits to generate this shared

randomness at two very distant locations is quite useful!

3.3 What is Quantum Teleportation?[25]

Quantum teleportation is the name given to the method where a state can be trans-
ported from one observer to another by the classical transfer of quantum information
rather than physically transporting the state itself. For a more technical look at this
method, we can look at the following scenario.

Let us take two observers, A and B as shown in the figure. They share two qubits
(2 and 3) with the maximally entangled state |€2). Now, let us bring the state |¢)
(qubit 1), over to observer A. And let us also assume that A does not really know
about the state |¢), rather, it just knows about qubit 1 and would like to somehow
send it over to B. However, A cannot physically send over the qubit to B.
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B

X

A
| Qubit
I")&//@K/ 1) S\

[Y) = «]0) + 1) Q) = % (100) + |11))

Figure 3.3: Quantum Teleportation

This is where we can apply the method called Quantum Teleportation. What A will
do now, is take both the qubits it has (1 and 2) and perform a Bell measurement on it
using quantum collapse. This will give 4 possible outcomes. A will now communicate
the information of these outcomes to B using some classical communication channel.
To clean up the byproduct operator which arises from measurement, B will then
apply some unitary operation on its qubit (3) with the information it received from
A, leading to the reconstruction of the state [¢). The algebra can be shown as

follows,

[9) [€2) =(a|0) + 5]1))—=(|00) + [11))

1 1
_ﬁ(|00> + 1) (a|0) + 5 \1>z+ 5(100) = [11))(e[0) — B[1))

~\~ ~~
I

Sl

Sl

Z

1 1
+ﬁ(|01> +10))(a[1) + 510)) + E(IUD — [10))(a|1) = 5 !0>2-

~
X XZ

The first term here is unchanged from before, so we can put the identity operator I
there which leaves everything unchanged. The second term has had its sign flipped,
so we can apply the sigma operator Z. The the third term has had its bits flipped,
so we apply the bit flip operation X over there. And finally, for the fourth term,
we can see both a sign change and a bit flip, so we apply both Z and X. We can

further illustrate this using the following graphical representation of the quantum

r\ Control Qubit

1 H DO 1 0 1 a
———D po o 11

circuit,

A

C
B— 3 ; ZXZXW)

Figure 3.4: Quantum Teleportation Circuit
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So in summary, we are destroying qubit 1 while A does the Bell measurement by
utilizing the Hadamard and C-Not gates as shown in Fig.3.4, which is just a unitary
transformation.This gives A the information on state [¢)) which is then transferred
via some classical medium to B, who then reconstructs |¢)) at qubit 3 by reverting

the unitary transformation, essentially performing a teleportation.

3.4 Spin Chains

3.4.1 What is Spin?

Quantum particles have an intrinsic quantity known as spin. We call it intrinsic
because there are no classical analogs of it. Rather, it is an inherent property of
quantum particles. We describe it in terms of the spin operator,

S = (82, 5y,5:) ,

and satisfies the following angular momentum commutation relation,
[Si, Sj] = the;sp Sk

We also define the following for S:

1. Total spin magnitude of a system,
S§?=52+52+ 52
2. Eigenvalues,

52, m) = W2s(s + 1) |s,m)
& S, |s,m)=hm|s,m).

Here s = 0, %, 1, %, ... is known as the spin quantum number(which is a fixed
value depending on the particle), and m = —s,—s + 1,..., s is the magnetic
quantum number. These are both eigenvalues of the corresponding eigenvec-
tors |s) and |m).

This spin exists in some Hilbert space ‘H of dimension,
Dim(H) = 2s + 1.

For a spin—% particle, this total spin magnitude can be also expressed using o which
is the sum of the Pauli spin matrices, or the generator of SU(2) times the identity

matrix,



where o are the Pauli matrices,

(00 (0 ) (s %))

A possible Hamiltonian with only spin-degree-of-freedom for a single particle can be

of the form,
H = puo,.

This says that if the spin is up, the magnetic moment is y, and if it is down, the

magnetic moment is — .

3.4.2 Spin Addition

One of the more important interactions we need to understand for a quantum system
is spin addition or coupling - since most quantum systems we deal with involve more
than one quantum particle. This is especially true for teleportation and quantum

computation.

To understand how coupling works we can define a very simple system involving two
spin—% particles (electrons) as shown in Fig.3.5,

S =51+ 5,

where S; will have components (S,,,Sy,, S, ) and Sy will have components (.S,,
Syss Sz,). This will let us eventually work out some interaction energy which is

responsible for coupling them.

Figure 3.5: Interaction Between 2 Spin—%’s

Each spin will have two possible states which can be expressed as the superposition,

) =t + B

where up would be a clockwise spinning electron and down would be the converse
- spinning counter-clockwise. Therefore, the total system will be described by a 4D

Hilbert space,
Dim(H) = Dim(H, ® H,) = C* ® C*> = C*,

1
where, Dim(H;) = Dim(Hs) =25+ 1 =2 <§> +1=2or C%.
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To find the combined spin states of this system we start with the total spin magni-
tude,

5% = (S + 99)?,
= S} + S5 429 - S,
= 512 + SZ2 + Z(lesfm + Sylsyz + 521522)7
= 57+ 55 +2(8.,5.,) + S Sy + 5755
Here the S, = S, + 1S, and S_ = 5, — @S, operators are known as the raising and

lowering operators. Solving for the eigenvalues for the total spin will give us four

states, which we group into the singlet state (5? = 0) and the triplet states (5? = 1),

- 2 o T =D
Singlet State S =0 : R

A B [T+ D

The interaction between these two spins can be explained by writing the total spin

Triplet States S* =1

magnitude as,

3
A(U[l]_l_am)Z:Z)\HX2+2>\U[”.U[2}' (3.1)

spin-spin coupling

We can express this spin-spin coupling term in Eqn.3.1 as,

3
Aol o = 514 2«
7 4 * 2 1(1 4 1) — for the triplet

A 3\
“ )\U[l] : 0[2] - _[)tm'plet - I

4

A { 0(0 + 1) — for the singlet

Psz'nglet'
Here, P are projectors which satisfy,
})triplet + Psinglet = I

The A in Eqn.3.1 are some constants which measure the interaction strength of the
coupling - we can call them coupling constants. The value of this constant tells us

if there exists any ground state entanglement in the spin chains.

When A < 0, the spins like to align. We call such a ground state the ferromagnetic
vacuum and it may look something like,

Yes) =M@ MHeh)e---.

A state like this can be factored out into a product, i.e. if we have a chain of L spins,
we can break it into two parts, the first part containing n spins, and the second part
containing L — n spins, and then express the |1)gs) as a product of these two parts.
This means that |1gs) is separable, therefore there is no entanglement.
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When A\ > 0, the spins do not want to align. We call a |i)gg) like this the anti-

ferromagnetic vacuum,

Was) = T4 L)+ tLd et )+

This |¢gs) is a complicated linear combination of singlets, and it can in no way be
factored out into some product of states. So it is not separable, meaning there is

entanglement in this state.

3.4.3 Chained Spin-Spin Interaction

We can build upon the interaction between two spins in Sec.3.4.2 and form a spin
chain, which is a collection of spins that are coupled to both neighboring spins all
the way around, forming a chain.

Figure 3.6: Spin Chain

A chain interaction like this is usually called the nearest neighbor interaction and its
Hamiltonian, H, will be given by a sum, going from the first spin (i = 1) all the way
to the last (i = L), of some Hamiltonian density, H, .1, defined by the interaction
at each site,

L
H=> Hy & Hyjq=)Y CiPs (3.2)

=1

Here the Hamiltonian density is defined in a way that protects the symmetry of
the group we are representing in, and C; are just some numbers. The example we
showed in Sec.3.4.2 dealt with two spin—% particles and preserved the symmetry of
the SU(2) representation.

The Hamiltonian in Eqn.3.2 hold true for any group G in any representation, pro-
vided that they are nearest neighbors and the symmetry of the group is being pro-

tected. And we can summarize our example,
1 . )
_ — anin —— _ [i] . Sli+1]
G = SU(2), s = spin 2,H— g Act . gt

Another example we can do is the for interaction between spin-1 particles under the
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SU(2) representation,

G = SU(2), s = spin —1, Dim(H) = (C*)®~

-5 [ o

i Ls=0,1,2

=al+b (s[i] . S[H_l]) +c (sm : s[i+1]>2 .

The constant a is not that important as it just scales all the energies by a fixed

amount. What really matters in these expressions are the constants b and c as it
) 12)7
between different Hamiltonians. We call this ratio A and it allows us to determine

lets us express the ratio between the two couplings which lets us differentiate

things like, is our vacuum gap or not-gap, etc.

Another thing to take away from all this is that we are working with very large
H-spaces! Even in our example which is the simplest of such representations in
the smallest group, SU(2), the dimension of our H-space is 2. So our spin chain
Hamiltonian would be a matrix of dimension 2% x 2*. This imposes a computational
restriction on us - we can only realistically compute systems that have L < 10.
Anything more is just physically impossible to compute.

7

This latter problem means that questions like, “what is the |¢) 47" are often open
problems - meaning we can not say for certain if they are solvable or not. Some are,
like the spin—% example we have been discussing throughout this section. However
the spin-1 example is only solvable under very specific conditions - in this case, for

it to be solvable, we need b = —c. Solvable, in this context means two things,

1. the ability to extract various energy levels from these systems, i.e., the ground
state energy, the first excited state energy, etc.

2. the ability to compute the expectation value of the energy state of the inter-
action between two spins at different locations, e.g, (Egs| oy « 0nik |Eas)-

We will explore in Sec.4.2 and 4.3, certain algebras that can be used to make these
higher dimension systems more solvable with varying degrees of success (Chap.5).
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Chapter 4

Tensor Networks & its Formalisms

We saw in the previous chapter that as the number of particles in a quantum system
increases, the computational complexity increases more than exponentially. Dealing
with this complexity using traditional means (like the Schrodinger Equation) be-
comes almost impossible for systems with 10 particles or more. To circumvent this
complexity, in this chapter we will explore an algebra called tensor networks and its
different formalisms. These algebra inherently contain the capability to efficiently
deal with low-entanglement many-body systems. We will explore how the different
formalisms (MPS and SIMPS) deal with symmetries, boundary conditions, etc. and
help with the efficient computation of observables. This will set the stage for the
next chapter where we will discuss how the SIMPS formalism is more suitable to
compute systems with certain symmetries. The sources used for this chapter were
[20], [13], [18], [22].

4.1 What are Tensor Networks?

It is a generally accepted fact that as the number of particles in a quantum system in-
creases, it becomes more than exponentially complex and difficult to solve, and once
a system crosses ten particles it becomes impossible to solve it with current com-
putational technology. This is due to the increasing number of entanglements and
hence possibilities that arise with an increase in the number of particles. However,
this complexity is somewhat of an illusion as nature does not explore all possibili-
ties. In real systems, ground states have low entanglement, so it should not be too
difficult to solve such a system if we can account for this. Tensor networks are a
language that lets us do just that - it lets us directly work with the states that have

low entanglement, something we cannot do with regular quantum mechanics.

There are many different kinds of TNs depending on the different geometries of
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entanglement. They are generally expressed as,

set of amplitides

) = Z P Ingngng) .

ninan, .
1n2mns basis states

Here, a wave function is represented by tensors that do not have any fancy math-
ematical properties attached to them. They are simply mathematical objects with
several indices. They can be visualized graphically as shown below.

nq ) ng
23 > |

»

Figure 4.1: Graphical representation of a TN

And operators are expressed as a set of amplitudes in a set of basis states,

0= Z Orns [minans) (nfnns|

nq N9 ns
Omngng |
//
n1n2n3 I
n ny o ong

Figure 4.2: Graphical representation of an operator as a TN

Some Example Operations

1.
(¥
<¢|¢> - Zn ¢n1n2n3¢n1n2n3
|#)
Figure 4.3: Inner Product of Two States
2.
(¢]
<¢‘ O |¢> Znn ¢n1n2n3 H}Z?Z§¢n1n2n3 O
[¥)

Figure 4.4: Expectation Value of An Operator

Going forward, we will be using these tools to deal with spin systems. Therefore,
we will make some changes to the notation to make things less confusing. We will
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be using ¢y instead of n; to represent our basis vectors as our basis will now be
formed with spins. We will be using C' instead of ¢ to write out the amplitudes so
as to not mix it up with the state [¢)). And finally we will be using A instead of
O to represent operators as from here on their significance as matrices will be more

important to us.

4.2 MPS Formalism

MPS are the simplest and most popular form of TN states as they are very useful
when trying to simulate 1D many-body systems in quantum mechanics. They are
a 1D array of tensors where there is one tensor per site in a many-body system. If
we have a state,

‘w) = Z Cil,ig,...,iN ’7/]_,22,’7,]\[>’
il,iQ,...,iN

The corresponding MPS will be written as a product of matrices,

11 IN—1

= 3 ATAPAT AN iy @)
N

11,02,0000

And the graphical representation of MPS is as shown,

i :[ is iN_1 in
é O & ----- J>—é>
Al Al Al AN 7]

i i i IN-1 N

Figure 4.5: Graphical representation of a MPS

A few things to note here:

1. The summed over indices represent entanglement between sites. These are
represented by the lines in Fig.4.5. Depending on the context, they might be
called bonds (as in chemical bonds), auxiliary dimensions, etc. However, they
all mean the same thing.

2. In addition to the first and last A, which are vectors, the rest are square
matrices - this depends on the boundary conditions which we will see in the

next section.

3. The upper index [k] is used to denote the site number (there can be different
A at each site).

4. For a given state, A are not unique, as they can be replaced by some invertible
matrix X s.t. AFAKE+HT 5 (AR X) (X~ AR+ This will be explored further

in the normalization and canonical forms section.
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4.2.1 Boundary Conditions

If we take a system with N qubits, the general wavefunction will be,

V) = Z Civig.in [1102 -« - IN) - (4.2)

Bl ey N
When we use the MPS formalism, we rewrite the coefficients ¢;, ;, as a product of

matrices,

iy = AL gD

TN

where each AE’Z] is a CPx=1*Pr matrix, Dy, being the bond dimension at site k. So

the wavefunction written as a MPS will look like,
)y = > ATAZ AN iy i)

In this context, boundary conditions describe how the ends of these 1D systems
are treated. For this system with N qubits, which is just a chain of N qubits, the
boundary conditions tell us if the ends of the chain are connected or disconnected.
This information has both physical and mathematical significance.

Open Boundary Conditions (OBC)

When the ends of the qubit chain are disconnected, we call it an open boundary
condition (OBC) — this chain has a natural start and end. So the wavefunction we
just saw in Eqn.4.2 would have the following MPS form,

)y = Y ATAT AN Jiviy iy, (4.3)
i1
which would have the following matrices:
o AE] € C*Pr {A row matrix},
o AEIZ] € CPr—1xDr LA square matrix},
o Ag] € CPv-1x1 LA column matrix}.

This means that the product of all these matrices would be a scalar — which is
what we started with (¢;, ;). This would be represented by the following diagram:

1 19 g IN

Figure 4.6: MPS Under OBC

Here, each node is a tensor A with one physical leg i;, and two virtual legs (called
bonds) — except for the first and last tensors, which will only have one virtual leg
each.
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Periodic Boundary Condition (PBC)

When the first and last qubit of our chain is also connected, i.e., the chain is a loop,
it is called a periodic boundary condition (PBC). In such cases, the wavefunction

written as a MPS will have the following form,

[¥) = Z Tr (AE}AE? e Ag]) livig .. in) - (4.4)

i1,esin

Here, every matrix would be a square matrix of the form AE@ € CPr-1xDr  The

graphical representation for it would be the following:

i i ik iN

Figure 4.7: MPS Under PBC

In this case, every node Al will have one physical leg and two virtual legs (bonds).

The important distinction to make note of here is that, unlike in OBC where the
product of the matrices (representing the expectation value of a state) is a scalar
quantity, for PBC the product will be a CPx-1*Pr matrix. To extract the expectation
value from this, we need to perform a trace on the product matrix. This distinction
is why Eqn.4.4 is just Eqn.4.3 with a trace added to it.

A Small Example

Let us consider a spin chain with 3 qubits, where each qubit has states |0) and |1),

and bond dimension D;, = 2.

If it were under OBC, we would have the following:

AE] eC™? e AV =[o,a) & AY=]as,au),

P . 2 Qa5 Qg 2 Qg (70
AT e e 49:[ ] & AH:[ r

a7 Qg Q11 Q12

. (6% «
AV e, e 4?:[11 & AP:[11,

(5P

where a; € C. The expectation value is given by,
1] 4[2] 43
Ci1i2i3 = A£1]A7[,2}A7[,3}

And if it were under PBC, we would have,

k . k v (0% k (6% o
A e c2x2, w.Apzll 2] & 41215 1,

1k o
3 Oy Q7 Qg
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for all tensors. So the expectation value is given by,

s = Tr (A AP

4.2.2 Canonical Forms & Normal MPS

MPS are not unique — if we insert some invertible matrix X and its inverse in
between the A matrices, the state |¢)) will remain unchanged. Let us take this
invertible matrix to be X and its inverse to be X!, s.t. XX ' = X71X =1. If we
were to insert these X matrices in between the A matrices in Eqn. 4.5, we would

observe the following:

AM = AW x
(% (% ?
Al = 1Al (4.5)
+1 k+1

which clearly illustrates that performing this operation would leave the state |¢)) un-
changed. These X matrices are referred to as gauge matrices and have the following

graphical representation, as shown in Fig.4.8:

Figure 4.8: Gauge matrices

The figure below illustrates what happens when these matrices are applied to an

Figure 4.9: Applying gauge matrices to MPS

We can utilize these gauge matrices to give our A matrices nicer mathematical forms
which allow us to compute quantities, like the inner product, more efficiently. These

forms are referred to as ‘normal’ or ‘canonical’. There are three such forms.

Left-Normalized (Left-Canonical) Form

The left canonical form allows us to maintain orthonormality when contracting the
A matrices from left to right. The matrix at each site k£ needs to maintain the

condition,
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S (A) Ak =1 (4.6

i
where the identity matrix I will have dimension Dy, the bond dimension at the right
of site k.

Right-Normalized (Right-Canonical) Form

This form allows us to maintain orthonormality when contracting from right to left.

Here the matrices at each site need to maintain the condition,

k KT
SoAl (A =1 (4.7)
i
Here, the dimension Dy of I will be the bond dimension at the left of site k.

Mixed-Canonical Form

In this form we leave one A matrix unnormalized, while all the matrices to its left
are left-normalized according to Eqn.4.6, and all the matrices to its right are right-
normalized according to Eqn.4.7. The unnormalized matrix is denoted by some
unique symbol (say A) and contains all the entanglement between the left and right
parts. We will call this the Schmidt coefficent - shown in more detail in Sec.4.2.3.

The wavefunction [¢)), written as an MPS in mixed-canonical form is given by,

X
)= Aaloll) ® |0l7)

where,
) = > L L fi i)
'Ll: 71k
o) = S R i)
’Lk+17 -t
and v = 1, ..., x is the Schmidt index. The Schmidt coefficient and index together
tell us how entangled two parts of our system is. If A, = 1, there is no entanglement.
And if A, f’ the two parts are maximally entangled - shown in more detail in
Sec.2.6.

Fundamental Theorem of MPS

The interaction of these gauge matrices X with the MPS matrices can be formalized
in the following way:
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Theorem 1 (Fundamental Theorem of MPS) If we have the normal matrices
A; and B; which generate the same MPS, then there exists invertible matrices X

that can relate the two via a process called “gauge transformation”,
A= XBX 1.

[14]

4.2.3 MPS Algebra

Singular Value Decomposition

SVD is a mathematical technique that factors a matrix into three components en-
abling better insight into its properties of orthogonality, symmetry, optimization,
etc. It is a widely used tool in computation, especially signal and image processing.
For physics and mathematics, a related tool called eigenvalue decomposition is more
widely used, however, for our purposes in this paper, SVD is the superior tool due
to its robustness. To be specific, SVD is not limited to square matrices and does
not have any symmetry requirement, properties that are important when dealing
with MBQC. We will see these benefits in more detail later. For now we will define
it and go into some technical details as it is a necessary tool to derive the MPS for

a wavefunction.

Let us say we have some matrix A and we want to find an orthogonal set of vectors
vy and vy, which when transformed by A will remain orthogonal. To do this, we
could start with a v; and vy that are orthogonal, and then use some brute force
algorithm to map out all their rotations and corresponding transformations after

applying A till we find another set of vectors v] and v4, that satisfy our requirement,
Avy =] & Ay =),

This new set of vectors vj and v5 is what defines the SVD or A - we have factorized
A into a set of rotations and a rescaling. If we wanted to repeat this exercise in
higher dimensions, the computational complexity would increase significantly with
each increase in dimension and at some point become impractical to brute force. So

let us find a generalization for higher dimensions.
Starting again, we want,
Avy =v] &  Avy =i,

where v; and vy are orthogonal and v} and v} are orthogonal as well. We now split

the transformed vectors into some magnitude u and direction o,

AUl = 01Uy & AUQ = O2Ug9,
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where u; and uy are unit vectors. We can rewrite all this in matrix form as,

A(Ul ’02) = (O'lul O'QUQ),
op 0
= A(Ul ?)2) = (Ul Ug) ( ! ) ,
0 g9
= AV =UY,
S A=USVE

Now, instead to having to do some very intensive brute force computation, we just
need to solve this matrix equation for a U and V that are orthogonal (UTU = T and

VTV =1). Here, the matrix ¥ is a diagonal matrix that comprises only positive real
numbers called the singular values of A,

2

where Ay > X > >N, >\ == Ay =0.

To find the values of V and U we just need to compute the eigen-decomposition.
For V we do the eigen-decomposition of ATA,

Ata = (usvhusvt,
= VRU'USVT {U is orthogonal}
= VXV {Y is diagonal }
LATA =V

And for U we do the eigen-decomposition of AAT,

Aat = usvt (usvh
= USVIVEUT,
= ULY,
LAAT=UXUT.

The SVD of matrix A can also be expressed as a sum of outer products as,

k k:

where, u® = Uy, o™ = Vi, i=1,...,m, k=1,..., N and N = min(m,n) are the

T 7

column vectors of U and V.
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Schmidt Decomposition

This is another important tool we need to explore to calculate the MPS of a wave-
function. Let us consider a system with two subsystems A, B, and their basis states
be |j) 4, and |k) 5 respectively (the basis are orthonormal). We can then express the

state as,
) = chk D alk)p-
3k

Here, ¢;j, are coefficients which we can regard as a matrix and perform SVD on,
cjr = USVT. {U and V are unitary}

Rewriting this as a sum of outer products,

X
Cjk = ZAana (Vak)T .
a=1

Here x is the rank of the matrix c;; and is known as the Schmidt-rank. Since U and
V' are unitary, we can perform the following basis transformations,

|A), = ZUja ), and |B), = Z (V1) 1k

Finally we can express [¢) in terms of the new basis we just derived,

X
a=1
This is the Schmidt decomposition and it always exists for a general state |¢)).

4.2.4 Deriving the MPS

Let us start with some pure state |¢),

W> = Z Ciy..in |21 .. ’LN> .

i1..dN

To write it out as a MPS we need to go through the system and perform Schmidt
decompositions to each individual site. We start with writing out the ¢ coefficients
as a matrix ¢; (i,..iy), Where ¢; is the row index and the rest is the column index.
Performing the SVD will give us,

2
_ } : (1 syt
Cilv(i2~--iN) - Uilalz([)jval(ig...ij\{)'

a1=1

The upper index [1] means we are dealing with the first lattice site. The matrix
U will be unitary and of dimension (2 x 2) as i; has only two values, T & |. We
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can split this into two (1 x 2) matrices, AT and AM for the corresponding spin
components of 7;. We can simplify the indices a little and rewrite,

§ : 1 sy,
C'Ll (i2.-in) Azlcxl a1 a1(7,2 AN)”
21 7’N

Now we move on to the second site and consider zalval (is..iyy) &S & Matrix with row

index (ayiz) and column index (i3...7y) and decompose it further,

T (2] T
20‘1 Val(zg AN) Z U(aug )ag Oéz az(zg AN
as=1

Matrix UP will be unitary and have a dimension of (4 x 4) due to the summation
index as having 4 indices (possible combinations of oy = {1,2} and iy = {1,]}).
Again, we split this (4 x4) matrix into two (2 x 4) matrices A" and AN, Rewriting
everything,

(1] 42
Cily(i2--~iN) Z AzlalAigalag e

1. AN

After iterating up-to the last site k£ in a similar manner we will get,
1 g2 (K] (k11 ' ‘

Z Z Z Z Ullal (cnig)ag " " U(akflik)akZakVak(iHL--iN) i in)

1.4 Q1 Qa2 Qs
which, when represented using the split matrices A will give us the following MPS,

_ Z Z Al A= 418 AN ANlin /i )
i1 T Mgt Tizazas iN—10N_pan_17 iyan_1 1“1/
i1.in {ag)

as we saw in Eqn.4.1, the graphical representation of which was shown in Fig.4.5.

Example - Expressing the GHZ state as MPS

1
751000} +[111)

We can first write out the computational basis in order,

|GHZ;) =

|000) , |001) ,]010),]011),|100) , |101),|110),|111).
We can expand out the GHZ state,
¥ >=|GHZ@

(|OOO) + |111)),

%I

|ooo>+-;7:|111>

(1000000 1],

&IH%I
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which, as we can see, is an 8-dimensional vector. To be able to perform SVD, we
need to reorganize this vector as a matrix of the same dimension. We will go with
a 2 x 4 configuration, as having two rows of elements will make it mathematically
easier for us to iteratively strip off qubits site-by-site using SVD. So we group the
elements as shown,

e Qubit 1 (site 1), ¢; € (0,1) {row index},
e Remaining qubits (sites 2 & 3), i2i3 € (00,01, 10, 11) {column index}.
This allows us to construct the following matrix,

G o — | (000) (00L) (010) <011>] _ [\/% 00 O].
16283 (100) (101) (110) (111) 0 \/Lﬁ

Now we can apply SVD to the first site,
P = pllpily it
To find UM, we will do the following eigen-decomposition,

Pyt = gty it

L 0
X V2
:75000] 0 0
1 ’
000 5] 0 0
0 L
V2
:%0]
e
1 0 3

For this resulting matrix, we can use the eigenvector equation to find the eigenvalues
and eigenvectors. Since the matrix is just an identity matrix with a factor of %, the
calculation is very simple,

(¢[1]¢[1]T)X = \X,

1 -
N 5(1] aq -\ aq 7
0 5 _042_ _042_
1[10]] ] | ]
- = a1 -\ 31 7
2 0 1 _042_ _062_
1_ - - -
- = 31 -\ 31 7
2_@2_ _062_
1
A=
2

Furthermore, we know that for an identity matrix, any non-zero vector can be the

eigenvector. For our purposes, here we will go with perpendicular unit vectors,

i) < o [1]
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This will let us construct the following UM,

01|

Now for the VIUT matrix, we do the following eigen-decomposition,

(Ut — v/ [[2y 01
P VEYEEY

4 0
V2
0 0 [ %5 00 0 ]
= 1 5
0 0 0 00 %
0 L
L V2
% 00 0
10000
0000
L 000 3
Solving for the eigenvalues gives us,
A=0 & =
2’
and the corresponding eigenvectors,
0 0T
1 0
Xl = & X2 = {fOI' A= 0},
0 1
0 | 0
1] [0 ]
0 0 1
X; = & X, = for A = =}.
*“lo 1= | | orA=3

Since we know unitarity has to be preserved for our calculations, we will only use
X5 and X, to form the matrix V1,

Vi —

VI =

S O - o o o

o O
_ O

40



Finally, for our singular value matrix »,

A O 0
o 0 Ay 0
0 0 --- \,
.2[1]2__)\1 O
" 0 N ]
:>E[”—_\/)‘_1 0
0 VA ]l
_[VE o
0 Vi)
r 1
sy | v 0 ]
0 5

All of this can be put together for the first site,

¢[1] U[l [1]{/[1]T7
_[10”%0”1000]
_ : _
0 1 0 0001

To produce the split matrices for site 1, we take the product UM x S and define
two row matrices AE] € C'2, where i; = 0, 1,

=[5 0] b al=[o 5],

[\

Moving on to site 2, we define,

Uy = 2]

1
.-.z/ﬂ?]:[ﬁ oo ]
000 %
We will rewrite this as a 2 x 2 matrix zZJZQ By
1
o = [ v ] ,

0 7

and perform SVD again,

Pl = plgkly R



This time we produce the split matrices for site 2 by defining AZ] € C?*? where
ig =0, 1,

A v O o o4 |00 |
0 1 1
0 0 0 -

Now all that is left is site 3, the split matrices for which can be defined as AZ[Z’] e !

where 13 =0, 1,
0 1

Finally we can put all these parts together to express the GHZ state as an MPS;,
1
V2

1
=)= D, AJATAT |ivizis).

11,i2,83=0

\GH Zs) = —(|000) + |111))

We can show that one can easily go back to the original state just by multiplying the
matrices - it will give us the un-normalized expectation value of each configuration
the state can be in. When (iy, iz, i3) = (0,0, 0),

1] 412] 18] . 5 0] |1 1
APAPAT =] & 0] Zoollel =3

And when (i1, s, 15) = (1,1,1),

(] 412 413 _ 00 0|_1
wee-to 3]
2

When (i1, i9,3) are any in any other configuration, the corresponding matrix multi-

)

plications will all yield 0, meaning the expectation value of the state being in those
configurations is zero - just how we defined it in the first place. This allows us to
reconstruct the un-normalized GHZ state,

1 1
(GHZs) = 3 [000) + 2 [111),

which is equivalent to the normalized GHZ state we started with. A little side note
here - this system was converted to MPS under OBC.

With some further calculation it is possible to derive a general MPS for a GHZ state
of n-qubits,

GHZ,) = — ([0)°" + [1)°") .

2

(J00---0) +[11---1)),

S-Sl

= > ATAY A iy i)

i1ein
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where,

(1] 1x2
Ail € (C x 9
[k] 2x2
A€ C7,
Al e e,

4.3 Split Index Matrix Product States (SIMPS)

SIMPS are TNs, and they are similar to MPS as they both are matrix product states.
The key physical difference between them is that when we calculate the A matrices
(tensors) for a MPS, they only carry one index, i.e., the information of one state
is carried by one matrix. Meanwhile, when we convert a wavefunction to SIMPS,
the matrices will be determined by two neighboring states, i.e., the information
of two states will be carried by one matrix. Mathematically, this means that the
SIMPS representation is very dependent on the choice of physical basis, which is not
something we consider while creating a MPS. Its construction is similar to that of
double-line TNs, where a given degree of freedom is shared by more than one tensor
in the network. Fig.4.10 is what a SIMPS matrix looks like graphically compared
to a MPS matrix.

|
® B,

Figure 4.10: SIMPS vs MPS Matrices (Tensors)[20]

Similar to MPS, SIMPS can be defined under both PBC and OBC. Under PBC, we
define SIMPS in terms of a trace of a product of matrices, same as MPS,

W)y =" T (BB, B Bivk ) livia - in). (4.8)

Here, B matrix is an 7; X n; matrix, where n is the SIMPS bond dimension. This
bond dimension is not the same as D which we used for MPS - we will see why later.
Also, we can see from the indices on the B matrix that our system is periodic - the
index 7 is overlapping between the first and last B, signifying that the system is a
ring, i.e., periodic. We can represent this graphically using Fig.4.11.

43



Figure 4.11: SIMPS under PBC

Here, we can see some additional nodes. These are called ¢ tensors and their purpose
is to take a state coming in from the top and copying it left and right, i.e, splitting
the index. Fig.4.12 shows what they look like.

J
z—l—k = Oijk

Figure 4.12: § Tensor

Since each B matrix is connected to two such 0 tensors, they are 4-index tensors

which take two inputs and puts out a matrix.

Similarly, we can define SIMPS under OBC in the following way,
1 : .
Z Z (@l Bity -+~ By iy 1B) o i1 iy, ) (4.9)

Here, o and 8 are n-dimensional spins and have values 0,...,n — 1. And the lack
of overlap between the first and last matrix shows that this system does not form

a loop, i.e., open boundaries. The graphical representation will be as shown in
Fig.4.13.

Figure 4.13: SIMPS under OBC

Another thing that we can carry over from MPS to SIMPS is the idea of canoni-
cal/normal forms. A SIMPS is defined to be normal when,

Span{BS1i1 Bi2i2 e BiL182 }il in, — M

----- 1 UERYUEDS

Here M,, ., is the space of all 1y, X 7y, matrices, and L; is a finite length called
the injectivity length[27, p3, e6]. When L; = 1, the SIMPS matrix is injective. And
like for MPS, this property is stable - if it is true for some length L, then it will be
true for L + 1, and by extension all lengths greater than L.

44



4.3.1 SIMPS Algebra

The SIMPS algebra is just a continuation of MPS algebra and utilizes similar tools
as the MPS algebra. Both these representations are fundamentally different only

when we have non-full-rank A; matrices for some basis {i}.
When we have a standard SIMPS,

1 2 N . .
W= 3 T (BB, B iy i)

we can convert the B;; matrices to A; matrices of MPS via SVD. In the case of a
SIMPS under PBC, no special preparation is necessary. However, for a SIMPS under
OBC, due to the addition of the n-dimensional spins (o and () at the boundaries,
we need to first flatten the B matrix:

B= Y B lia)(jsl.

i,3,0,3

Now B has a dimension of 7 X  and we can move forward with performing SVD,
B=USV

Like before, the U matrix will have dimension n x D, ¥ will be a diagonal matrix
with dimension D x D, and V' will have dimension n x D as well. The U and V

matrices must also follow,
Ulu =Vviv =1L
Here, the dimension D is found using,
Dim(D) = Rank(B).
Now we can absorb V' into Y for compactness, defining,
wh=xvi
Finally, our corresponding A; matrix can be expressed as,
Ay = WH(Ji) (i| @ T)U.

Repeating this procedure on every B;; in a SIMPS will give us every A; matrix we
would need to construct the MPS that will give us the same state.

To go from MPS to SIMPS, we may naively claim,

Ai = Bzg
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And, this would be correct for full-rank matrices (n = D) - we will see why in a bit.
However, for non-full-rank A; matrices, making this generalization would lead to a
drop in bond dimension in the SIMPS representation for the same state. To avoid

this problem, we write A; in terms of some projectors,
A; = A,PP!. (4.10)

Here P,-PZ-T is a projector onto the domain of A; [27], and P, : C" — CP, where 7, is
the rank of A;, such that, P/ P, = I,,. Now we can define the matrix for the SIMPS

representation as,
By = P/ A;P;.
For a full-rank matrix, P; = I, this causes the equation to simplify to,
B;; = A;.

This whole operation can be shown graphically as in Fig.4.14.
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Figure 4.14: MPS to SIMPS Conversion

This means that going from the MPS representation to the SIMPS representation
only makes sense when the A matrices of a MPS are non-full-rank, because only
then will we have a SIMPS that is distinct from the MPS representation of the state
we are working with. This allows us to define the following:

Definition 1 (Good SIMPS[27]) A normal(canonical) MPS makes for a good
SIMPS when the A matrices are non-full-rank for some 1.

In the later sections we will explore some condition like enforcing non-onsite sym-
metries, which will give us MPS representations that will lead to good SIMPS.

The general MPS to SIMPS conversion we did was an optimal one. This means that
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the SIMPS we calculated had the minimal possible bond dimension. This can be
declared as the following:

Proposition 1 (Optimal Conversion) If we have a SIMPS matriz B;; which is
normal and has injectivity length Ly, the MPS we calculate from it will have injec-
tivity length Ly < Ly + 2. Similarly, if we have a MPS matriz A; which is normal
and has injectivity length Lo, the SIMPS we calculate from it will have injectivity

length Ly < Ly.[27]
4.3.2 Fundamental Theorem of SIMPS

We will now have a look at a fundamental interaction between two normal SIMPS
matrices, where, when the SIMPS are injective, gauge transformations can be still

used to obtain new tensors generating the same state,
Bij — XBZ']'X_I.
Similar to what we did with MPS, we can define the following theorem:

Theorem 2 (Fundamental Theorem of SIMPS) Let us assume Cj; and Bj;
are two normal SIMPS tensors, and they generate the same state for all system

sizes. We will then have a set of invertible matrices X; such that,
—1
Cyj = X;By X,
where i =0,...,d—1. [27]
The theorem can be represented graphically as in Fig.4.15.

| l | l |

¢

S m oS ms

Yo i

Figure 4.15: Fundamental Theorem of SIMPS[26]

This theorem tells us that the bond dimension of all normal SIMPS representations
of a state will be the same for any particular basis of physical spins. So for a
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given physical basis, it is well defined to refer to the SIMPS bond dimension. This
theorem will be essential to understanding the non-onsite symmetries in SIMPS

representations.

Example - Expressing the GHZ state as SIMPS

Now let us revisit the example calculation we did to convert a GHZ state to MPS,

and build upon it to express it in the SIMPS representation.
We have seen that the GHZ state,

1
V2

can be represented using MPS (for PBC) as,

|GHZ3) = (|000) + |111)),

1
GHZs) = Y ANAZAY [iriis) .

11,12,43=0

This state gives us a non-normal MPS of bond dimension, D = 2. Furthermore, if

we analyze the ranks of the MPS matrices, A;, we will see,
Rank(A,) =1.

And this will cause A; to be non-full-rank for some i. As per our definition of the
projectors for non-full-rank A; (Eqn.4.10), the bond dimension for the corresponding
SIMPS matrices B;; will be,

Dim(B;;) = n = Rank(4;) = 1.

Therefore, the SIMPS matrices B;; will have dimension 1, which will just be some

number that we can express as,

By = 0y

ij -

Here, if i = j, B;; = 1 and if i # j, B;; = 0.

49



Chapter 5

SIMPS vs MPS for Quantum
Teleportation

Now that we have seen what TNs are, and how its different formalisms can be
used to represent the same system, and how those representations capture impor-
tant physical and virtual aspects of the system, we can move on to more focused
comparison between the two formalisms. We will focus on two main aspects of
quantum systems — symmetry and quantum information transfer (teleportation).
The analysis of both these aspects will visualize clearly how the SIMPS formalism is
more suitable at handling symmetries of certain phases of matter, and how it is less
computationally taxing when dealing with teleportation, while simultaneously being
more accurate. This analysis is mostly a review of [27], [24], and [26], supported
by some fairly modern papers like [19], [16] and [21], which formalizes some of the

recent developments in our understanding of symmetries and entanglement.

5.1 Non-Onsite Symmetries & SPT Phases

We will start our analysis of the two formalisms by seeing how effective they are
at describing some physical properties of systems. We will start by introducing the
properties (Sec.5.2.2 and Sec.5.1.2 ), then move on to how it is described by the MPS
formalism (Sec.5.1.3), and finally see how the SIMPS formalism better captures the
intricacies of these properties (Sec. 5.1.4).

5.1.1 On-Site & Non-Onsite Symmetries

An onsite symmetry U, acts locally and independently on each site,

N

k

0= @il
i=1

where u, is a linear, local unitary representation of the group g € G' on the physical
indices, for example spin flips and spin rotations. For our purposes, unless otherwise
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mentioned, the group G will be always assumed to be abelian. This means that it

will be assumed to have some commutative operation in it.

A non-onsite symmetry cannot be expressed as a simple tensor product of unitary
operators for each site. This is because, while it resembles linear symmetry on the
physical degrees of freedom, it acts projectively on the virtual structure responsi-
ble for the entanglement. Therefore to express it we need to bring in entangling
operators, non-local structures, etc.

5.1.2 Symmetry Protected Topological (SPT) Phases

A good example of a system that shows non-onsite symmetries are SPT phases.
They are a phase of matter that has no low energy excitations (gapped) and short-
range entanglements only. This short range entanglement arises from the lack of
any kind of intrinsic topological order in this phase of matter. This means that if
a system in such a phase were to have its symmetry broken, it would become void
of any kind of topological features as it does not have any inherent to it. The name
“SPT phase” arises from this fact that the topology of these phases are held together
by the symmetry of the system.

If the symmetry is broken the ground state would be deformed to a trivial product
state. In other words, a system in SPT phase preserves or “orders” itself under
symmetry constraints - known as SPT order. Mathematically, this means that SPT
phases preserves the global symmetry G by fulfilling,

[H, U] =0Vge G and Ugly)=[¢).

Therefore, the system is forced to be symmetric by making sure its evolution is not
arbitrary - the entanglements, correlations, etc. must be controlled during evolution
to respect symmetry.

Another thing to make note of here would be that while we are enforcing symmetry,
we cannot make the general claim of there being any degeneracy. It is true that if
we have some Hamiltonian that respects the symmetry, there will be some boundary
degeneracy (near the edges).

Figure 5.1: Boundary Degeneracy|20]
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However, there will be no entanglement spectrum degeneracy, i.e., if we cut our state
in half and compute the reduced density matrix, the eigenvalues will not be two-fold
degenerate.

5.1.3 Using MPS to Represent Systems in SPT Phases

Now let us look at how we can use MPS to represent systems in SPT phases and
their symmetries. Let us start with a symmetrically invariant MPS under PBC for

some state ),

k N ‘
Wy = > (A AN i)
11, ,IN
And let us say that it has some global onsite symmetry of the form,
" Tlk TR [ .
i1, 5N
To show the local symmetry at each site k£ we will use the relation,
Tlk
AT =3 " (ug) Ay = VAV, (5.1)
J
where V,, are virtual, unitary matrices and (ug);; = (i|uy|j) is the local unitary

representation of whatever group we are in on the physical indices. Through some
very trivial algebra [27, p5, €23] we can show,

[y = D DA A fia i)

i1, N

— Z Tr(AE’f]---AE’fJ) iy in)

i1, N

= |¢).
This can be also replicated for a MPS under OBS as long as Eqn.5.1 is satisfied.
Now if we had a representation of group G formed by a set of u, such that,

uguh = ugh,
the virtual operators V, will form a projective representation,
%Vh - (.O(g7 h)%h?

where w(g, h) are some phase factors. Due to G being abelian, we can rewrite this

expression as,

VoVh = Q(g, h)ViVy,
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where Q(g, h) = w(g, h)w(h, g)~t. These Q will represent the SPT phase to which the
MPS belongs, and if they all are equal to 1 the phase it belongs to will be trivial and
thus have no symmetry. If they all are not equal to 1, the phase will be non-trivial,
which would imply that the system has a symmetry protected degeneracy.

An example of a state that belongs to a non-trivial SPT phase is the cluster state
generated by,

X =] Xa

i=1

o
&
B
o,
P
=
|
e [EE
o
b
t

It is symmetric under a Zs X Z, symmetry and has the following MPS matrices,

Al :=ATAT =1,
A _:=ATA" =17,
A =AA" =X,
A :=A"A" =7ZX.

Under the symmetry constraints, the MPS matrices will be,

Z[X[]’L],Z’]’Al/]’ = ZA,LJZ and Z[IX]UJIJ/A’L/]/ = XA,LJX

Here, Z and X will not commute, giving us a non-trivial SPT.

5.1.4 Using SIMPS to Represent Systems in SPT Phases

We had seen in Sec.4.3 that the SIMPS formalism for MPS is more desirable, in
particular for cases when the MPS matrices are non-full-rank (Def.1). Now we shall
explore why exactly SIMPS are better suited than MPS for such cases.

Let us start by defining a non-onsite symmetry operator,

N
U =]V
=1

where U |ij) = i |ij) is a two-body unitary gate for some phases ¢, and U is

also diagonal in the physical basis of the SIMPS. As mentioned in Sec.5.1.1 we are
changing up the notations here as the symmetry operator cannot be expressed in

terms of simple tensor products anymore.
Now let us define our SIMPS,

wy=>_ Tr(B, B lin-in)
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which under the symmetry operator U will be,

Ul =1d)= > T (B, Bl ) lir--in) (5.2)

i1,erin

where Bz[f] = e'¥ii BZ[?]. The operator U acts on the SIMPS matrices without changing
the bond dimension which happens due to the split-index structure of the SIMPS
- this structure splits the gate U across different matrices. If we now say that our
SIMPS is normal and U [¢)) = |¢)) = |4) for all system sizes, according to Theorem.2
there must exist invertible matrices V; s.t,

" BY = V;BIV . (5.3)

Therefore it is possible to express symmetries in terms of SIMPS gauge transfor-
mations as long as the symmetry operators can be split to act on each matrix
independently.

These non-onsite symmetries can also be expressed using MPS. However, such sym-
metries will increase the bond dimension of the MPS meaning they cannot be ex-
pressed using simple gauge transformations anymore. Instead we would see the need
to bring in 3-index reduction tensors [27, p6] and other conditions which makes the
process extremely complicated - these are irrelevant to our topic and outside the
scope of the mathematics of this paper, so we can just ignore them. Thus, SIMPS

are much more convenient when it comes to capturing the non-onsite symmetries in
SPT phases.

Furthermore, we can build a proposition utilizing Eqn.5.3 to show that, the MPS
that remains invariant under the action of non-onsite symmetry operators make for

good SIMPS (Def.1).

Proposition 2 Given a non-onsite symmetry operator,

N
U= H Uiit1, {where U is diagonal}

i=1
under the action of which a normal MPS remains invariant, then there exists at

least one MPS matriz Agk] which will not be full rank. [27]

The mathematical proof [27, p6] of this allows us to deduce that MPS do not behave

well under non-onsite symmetry operators.

Let us revisit the 1D cluster state in Sec.5.1.3 where we saw using MPS, that under
symmetry constraints it exhibits non-trivial SPT. Using the SIMPS formalism, it is
possible to show that the SIMPS matrices easily predicts non-onsite symmetries.
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We define a SIMPS matrix of bond dimension 7 = 2 and some physical onsite
dimension d which will generate states [¢,p),

Bt = X 7%, (5.4)

where a and b are some d x d binary matrices, and X and Z are Pauli operators.
This SIMPS matrix will satisfy the relations,

bij pab __ a,b
aij ab a,b
& (~1)%BY =ZBZ. (5.5)

This will mean the states [, ;) will have non-onsite symmetries of the form,
i

b _ b
& U .—Humﬂ,
i

which will form a Zy x Z; symmetry group G,p, where u® |ij) = (—1)% |ij) and
uig) = (—1)%

snd d are some binary vectors), then U® and U® are non-onsite. Furthermore, the

ij) - diagonal in the physical basis. If (a;; or b;;) # ¢;d; (where ¢

=

relations in Eqn.5.5 will be anti-commutative, signalling non-trivial SPT order in

Gap-

5.2 Quantum Teleportation

In the previous section we saw how the SIMPS formalism of TNs is more effective at
capturing certain symmetries and phases of a system, which are physical properties.
Now we will move on to computational properties. We will review how the MPS
and SIMPS formalisms can be used to describe long range quantum teleportation

involving many-bodies.

5.2.1 Many-Body Quantum Teleportation

We have already seen quantum teleportation in Sec.3.3 where we illustrate two
observers, A and B, with a shared maximally entangled state |€2), performing tele-
portation to transfer information about a state |¢)) from A to B. We saw a very
detailed graphical representation of the process which captures both the algebra
and what is physically happening. Now we want to expand upon that and perform
teleportation at a longer range by using a long chain of entangled qubits.

So let us start by simplifying the graphical representation and leave behind mostly
the physical process.
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Figure 5.2: Teleportation with 2 Entangled Qubits[26]

Here P are projectors we use to perform the Bell measurement and they are Pauli

operators,
P=(I® P)|Q).

Fig.5.2 shows that before measurement B is not connected to [¢)) and has no infor-
mation of it. After A does the measurement using P, the information of [¢) is now
connected to the circuit and can be transmitted along the shared entanglement to B.
B can then recover the information of [i)) by reverting the unitary transformation

caused by P which it has some classical communication channel to.

Now we can extend this representation to a system of more than two qubits where
every two qubits are entangled as shown in Fig.5.3. After performing Bell measure-
ments between each qubit pair we can establish some long-range entangled state as

shown, where the boundary spins have some direct entanglement.

-2 B4 By 6y 7)) 18)
L | L 1 I I I |

Performing Bulk Bell Measurements

|
I_P]J I—PQJ LP?J
P P rPs

o2 B A ) e T 8)
L1 L 1 [ | l |

1) Lp Lpl Lp, 8)
I Pl P2 PS I

Figure 5.3: Many-Body Quantum Teleportation Circuit[20]
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Such circuit setups, where a bunch of nodes(qubits) with some local interaction
is measured and some long-range entanglement is established between them, are
known as the “Quantum Repeater Architecture”[26]. We can simplify the systems
before and after the bulk Bell measurements as in Fig.5.4.

2 B 4 B 6 7D 8

Performing Bulk Bell Measurements

v
®&=--0---0--=-0-==-0--==-0---=-0--=

Figure 5.4: MBQT Physical Representation[26]

5.2.2 Quantum Wire

To understand long range quantum teleportation we first need to look at what a
quantum wire is. Simply put, it is a tool which allows us to deterministically and
efficiently transport quantum information from one end of a system to the other by
conducting local measurements . This is similar to localizable entanglement which
is the process of concentrating entanglement between two distant spins in a many-
body system. A MPS or SIMPS representation of a state is said to be a quantum

wire when they satisfy two properties:

e The MPS/SIMPS matrices must allow injective mapping, i.e., allow the re-
version of the evolution caused by byproduct operators. This is to ensure
quantum information can be recovered at any site of the system.

e The matrices need to obey some global symmetry to ensure quantum states

are coherently transformed under symmetry constraints.

5.2.3 Quantum Wire in MPS

To see when a MPS can be regarded as a quantum wire, we will start with a MPS
under OBC like the one in Eqn.4.3. Let us say we want to now disentangle the bulk
spins from the boundary spins. So we will measure all the bulk spins,

W)= > (alAl AN iy in, )

U1y N
a,b

= |[Y) = Z(a\Agﬂ . .Agﬂ\b)\a, b). {after bulk measurement} (5.6)

a,b

This can also be expressed as,

= ) = I® As, ... As ) [U). (5.7)
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Here, a and b are indices that will have values 0, ..., D—1, to constrain |¢') to a H-
space of dimension CP ® (C%)®N @ CP, where D is the dimension of the boundary
spins and d is the dimension of the bulk spins. Si,...,Sy are the measurement
outcomes for our bulk spin measurements, and [¢/}) is the D-dimensional Bell state
(Eqn.2.8). We can also get rid of the site labels, [k], for simplicity.

We can graphically represent this bulk measurement on a MPS, leading to the

formation of a quantum wire, as shown in Fig.5.5.

Bulk Measurements

wr) =3, o(alAS) .. AZ|bY]a, b)

Figure 5.5: Bulk Measurement in MPS Representation

For us to be able to say that |¢) has long-range localizable entanglement, the
entanglement between the boundary spins in [¢)') must remain finite as N — oo. To
get this long-range localizable entanglement, we can choose MPS matrices A; to be
unitary for all 7, which will mean that the product Ag, ... Ag, will also be unitary,
implying [¢)") is maximally entangled.

We can regard Eqn.5.6 as a quantum computation in the virtual H-space. Its action,
going from left to right, beginning with state |a), is the application of a series of
unitary operations and then measuring |a) by projecting it onto |b). To summarize,
this is a unitary evolution where information is being transmitted along the chain

via measurement.

To use the state [¢)') as a tool to perform quantum teleportation, we need to apply

a corrective unitary operator (byproduct operator, Sec.2.4.2)on the boundary spins
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to map the state to some fixed reference state, e.g., the Bell state. In this case, the
product of the unitary operators from measurement, Ag, ... Ag,,, will be the byprod-
uct operator. Under ideal conditions, this byproduct operator can be determined

by performing some classical side processing on the measurement outcomes.

So we can conclude that if we had a MPS,
e which has long-range localizable entanglement,

e which has some classical side processing algorithm to identify the byproduct
operator,

e and finally, allows for injective mapping,

it can be called a quantum wire — it can be used to efficiently and deterministically
transmit quantum information from one end of a chain of spins to another.

5.2.4 Quantum Wire in SIMPS

Now we will look at how a SIMPS can be made into a quantum wire. Like before,
we will start with a SIMPS under OBC (Eqn.4.9) and perform measurement on the

bulk spins, leaving us with,

’w/> = Z<O‘|B515’2 T BSN—1SN‘6>|CV> 5> (58)
a,B

Here o and B are n-dimensional spins at each end of the spin chain and has val-
ues 0,...,7 — 1. And as before, S;...Sy are the measurement outcomes. Also
like before, if the SIMPS matrices B;; are unitary, the product after measurement,
Bg, s, - Bsy_,sy, Will also be unitary, thus implying maximal entanglement be-
tween the n-dimensional boundary spins.

The graphical representation of this bulk measurement is shown in Fig.5.6
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Figure 5.6: Bulk Measurement in SIMPS Representation

This is where we will come across the first advantage of the SIMPS formalism over
the MPS formalism. The MPS matrices for a state may not necessarily be unitary,
requiring us to choose bases that will cause it to be unitary. SIMPS matrices on
the other hand are always unitary. This means that with the SIMPS formalism, it
is easier to understand long-range localized entanglement.

Another advantage of the SIMPS representation is the presence of simple classical
side-processing to determine the byproduct operator. When we measure the bulk
spins of a SIMPS under OBC,

85152 T BSN—15N (S8 XS1+5'2+--~+SN_1Z515'2+-~+SN—1SN

where X and Z are the Pauli operators we saw in Sec.2.4.2. This will hold true for
every SIMPS in a SPT phase described by Eqn.5.4.

—

We can visualize how measurement of the bulk spins work for SIMPS using Fig.5.7

which shows what would happen in the case of the 1D cluster state.
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Figure 5.7: Measurement of bulk spins in 1D cluster state[20]

Here, we are applying the Pauli operator X on all the odd/even sites alternatively,
with the Pauli operator Z on the endpoints. Since these operators are a symmetry
of this state, they will have expectation value 1. We then perform the bulk measure-
ment in the eigenbasis of these local operators, which are acting in the bulk of these
symmetry operators. Afterwards, the X operators are replaced with the measured
eigenvalue which will be 1. This leaves us with a system where the bulk spins have
been measured out into some state, with the endpoints satisfying the correlations
XX and ZZ up-to some (—1)% or (—1)® which are the eigenvalues of the operators
we measured in bulk, where,

GISQ+S4—|—S6 & b251+53+85+57.

From these two relations we can determine the state of the boundary, which is a
Bell state with some Pauli operator applied to it, which in this case is the byproduct
operator. This is an example of the simple classical side processing we can do to
determine the byproduct operator when we are using the SIMPS formalism, which
would not be possible with the MPS formalism.

To sum up, a SIMPS with injective mapping can be shown to have long-range
localizable entanglement and shown to have some simple classical side-processing
algorithm to determine the byproduct operator, with less effort compared to MPS.
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Chapter 6

Conclusion

The primary goal of this thesis was to review the SIMPS formalism of TNs and
analyse its computational benefits over the existing MPS formalism, specifically
when we are dealing with spin systems that have large degrees of freedom. To
accomplish this we started by building a foundation of the core concepts of quantum
mechanics und quantum information. We saw what exactly the term ” measurement”
insinuates. We introduced tools like the Bloch sphere and gates. We defined the
postulates of quantum mechanics under the density matrix formalism. We also
defined graphical representations to visualize a lot of the processes. Moving on from
the foundation, we took a look at some phenomenon native to quantum systems, like
entanglement, teleportation and spin interactions, which revolve around the problem
we are trying to solve. Afterwards we introduced TNs and did a thorough review of
the algebra of both the MPS and SIMPS formalisms. Finally, we conducted deeper
analysis of these formalisms, which revealed that the SIMPS formalism does indeed
provide some notable advantages over the MPS formalism. It captures the symmetry
of certain phases of matter more effectively than MPS, and also provides increased
computational efficiency and accuracy during teleportation.

Future Direction

This analysis has some interesting applications that can be explored further. No-
tably, the application of SIMPS in measurement based quantum computation, where
the classical side processing involved in recovering teleported data can be done more
efficiently and accurately, compared to existing algorithms built around the MPS
formalism. Another benefit that SIMPS may have for measurement based quantum
computation comes from its ability to reduce the bond dimension, which may further
simplify the algorithms needed to perform teleportation using certain states.
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