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Abstract

In this thesis, Exact Solutions of fractional differential equations by using (G’/G)-
Expansion Method the nonlinear partial fractional differential equations are renewed
to the nonlinear ordinary differential equations by using the fractional complex trans-
formation. We apply the extended (G’/G)-expansion method to generate travelling
wave solutions to the time and space fractional derivative nonlinear KdV equation.
The obtained solutions reveal that the extended (G'/G)-expansion method is very
efficient and competent mathematical tool for generating abundant solutions and
can be used world class of nonlinear evolution fractional order equations.
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Chapter 1
INTRODUCTION

1.1 Mathematical Introduction

The affair of differential equation constructs a comprehensive and very significant
wing of modern mathematics. Form the preceding days of calculus the subject has
been a sector of innumerous hypothetical analysis and applied implementations.
Leibnez and Newton[26,27] were the first Scientist and Mathematician who first
commenced with the invention of calculus. In the year 1671 English physicist, New-
ton had listed three types of differential equations which were published in the year

1736, they are:
dy _

Y= () (11)
dy
and 5 5
951551 + $25xy2 =Y. (1.3)

In 1676 Newton solved the equations mentioned above and others affixed to these
by utilizing infinite series and calculated about the non-uniqueness of the results.
Jacob Bernoulli proposed the Bernoulli differential equation in 1695 which was an
ordinary differential equation(ODE)[28] mentioned in the following structure:

p'+ A(z)p = B(z)p". (1.4)

In the following year Leibneiz gathered solutions by simplifying (1.4).

1.1.1 Differential Equation

One of the most incomparable successes of calculus is its ability to capture contin-
uous motion mathematically and giving us the opportunity to analyze that motion
instantaneously[9]. A prodigious volume of real world event involving moving quan-
tities like the speed of a missile[1], the floating exchange rate [2], the voltage of
an electrical signal[3-5], the intensity of an earthquake[6], the growth rate of pop-
ulation of species[7], the number of bacterial growth in a medium[8] and many
more.Differential equations infiltrate the science and let us use it as a tool by which
we can try to bring out the laws of motion of nature in an abridged mathematical
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language. We have heard a lot about differential equation for radioactive decay in
nuclear physics[10-11] but there are also many other numerous differential equations
like Newton’s law of cooling in thermodynamics[12], the Navier-Stokes equations in
general relativity[13-14], the Blacke-Scloles equation in finance[15], the heat equation
in thermodynamics[16-17], the Cauchy-Riemann equations in complex analysis[18-
19], Schdinger equation in quantum mechanics|[20], the wave equation[21], the Lotka-
Volterra equation in population dynamics[22], Maxwell’s equations in electromag-
netism [23], Laplace’s equation and Poisson’s equation[24], Einstein’s field equation
in general relativity[25] and many more.

Differential equation: When derivatives of one or more dependent variable
with respect to one or more dependent variable in any equation is defined as differ-
ential equation (DE). For example, an expression as follows -

d da db
—(ab) = — 4+ — =
d:v( ) dx + dx

The equation 1.5 is an example of differential equation.

0 (1.5)

1.1.2 Classifications of Differential Equation

Differential equation is classified into two forms, such as Ordinary Differential
Equations (ODEs)and Partial Differential Equation (PDEs).

Ordinary Partial Differential Equations (ODE) - When ordinary deriva-
tives of one or more dependent variable with respect to only one independent vari-
able in any differential equation is called ordinary differential equation (ODE). For
example, such an expression given below -

dz dp
dr | dr

The equation 1.6 is one of the form of ordinary differential equation where, for
example: y = x + cosx and z = 2° + 5.

0 (1.6)

Partial Differential Equation (PDE) -When one or more partial derivatives
of one or more dependent variable with respect to more than one independent vari-
able in any differential equation is called partial differential equation (PDE). For
example, an expression given below -

dp ~dp
d:p—l_@_

0 (1.7)

The equation 1.7 is one of the form of partial differential equation where, for example
z =y + sinz.

In this thesis we will deal with the section of partial differential equation, over
here we will be talking about the catagorizations of the partial differential equations
only. Partial differential equation is classified into two forms such as, Linear Par-
tial Differential Equations (LPDEs) and Non-Linear Partial Differential
Equations (NLPDEs).

8 Chapterl Humayra Shafia
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Linear Partial Differential Equations (LPDEs) - When the power of the
dependent variable and each partial derivative contained in the equation is one, and
the coefficients of each variable as well as the coefficients of each partial derivative
are constants or independent variables in partial differential equation is said to be
linear partial differential equation. For example, an expression as follows -

Y™ A+ by (2)y™ L bi(2)y + bo(2)y =0 (1.8)

The equation 1.8 is the one of the form of a linear partial differential equation.

Non-Linear Partial Differential Equations (NLPDESs) - When any of the
condition for being linear is not satisfied then the equation is called non-linear. An

expression is giveb below-
dp

i F(p) (1.9)

The equation 1.9 is an example of non-linear partial differential equation.

Homogeneous Partial Differential Equations (HPDEs) - If all the term
of the P.D.E. consists the dependent variable x or one of its derivatives then only it
is known as homogeneous partial differential equation. to support the definition, an
expression is given below-

Y™ + by (2)y™ L bi(2)y + bo(2)y =0 (1.10)

The equation 1.10 is a type of homogeneous partial differential equation.

Non-homogeneous Partial Differential Equations (IPDEs) - If any of the
condition for being homogeneous is not satisfied in a differential equation it is said
to be non-homogeneous. To support the definition, an expression is given below —

Y™+ bm_l(x)y(m_l) + o+ b1(2)y + bo(z)y = ¢ (1.11)

The equation 1.11 is the form of non-homogeneous partial differential equation.

Non-linear Evolution Equations (NLEEs) - A NLPDE, as a single inde-
pendent variable such as time ¢ expressed in terms of space variable [(z,t)is called
nonlinear evolution equation (NLEE). For example: the KdV equation .

Fractional differential equations (FDEs) — There are three important def-
initions of fractional differential equations, they are the Riemann-Liouville, the
Grunwald-Letnikove and the M. Caputo definition. In this work we will use the
Riemann-Liouville definition.

The Riemann-Liouville type fractional derivative of order § > 0 of a function
g :(0,00) — R is defined by

D) = g = 7" el (112)

Chapterl Humayra Shafia 9
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where m = [5] + 1 and [f] is the integer part of 3.

In this paper we will be talking about the analytical solution of the non-linear
KdV equation with time space fractional derivatives.

1.2 Waves

According to physics, waves are a disturbances that propagate energy through a
medium. the energy propagation depends on the synergy between the particles that
make up the medium. Although there is no net motion of particles, particles move
as the waves pass. This means, once a wave has passed the particles return to their
original position. As a result, energy, not matter, is propagated by waves. There
are three main types of waves they are Mechanical wave, Electromagnetic wave and
Matter wave. Mechanical Waves act as the propagation of a disturbance through a
material medium due to the repeated periodic motion of the particles of the medium
about their mean positions, the disturbance being handed over from one particle to
the next. Electromagnetic Waves are the disturbance, which does not require any
material medium for its propagation and can travel even through vacuum. They are
caused due to varying electric and magnetic fields, and lastly Matter Waves are the
waves produced in electrons and particles.
The fairest wave generation equation could be written in the following form:

lit = K?lyy (1.13)

where the amplitude of the wave is represented by I(z,t) , and k represents the speed
of the wave. This equation has the general d’Alembert’ solution and that is -
[(x,t) = p(x — kt) + q(z — kt) where p and ¢ are arbitrary constraints denoting the
right and left propagation accordingly and these two individual waves move without
changing their oneness.

1.3 Dispersion

Dispersion of water waves generally refers to frequency dispersion, which means that
waves of different wavelengths travel at different phase speeds. Wave dispersion in
water waves refers to the property that longer waves have lower frequencies and
travel faster. The dispersive waves are waves in which the wave velocity varies
with the wave number. Dispersive effects usually give a relationship between the
frequency and the wave speed. If wave speed varies with wave number, in which
case the different wave number components will have different speeds, then the
phenomenon known as wave dispersion. Therefore, the way they interfere with one
another will change with time. So the shape of the disturbance will change.

1.4 Dissipation

A wave that loses amplitude, due to loss of energy over time, is called a dissipative
wave.

10 Chapterl Humayra Shafia
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1.5 Travelling waves

When a vibrating source disturbs the atoms wave formed or particles of medium
(water, air, spring, string etc.) that travels continuously along the direction of wave
motion with speed and without altering its shape is called traveling waves. Particles
get displaced from their rest position temporarily but there is a force that acts on the
particle when the medium is disturbed , causing them to get back to its original form
or position. Without any net motion in the medium this disturbance travels down
through the system and through this disturbance energy and momentum is shifed
from one end to another . To understand the occurrence of travelling wave solutions,
mathematical dealings have been used to describe the travelling wave function in
the form of I(x,t) = f(x — kt) where (z, t) represents the wave distressed movement
along the direction of x when k& > Oor k£ < 0 accordingly. These are obtained when
a NLEE is reduced to ODE, taking l(x,t) = I(§{) where £ = x — kt and k is the
speed of the wave where they can be solved by using suitable method. There has
been a lot of development for obtaining travelling wave solutions during the past
few decades and they appear in various forms and few of them are:

1.5.1 Soliton

According to Wazwaz[29],property with elastic scattering are called Solitons which
are a form of solitary waves. Even after colliding with each other they tend to keep
their original form and speed. they are seen in various physical phenomena and
have been appeared as the results of a extensive group of weakly nonlinear dispersive
partial differential equations describing systems of physic. The dissimilarity between
solitary waves and solitons has become obfuscated in physical term. Soliton-like
solutions of nonlinear evolution equations are Solitary waves that explains wave
processes in dissipative and dispersive environment. It is usually called as single
soliton solution like solitary wave, but when more than one soliton appear in a
solution they are called solitons. A nonlinear partial differential equation that shows
the following possessions are solutions of a soliton :

(i) the solution should substantiate a wave of stable form;

(ii) the solution either decays exponentially to zero like the solitons provided by the
KdV equation, or converges to a constant at infinity such as the solitons given by
the Sine-Gordon equation, meaning the solution is localized;

(iii) by holding its own character the soliton intercats with different solitons. One
basic expression of a solitary wave solution is of the form-

l(a,t) = f(z — kt), (1.14)

where k is the speed of wave circulation. The wave travels in the negative direction
for £ < 0 and For k£ > 0, the wave travels in the positive direction. The solutions of
nonlinear equations can be in the form of sech?, sech, arctan exp®®=*) functions.
Different methods had been introduced to acquire solitons.

1.5.2 Solitary Waves

Solitary waves were first seedn by John Scott Russell in the year 1834. He observed
a large projection of water slowly traveling on the Edinburgh-Glasgow canal (Scot-
land) without any change of its shape. He named he bulge of water as “great wave

Chapterl Humayra Shafia 11
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of translation”, and it was traveling along the channel of water for a long period of
time while still preserving its shape. The finding is described here in Scott Russell’s
own words: “I was observing the motion of a boat which was rapidly drawn along
a narrow channel by a pair of horses, when the boat suddenly stopped not so the
mass of water in the channel which it had put in motion; it accumulated round the
prow of the vessel in a state of violent agitation, then suddenly leaving it behind,
rolled forward with great velocity, assuming the form of a large solitary elevation, a
rounded, smooth and well-defined heap of water, which continued its course along
the channel apparently without change of form or diminution of speed. I followed
it on horseback, and overtook it still rolling on at a rate of some eight or nine miles
an hour, preserving its original figure some thirty feet long and a foot to a foot
and a half in height. Its height gradually diminished, and after a chase of one or
two miles I lost it in the windings of the channel. Such in the month of August
1834, was my first chance interview with that singular and beautiful phenomenon
which I have called Wave of translation.” [29, 30]. Russel got inspired from this
surprising discovery to conduct physical laboratory experiments so that he could
highlight his observance and study those solitary waves. He empirically derived the
relation in the following form: k% = g(p+ h) where k is the solitary wave speed, h is
the maximum amplitude above the water surface, p is the finite depth and g is the
acceleration of the gravity. This single humped wave of bulge of water is now called
solitary waves or solitons. The solitons—localized, highly stable waves that retain
its identity (shape and speed), upon interaction—was discovered experimentally by
Russell[29].

A solitary wave is a localized wave which propagates without any temporal evo-
lution in shape or size when viewed in the reference frame.The envelope of the wave
has one global peak and decays far away from the peak. These waves arise in many
circumstances, including the elevation of the surface of water and the intensity of
light in optical fibers. They have finite amplitude and propagate with constant
speed and constant shape.

12 Chapterl Humayra Shafia



Chapter 2
LITERATURE SURVEY

2.1 Analytical Methods for linear and non-linear
fractional differential equations

The area of differential equation is vast enough to discuss about. The fractional
calculus is a current research topic in applied sciences such as applied mathemat-
ics, physics, mathematical biology, economy, demography, engineering, geophysics,
medicine, bio-engineering and mathematical biology all from the sources [49-68].
The rule of fractional derivative is not unique till date. The definition of fractional
derivative is given by many authors. The commonly used definition is the Riemann-
Liouvellie (R-L) definition [31]. Other useful definition includes Caputo definition
of fractional derivative(1967) [32]. The solution and its interpretation of the frac-
tional differential equations is a rising field of Applied Mathematics. Mathematical
perspectivs of fractional differential equations and methods of their results were dis-
cussed by many authors: Iteration method[42], the series method[43], the Fourier
transform technique in [44, 45]. To solve the linear and non-linear differential equa-
tions recently used methods are Adomain decomposition method [34-36], Variational
Iteration Method [47], Differential transform method [41], Homotopy Perturbation
Method [37-40], Predictor-Corrector method [48], Jumarie’s left handed modifica-
tion of R-L fractional derivative is useful to avoid non-zero fractional derivative of
a constant functions [33] and Jumarie Derivative in Term of Mittag-Leffler Func-
tion|[46].

2.2 Expansion Method

Over the last few decades, an extensive research has been going on to find dis-
tinctive solutions of NLEEs which are used as representations in order to describe
many salient and tricky physical phenomena in diverse fields of science. Some exact
solution of NLEEs by using huge range of upgraded and productive methods were
introduced by different group of scientists who has fabricated , for example, the exp-
function method [76],inverse scattering transformation [73], the sub-ODE method
[74,75] etc. For creating more new applications of it in furtherance to understand
the nonlinear phenomena better. as prescribed beforehand , no such united method
have yet been manifested to work out with this type of NLEEs. The (G’/G) Ex-
pansion method, originated by Wang is one of the strongest and finest methods to

13
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solve nonlinear problems. To demonstrate and construct travelling wave solutions of
non-identical type of NLEEs.Differential equation is executed in (G'/G) expansion
method where a second order linear ordinary that is

G"+GN+Gu=0 (2.1)

where A and pare arbitrary constants. To show the usefulness of the (G'/G) ex-
pansion method many researchers have carried out several investigations i.e. Zhang
has extended the (G’/G) expansion method and named it improved (G’/G) expan-
sion method. The difference between the original and extended (G’/G) expansion
method is that, In original method-

(&) =) _a;(G"/GY (2.2)
j=0
where a,, # 0, on the other hand
In Zhang’s method-
(&)= > a(G/G) (2.3)
j=—m

where a,, # 0 or a_,, # 0 but both cannot be zero simultaneously.

The extended (G’/G) expansion method to achieve travelling wave solution of the
Whithsm Broer-Kaup-like method and couple Hirota-Satsuma KdV equations are
acquainted with Guo and Zhou in the form

1(&) = i {a;(G'/G) + bj(G’/G)j_l\/U(l + ;(G//G)Q} (2.4)

J=1

Here we are going to explain the basic (G’/G) expansion method to find travelling
wave solutions of nonlinear evolution equation. Assumimmg that the nonlinear
equation in two independent variables are x and t, is in the form of-

P = (l7lt7lx7 ltt7 lwtu l.rtu e = 0) (25)

P is a polynomial in [ = [(x, t) and its several partial derivatives in which the highest
order derivatives and nonlinear terms are affiliated. In the following steps we will
show the main steps of the (G’/G) expansion method.

Step-1: By connecting the independent variables x and ¢ into one variable £ = x—kt
we presume that

U, t) = (), € = = — ht (2.6)
The travelling wave variable (2.2) let us insert eq. (2.1) to an ODE for [ = [(¢

P, =kl U K2 KU, ) =0 (2.7)

Step-2: Supposing that the solution of ODE (2.3) could be shown by a polynomial
in (G’/G) as below:

1(6) = B, (g)m 4o (2.8)

14 Chapter2 Humayra Shafia
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Where G = G(§) convinces the second order LODE in the form
G" + \G' + uG =0, (2.9)

A, -, A are constants to be determined later,3,, # 0, the unwritten part in (2.4)
is also a polynomial in (%'), the degree of which is generally equal to or less than
m — 1, but the positive integer m can be seen by considering the homogeneous bal-
ance between the highest order derivatives and nonlinear terms in ODE (2.3).

Step-3: By replacing (2.4) into Eq. (2.3) and using second order LODE(2.5), gath-
ering every terms with the same order of (%) altogether, the left hand side of Eq.
(2.3) is changed into another polynomial in (%) Calculating each co-efficient of
this polynomial to zero, produces a set of algebraic equations for ,,, ..., k, A and pu.
Step-4: Supposing that the constraints 3,,, ..., k, A and u can be obtained by equat-
ing the algebraic equations in Step 3, general results of the second order LODE(2.5)
are in the mean time have been recognized for us, then substituting a,, ..., k and the
normal solutions of Eq.(2.5) into Eq.(2.4) we will get more travelling wave solutions

of the nonlinear evolution equation (2.1).

Chapter2 Humayra Shafia 15



Chapter 3
METHODOLOGY

3.1 New Generalized (G’/G) Expansion Method
with Non-Linear Auxiliary Equation:

As it is known that (G’/G) -expansion method is one of the simplest and most
powerful method for obtaining travelling wave solutions of NLFDEs and so far its
application have been used in various ways to solve nonlinear evolution problems.
By considering the following nonlinear partial fractional differential equation:

P(1, D1, DL, D)L, D21, DY DY, Dy DL, DD, DYDY, DIDIIL, ... = 0,0 < «, 8,7, < 1),
(3.1)

Where [ is an unknown function, P is a polynomial of [ and its partial fractional

derivatives in which the highest order derivatives and nonlinear terms are involved.

The most important algorithms of the method as below:

Step 1. Li and He [19, 20] proposed a fractional complex transform to convert
fractional differential equations into an ordinary differential equations (ODEs) so all
analytical methods which are devoted to the advanced calculus can be can be easily
applied to the fractional calculus. By using the traveling wave variable

KaP Ny M2° Lt
- - + ,
B+1) T(y+1) TG+1) TD(a+1)

where K, L, M and N are nonzero arbitrary constants and we can rewrite Eq.3.1
into an ODE of I = [(¢) in the form:

QU I, ..) = 0. (3.3)

lz,y,2,1) =UE). €= (3.2)

If possible, we should integrate Eq.(3.3) term by term one or more times. The
integral constant may be zero, for simplicity.

Step 2. Suppose that the travelling wave solution of Eq. (3.3) can be expressed
as follows:

) = > WO + Y bi[w(E)] 7, (3.4)
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where W(¢) = [d+ ¢(§)] and (&) is
p(§) = (G'(§)/G(9)). (3.5)

Here a,, or b,, may be zero, but both of them cannot be zero at the same time, a; (j=
0,1,2,...,m), b;(j = 1,2, ...,m) and d are arbitrary constants to be determined later
and G = G(¢) satisfies the second order nonlinear ODE:

AGG" — BGG' — C(G")* — EG* =0, (3.6)

where A, B, C and E are real parameters.

Step 3. To determine the positive integer m, taking the homogeneous balance
between the highest order nonlinear terms and the highest order derivatives appear-
ing in Eq.3.3.

Step 4. Substituting Eq.(3.4) and Eq.(3.6) along with Eq.(3.5) and Eq.(3.3)
with the value of m obtained in Step 3 and yields polynomials in (d + ¢(&))™
where (m = 0,1,2,...) and (d + ¢(§))™™ (m = 1,2,3,...). Then, each coeffi-
cient of the resulted polynomials to be zero, yields a set of algebraic equations
for a;(j =0,1,2,..,m), bj(j = 1,2,...,m), K, L, Mand d.

Step 5. Suppose that the value of the constants can be found by solving the
algebraic equations which are obtained in step 5. Substituting the values of d and
the general solution of Eq.(3.6) into Eq.(3.4). We can obtain a variety of exact
travelling wave solutions of Eq.(3.1).

Step 6. From the general solution of Eq. (3.6), we find the following form,
Family 1. Hyperbolic function:

When B # 0, A\ =A—C and Q = B*+4E(A—C) > 0, and Cy, Cy are arbitrary

constants.

€4 B VO Q Cysinh (%

2€) + Cocosh (Y
+
(G) A 2) Ccosh(

) + Cosinh (Y

3E)
3E)

S5
S5

®(¢) =

Family 2. Trigonometric function:

When B # 0, A\=A—C and Q = B2+ 4E(A—-C) <0, and C;, Cy are arbitrary

constants.
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G'. B  V-QCsinh(¥

+ Cycosh
AT €) heosh( Yoy
G A 2\ Cicosh(%

§) + Cysinh (Y5

=6

7 (3.8)

o) =

\T B

V=@
Q

Family 3. Rational form:

When B# 0, A\=A—C and Q = B2+ 4E(A—C) =0, and C}, Cy are arbitrary

constants.

+ Cy + Cy¢ (8:9)

Family 4. Hyperbolic form:

When B=0, A=A —C and A = \F > 0, and (4, Cy are arbitrary constants.

G’ VA A Cysinh(%

& = §) + Cycosh(%
G° A Crcosh (5

§) + Caysinh(%

-6

3.10
56 (3.10)

(&) =

S

VA
L

Family 5. Trigonometric form:

When B=0, A=A —C and A = \F <0, and (4, (5 are arbitrary constants.

G'.  V-A —C’lsinh(@f’) + Cgcosh(@g’)

<5) D) C’mosh(@ﬁ) + C’gsinh(‘/%jg) (3.1)

() =
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Chapter 4

Application

4.1 Nonlinear Korteweg-de Vries(KdV) equation
with time and space fractional derivatives

4.1.1 Kdv Equation:

Complicated Nonlinear features are generally acquired by the physical phenomena
and processes that take place in nature.For the real processes this leads to nonlinear
mathematical models . There is much interest in the practical issues involved, as well
as the development of methods to investigate the associated nonlinear mathematical
problems including nonlinear wave propagation. The development of the inverse
scattering method for the Korteweg-de Vries (KdV) equation and the subsequent
interest in soliton theory is an early example of the latter. Now a days soliton
theory has been applied in many wings of science. The ubiquitous KdV equation in
dimensionless variables reads

Iy +nlly + lppr = 0. (4.1)

Korteweg de Vries derived the KdV equation to describe shallow water waves of
long wavelength and small amplitude. It is a nonlinear evolution equation that
represents a various of important finite amplitude dispersive wave occurence. This
equation has also been used to describe a number of important physical phenomena
such as acoustic waves in a harmonic crystal and ion-acoustic waves in plasmas. As
mentioned earlier, this equation is the easiest nonlinear equation embodying two
effects: nonlinearity represented by [l,, and linear dispersion represented by ...
Nonlinearity of [, tends to localize the wave whereas dispersion spreads the wave
out. The fine balance between the weak nonlinearity of I/, and the linear dispersion
of ;.. defines the formulation of solitons consisting of single bulged waves. Result
of the fine balance between the two effects of nonlinearity and dispersion is the
stability of solitons. This equation is the pioneer of model equations that gives
soliton solutions which characterize solitary waves that decrease monotonically at
infinity.

This equation models a variety of nonlinear wave phenomena such as shallow water
waves, acoustic waves in a harmonic crystal, and ion-acoustic waves in plasmas. The
KdV equation is completely integrable and gives rise to multiple soliton solutions.
The inverse scattering method and the Backlund transformation method and various
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other methods were used as well were studied The KdV equation has beed stuied
by these.

We have substituted the wave variable ¢ = = — kt, k is the speed of wave into
Eq.(4.1) and integrating once to obtain

kil + gﬁ +1"=0. (4.2)

4.1.2 Application method

Let us consider the non-linear Korteweg-de-Vries(KdV) equation with time and
space fractional derivatives[77]:

0%l N 681 N 5381

—_— a/ —_—

ot dzf  0x38
By using the complex transformation Eq.(3.2), Eq.(4.3) transformed into an ordinary
differential equation. Then integrating twice, we obtain:

=0,t>0,0<a,p<1. (4.3)

1 K3

S LRB A (U Al =0 (4.4)
2 6 2

where p; and p are integral constants. Considering the homogeneous balance be-

tween the highest order non-linear terms and the highest order derivatives in Eq.(4.4)

we have,

[(€) = a0 + ar P () + az[W(E)]* + b [ (§)] " + b2[W(€)] 2. (4.5)

4.2 System of equations

(& +d)s:
12K3a3C? + 12K3%a3 A% + aK A%a3 — 24K3%a3CA = 0

(G +d):
96 K3a3AdC —24K3a3AB+12K3a3 A%ay — 48 K3a3C?d — 48 K3a3 A%d+ 24 K3a3C' B +
3aK A%aya3 — 24K3a,Ca1 A + 12K3ayC%ay = 0

(G +ad):
U8B ayA2day + 12K%a2B? + 3K3a2C? + 3LA%E + T2K a2 AdB — T2Ka2CdB +
3aK A%alay+T2K3a2C?*d* + 3a K A%agal — 24 K3a3AE + 3K3a? A+ 96 K*ay Ada, C —
48 K3ayC?day —24K3asAay B—6K3a2C A—144K3a2 Ad>*C+24 K3a3C E+T2K3a3 A2 d*+
24K36L206L1.B =0

(% +d)? :
6LA%a1ay + aK A%a} — 48K3a3A%d® — A8K?a3C?*d® — 24K3a2B*d — 12K3a} A%d —
12K3a3C%d — 12K3ayC%b; — 12K3ayA%b + 24K3a3BE + 12K3a, B?*a; + 6 K3a2C B —
6K3a2 AB+3aK A%2a30,+96 K3a3 Ad3C -T2 K302 Ad> B+ 72 K3ay A?d?a, +48 K3a2 Ad E+
T2K3a3Cd*B + 72K3a,C?d?ay — 48 K2a3CdE + 24K3a3 AdC + 6aK A%apayas
—144K3a2Ad2a16’+72K3a2AdalB—72K3a20dalB+Q4K3a20a1E+24K3a2C’b1A—
24K3a5Aa1 FE = 0
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(& +a)?:
12K3GCL§E2+6p1A2a2+3K3a%BQ—|—3LA2af+6LA2a0a2—|—12K3a%02d4—1—12K3a§B2d2+
12K3a3 A%2d* +18 K3a? A2d? + 18 K3a2C%d? — 24 K3 ay C?by — 24 K3 a3 A%by + 6 K3a2C E —
6K3a1C%; — 6K3a?AE — 6K3a; A%y + 3aK A%akay + 3aK A%aga? + 3aK A%a3by —
48 K3ay A%d3ay + 48 K3ay A%dby — 48 K3ayC?day + 48K3axC%dby — 24K3a2Cd®B —
24K3a3Cd* A + 24K3a3Cd*E + 24K3a3Bd* A — 24K3a3BdE — 24K3ayB?da,

— 24K3a3AdPE — 36 K3a3 Ad?C + 18 K3a? AdB — 18 K3a2CdB + 6a K A%ayasb;
—I—96K3a2Ad3a10—72K3a2Ad2a1B+48K3a2Ada1E—96K3a2Adb10+72K3a2CdzalB—
48K3a20da1E + 12K3a1C’b1A — 24K3(120b13 + 48K3a20b2A

+ 24K3%a3Ab B + 24K3asBa, E = 0

(& +d)!:
6p1Aga1 + 6LA%aga; + 6LA%asb; — 12K3a2 A%d3 — 12K3a2C?d® — 6 K3ai B%d
—12K3ay B*b1—12K3a;c*by—12K3%a; A%by+12 K 63ay E*a;+6 K2 a3 BE+3a K A%ada; +
301KA2a%b1 — 72K36L2A2d2b1 + 96K3a2A2db2 - 72K3a202d2b1 + 96K36L202db2
+12K3a,C%d*ay + 12K3ay, B*d?ay + 12 K3a, A%d*ay + 24 K302 Ad3C' — 18 K3 a2 Ad* B +
12K3ay AdE + 24K3ay A%dby + 18 K3a3Cd*B — 12K3a2CdE + 24K3a,C?db,
+606KAQCLOCLQb1 +605KA26L16L21)2+144K3a2Ad2b10—72K3CL2AblB—192K3a2AdeC+
72K3agBd3a1A—24k:3aQCd3a1B—24K3a20d4a1A—|—24K3a2Cd2a1E+24K3agBd3a1A—
24K3agBda1E - 24K3a2Ad2a1E - 48K36L1Adb10 - 12K3alelB + 24K36L10b2A +
12K3a,Aby B — 24K3a,Cb  E — 48 K3ayCby B + 24K3a,Abi E + 48 K3a,AbyB = 0

(T +d)°:
6])1A§a0 + 3K3a3E? 4+ 3LA%a3 + 3K303C? + 3K302 A% + 6LA%a1by + 6LA%asby +
ocKAzag + 3K3a2C?%d* + 3K3a?B%d* + 3K3a? A%d* — 24K3ayB?by — 6K3a, B%b; —
6K3b%CA+3OéKA2a%bg+SOZKA2CL2b%+48K3(l2A2d3b1—144K36L2A2d2b2+48K36L202d3b1
— 144K36L202d2b2 +24K3a232db1 - 36K3(1,1A2d2b1 +48K3G1A2db2 - 36K3a1C’2d2bl +
A8 K3a,C2dby—6K3a2Cd3 B—6K3a2Cd* A+6 K3a2Cd? E+6K3a? Bd® A—6 K 3a? BdE—
6K3a2 Ad? E+6py A2 +6a K A%agar by +6a K A%apasbs—96 K3ay Ad3by C+T72K3ay Ad*by B+
288K36L2Ad2b20—48K3a2Adb1E—144K36L2AdeB—72K3(1,20d2blB+48K3a20dblE+
144K3a20db2B + 72K3a1Ad2b10 — 36K3a1AdblB - 96K3a1AdeC’ - 12K5a10b1E —
24K36L10b23 + 12K36L1Ab1E + 24K3a1AbgB — 48K36L20b2E + 48K36L2Ab2E
— 24K3ayBb1 E + 36 K3a,Cdby B = 0

(T +a)™:
6p1A§bl—i—6LA2aobl+6LA2a1b2—12K3b%A2d—12K3b%02d—12K3a2E2b1—12K3alb2—|—
6K302CB + 12K3b,C%hy — 6K302AB + 12K3b, A%, + 30K A2a2b; + 30K A%a;b? +
96K36L2A2d3b2 + 96K3a202d3b2 — 12K3(1202d4b1 - 12K36L2B2d2b1 + 48K3a2B2db2 —
12K36L2A2d4b1 + 24K36L1A2d3b1 - 72K3Q1A2d262 + 24K3a102d3b1 - 72K36L102d2b2 +
12K3a, B%db, + 24K3b? AdC + 6aK A%agaiby + 60K A%azbiby — 192 K3ay Ad3b,C +
144 K3ay Ad?by B—96 K3ay Adby E—144 K3 asCd*by B+96 K3y Cdby E+24 K3ayCd®by B+
24K3a2C’d4b1A—24K3a2Cd2b1E—24K3a2Bd3b1A+24K3agBdb1E+24K3a2Ad2b1E—
48K36L1Ad3b1 O+36K3G1Ad2b13+ 144K3(11Ad2b20—24K3a1Adb1 E—72K3a1AdeB—
24K36L10b2E + 2424K3aAb2E — 12K3ale1E — 24K3b10b2A - 48K3ang2E
— 36K3a,Cd*h B + 24K3a,Cdb E + 72K3a;Cdby B = 0

(& +a)72:
(1230202 4+ 12 K302 A% + 3K302A? + 3K30% + 6p1 A%by + 6LA2agby + 18 K302 A%d2 +
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18K302C2d? — 24K3a3E%by — 6K3a1E%b, + 6K302CE — 6 K302 AE — 24K3b2CA +
306KA2agb2+3OCKA2(I()b%+3@KA2a2b%—24K3a202d4b2—24K36L232d2b2—24K36L2A2d4b2+
48K36L1A2d3b2 + 48K3a,102d362 - 6K3a102d4b1 - 6K3alB2d2b1 + 24K36L132db2 —
6K3a; A%d4b, —36 K3b? Ad*C+18 K302 Ad B—A8 K 3by A%dby — 18 K3b2C'd B—48 K 3b, C2dby +
6K A%a1b1by+48 K3 ao Cd3by B+48 K3ayCd* by A—48 K3ayCd?by E— 48 K3ay Bd3by A+

48 K3ayBdby E 448 K3ay Ad*by E — 96 K3ay Ad3byC + 72 K3ay Ad?by B — 24K 3a, Bbo E +
24K3b10b2B — 24K3b1Ab2B - 48K3a1Adb2E — 72K36L10d2b2B + 48K3a10db2E +
12K3a10d3b1B+12K3a10d461A—12K3a1C’d2b1E—12K3a1Bd361A+12K3a1Bdb1E+
12K3(I1Ad2b1E + 96K361Adb20 =0

(G +d):
6L A% b byt K A2 —12 K302 A2 —12 K320 — 6 K3H BAd—AS KW A2 d—AS KA d—
1230, E2by + 6 K302 BE + 12K3b, B2by + 24K302C B — 24 K303 AB + 3aK A2a,b% +
96K3b%AdC - 12K36L102d4b2 - 12K3a132d2b2 - 12K3a1A2d4b2 + 24K3b%Ad30 —
18302 Ad> B+72K by A%y +12 K362 AdE+ 18 K302Cd? B+T2K b, C2d2by— 12 K302 Cd E+
6K A%agb by + 24K30,Chy B — 24K301bo E + 24K3a,Cd3by B + 24K3a,Cd*b, A —
24 K3a,Cd?*by E—24K3ay Bd3by A+24K3a, Bdby E+24K3ay Ad*by E—144K3b; Ad?b, C+
T2K3b; Adby B — T2K3b,Cdby B = 0

(& +d)
3K3bC§E2+12K%§B2+3LA2bg+3K3b§C2d4+3K35§B2d2+3K3b§A2d4+72K3b§A2d2+
T2K303C%d? + 24 K303CE — 24 K3b3 AE + 30K A2agb} + 3a K A%b3by — T2K303CdB —

6 K302 Ad> E—144 K302 Ad?C+ 72 K3b2 Ad B—A8 K 3by A2d3by— AR K 3b, C2d3by —6 K 3b2C dP B—
6K3Cd* A+6 K30 Cd? E+6K3bi Bd® A—6 K02 BAE —24 K3by B2dby+24 Kby Bbo E+

96 K301 Ad®byC' — T2 Kby Ad*by B+48K3by Adby E+T2K3b; Cd*by B— A8 Kb C'dby E =

0

(G +d)°:
—24[?%3B2d+12K3b1A2d4b2+12K3blE2b2+72K3b§Cd2B—|—12K3blCQd4bQ—|—96K3b§Ad3C—
A8KPD3 A d® + 3aK A%b1b3 + 24 K301 BdPba A — 24K3b1 Ad*bo B — 24 K30, Cd*hy A +
24K3b3BE — 48K303CdE — 24K30,Cd*by B + 12K3b B*d?by + 24 K30, Cd*by E —
ASK3D2C2d® — 24K3b Bdby E + 48 K302 AdE — T2K302Ad®B = 0

(G +d)°:

—24K3V2BdE — 24 K302 Ad2 E — 24 K3b2Cd3 B+ 12K3b2E2 + oK A%63+ 24 K302 Bd3 A+
12K3b2A2d" — 24K302Cd A + 24K302Cd*E + 12 K302 B2d? + 12K363C2d* = 0

4.3 Cases of equations

Case 1

—-K

12K?

2
a1 = 5 (24X + B),
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d=d,
—12K2)\?
aA?
bl - O,
b2 = Oa

a9 =

P1 = m(Fl + + F6)7

-K
P2 = m(& + ---516)7

A=A-C,
Fy = 44K dY(A* + C*) + a*af A* + aag K* A*(16C'E + 24C*d® — 48 ACd?),
Fy, =576 K*d*ACE(A — C) — 24K*B*E(A — C) — 96 K*ACE® + 24aayd K* A B,
Fy = 2aa0K*A?B? - 864K*d*ABC(A—C) —192dK*BE(A* — C?) — 336d* K* AB*C,
Fy = 24aapd® K> A*—576 K*d* AC(A*~C?)—192d* K* A E—288d° K* BC*+864d* K* A*C?,
Fy = 24dK*B*(A — C) + 168 K*d*B*(A? + C?) + 192> K*C*E + 228d° K* BA?,
Fs = 384dK*ABCE — 16aag K* A*E + 48 K* E*(A* 4+ C?) — 24aaqd K* A* BC,

S = 432K°B*C*F* +a*al A°+432d* K* A*C? — —288aag K* A*C E*—T2aao K* A*C E?

—T72aa0K*A* B*E — 57600y K* A B*FE,

Sy = 2592aagd* K* A'C?—1728aaod' K* A*C(A*+C?)+846aa¢d® K* A’ B+504aagd” K* A* B?

+36a%a2d* K2 A*C?,
Sy = T2aa¢d K* A> B*4+-24a*a3 K2 A*C E—72aald* K* A°C+36a*ajd K* A’ B+144aag K* A*C* E?,
Sy = 1152aa0d K* A* BCE — 576aaod K* A62 BC*E + 432aaed* K*a® + 36aajd* K* A°®
—24a*a3 K*A°E + 3a*a3 K? A* B2,

Ss = 144aao K* A*E*+12960d° K° AB*C E(A—C)—41472d° K A2 BC? E+5184d K ABC*

+27648d° K ABC®E,
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Se = 27648d° K8 A BCE —518d KA’ BCE? +1728d K A’ BCE? + 43204d* K° B*C*E

—6912dK°BC*E — 1728d K° BC3E?,
S7 = 34560d* KSA2C3E — 17280d* K AC*FE — 6912d° K AC® E? — 22464d* K® AB?*C*®
—864dK°B3*C*E — 51840d° KA BC?,
Ss = 25920d° K ABC*—34560d* K® A3C? E+10368d° K¢ A2C? E*+33696d* K® A2 B2(C*?
+7T76d° KC AB®C? 4 51840d° K A* BC?,
So = 17280d* K8 A*CE — 691242 K A3C E? — 864d* K° AB*C — 22464d*K°® A3 B*C
—TTT6d° K°A’B3C — 864K°AB*CE?,
Sio = 1728d K% A3 BE?—25920d° K® BC —4320d> K% A> B*—6912d* K° A*BE—864d K° A’ B* F,
+5616d* K°B?C*,
S11 = 3456d* KSC° E—259204° K6 B3C?—5184d° K BC®+1728d* K5C* E%2+4+25920d° K¢ A*C*?
—10368d° K8 ACS,
S1o = 432d° K9 B*C?4+25920d° K6 A2C*—34560d° K5 A2C?—10368d° K A°C'—3456d* KS AP E
+1728d* K A E?,
S15 = 432d° K8 A2B*+5616d* K® A* B?4+2592d° K6 A B3+ 432 K A2 B2 E*+5184d° K° A’ B
+1728d5 K6,
Siy = 1728d° K A%+ 72aa0 K* A* B2C E+1728aaod® K* A*C E(A—C)+2592aa0d* K* A* BC*?

—2592aa0d* K*A*BC,

S5 = 56Taayd* K* A2 C® E—5T6aa0d K* A* BE—1008aaod* K* A% B*C —864aaqd® K* A2 BC?,

Si6 = 504aagd® K*A* B2C*72aa0d K* A* B*C' — 36aaid K* A*BC

Where,
V(€)= d+ ¢(¢)

and A, B, C, d, E are free constraints. (4.6)
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Case 2

-K
L = —5{12K°¢ (A~ O + 12K Bd(A — C) = 8K*E(A = O) + agaA’ + KB},

ap :0,
d=d,
5) :07
12K2 3 2 2 2
by = E {2d°(A - C)*+3d°B(A - C) —2dE(A — C) + dB* — BE},
—12K? _ , 2 3 2 2 22 2
by = 12 {d*(A-C)*+2d°B(A—-C)—2d°E(A - C)+d°B* — 2dBE + E*},
a
D1 = 2aA4((h + ..+ g6),
P2 = 760,2%16 (hl + ...h15)7

q = 144K dH(A* + C*) + a*af A* + aag K> A*(16CE + 24C%d* — 48ACd?),

¢ = 24aagK*dA*B — 96 K*ACE* — 24K*B*E(A — C) + 576d* K*ACE(A — O),
g3 = 2aa0K? A’ B* —864d* K* ABC (A~ C) — 192dK*BE(A? 4+ C?) — 336d° K* AB*C,
qu = 24aagd® K*A*—192d° K* A E—2284° K* BC?+864d" K* A*C*—576d" K* AC(A*+C?),
g5 = 192d*°K*C3E + 288d° K* BA® + 168d° K* B*( A% + C?) + 24dK*B*(A — C),
qs = 384dK*ABCE — 16aa0K*A*E + 48 K*E*(A* + C?) — 24aagK* A’ BC,

hy = 432K°B*C?*E? + a’aj A® + 432aa¢d* K* A*C* — aag K*A* E(228 EC + 72B?)

—576a0d* K*A°E,

hy = aapd* K*A*C{2592AC — 1728C(C* + A?)} + aapd’ K* A*B(864d A + 504AB)

+36a*aid’ K> A*C?,
hs = T2aa0d K* A® B*4+-aa3 K? A*(24C E—72d* AC+36dAB)+aag K* A’ EC (144 EC+1152dAB),
hy = aagK* A*(144E+432d* A*) —576aaod K* A? BC? E+a*al K? A*(36d* A> —24 AE+3B?),

hs = d*K°A? BOE(27648d A+12960 B—41472dC)+d K° ABC? E(27648d*C+5184E—12960d B),
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he = dK°ABCE(1728 B>*~5184AFE)—d* K°C* E(6912B+17280dA)+d K° BC? E(4320d B—1728E),
hy = d*K°AC® (34560 AE—22464B*—51840d A B+25920d* BC)—dK°C? E(6912d AC E—864B%),

hs = d* K% A*C (33696 B*C+51840d ABC+17280A%E) +d* K% AC? (10368 AE*+7776dd B*

—34560d2A’E),

hy = —d*K®A® BC (22464 B+25920dA)—d* K° AC (69124 E*+864 B*+7776dAB*)—864K° AB*CE?,
hip = & K°B*C?(5616dC+2592B)—d* K° A* BE(4320 B+6912d A)+d K° A* BE(1728 AE—864 B?),
hiy = d°K%AC(25920A4°C—10368C*)+d* K°C® (3456 E—5184dB)+d* K°C?*(1728C* E*4+432B*),

his = A*K°A? (1728 A2 E*+432B*)—d° K® A*C(34560C* 410368 A?)+d* K° A*(25920C* £
—3456A°F),
hys = 1728d° K¢ (AS+C%)4+-d* K5 A3 B(5616 AB+2592 B +5184d* A?)+432 K5 A> B 2,
his = T2aa0 K* A’ B*CE 4+ 1728aa¢d* K* A*CE(A — C) — 2592aa0d® K* A* BC(A — C)
—576aayd K*A*BE,

his = 576aaqd? K*A?C3E—1008aaqd? K* A® B?C' —864aayd® K* A2 BC?+504aa,d> K* A2 B2C?

—T2aayd K*A*B*C — 36a*ajd K A*BC.

Where,
() =d+o(¢)
and A, B, C, d, E are free constraints. (4.7)
Case 3

-K
L= F{aaOA2 —2K?B* - 8K*E(A - C)}

(11:0,

-B
d= 2(A—CY
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—12K2(A — O)?
Az = aA2 )
by =0,
b — —3K?{16E*(A - C) + 8B*E}
2T 4aA2(A - C) ’
K
Pr =5 (m1 +my),
-K
P2 = m(nl + ng + n3),

my = a’agA* — 16aag K*A*E(A — C) — 96 K*B*E(A — C),
my = 384K*ACE? — 192K*A’E? — 4aaoK*A*B? — 12K*B* — 192K*C*E?,
ny = a*aj A® — 24a’a K*A*E(A — O) — 576aag K* A’ E*(A — C)? — 6a*ai K> A*B?,
ny = 13824 K°E*(A — O)® — 288aag K* A’ B*E(A — C) — 36aagK*A*B*,

n3 = 10368 K°B*E*(A — O)* — 2592K°B*E(A — C) + 216 K° B

Where,
() =d+¢(¢)
and A, B, C, d, F are free constraints. (4.8)

Case 4

-K
L= F{aaoA2 —8K?E(A - C)? — 2K*B?},

a] = 0,
-B
d= — —
2(A-0C)’
o — 0,
bl - O,
b — —3K?{16E*(A - C) +8B*E(A - C) + B'}
2 1aA?(A = C)? ’
K
P =5 (48K'E*(A— C)* 4+ 24K'B*E(A — C) — 16apaK*A’E(A — C) + 3K'B*
+a*ai A* — 4aga K> A?B?),
_ —wK 420 4 _ 2 402 B
P2 =+ (144K°E*(A - C)*+ T2K*B*E(A - ()
—24apaK*A’E(A — C) + 9K*B* + a®a2 A* — 6aga K> A*B?),
Where,
() =d+ o)
and A, B, C, d, E are free constraints. (4.9)
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4.4 Solutions of equations

By using the above results of the KdV Equation we have found out the
following wave solutions of the KdV Equation :

Hyperbolic form of the wave solutions:

Substituting Eq.(4.6) and Eq.(3.7) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

[fCy=0and Cs #0

k)

VQCy coth ( 2 XE2 Rve)
12K2(2d\>+B)) (d+1 +1M 12K222(d+1 B4+ 1 Py
2 2

1 VQCy coth (% va 2
1110 = ao+ e A - A .

o
~—
—

IfC) #0and Cy = 0

C I 1V/0
oo — 12K2(2dx2 4 BA)(d 2 B4 1 YOO et L3 557¢) “““;(2 A
120 = o+ o - Fyv

Substituting Eq.(4.7) and Eq.(3.7) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCy=0and Cy #0

1 a +12K2{2d3>\2+3Bd2)\+BQd 2BdA-BE}  12K2{d*)\242Bd3\4 B2d®—2Ed*\—2BEd+E? }
210 = Qo -

aAQ(d+1 B+§ VQCy cot}:\(lLE)) \/ﬁCQCOﬂ;\(lLﬁ))

IfCy#0and Cy =0

aA? (d—i—%%-ﬁ-%

12K2{2d3)2+3Bd?\+ B2 d—2EdA\—BE}  12K?{d*)\242Bd3\+ B2d>—2Ed?\—2BEd+E? }

[1990 = ap+
220 0 aAQ(d—l—l B+1 fcltan};\<1\/7 )) +1 fcltani(lf ))

Substituting Eq.(4.8) and Eq.(3.7) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

aA?(d+3 2

IfC, =0 and Cy £ 0

Mar — 3K20C2 coth (1 X2¢)’ n 3K2{8B2E+16EA} )
310 = o aA? aA2QC2 coth(l@§>2
2 PAEDN

IfCi #0and Cy =0

2
] 3K2Q0C2 tanh ( ¥2¢) 3K2{8B2E+16EA )
I300 = ag — Az Ry
aA2QC2 tanh ( ¥2¢)

Substituting Eq.(4.9) and Eq.(3.7) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

[fCy=0and Cs #0
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3K? {B4+SBQE)\+16E2/\2}

11410 = ag —
aA2Q052 coth ( 1 ff)

IfCy#0and Cy =0
3K2{B4+SBQE)\+16E2/\2}

1420 = ag —
aA2Q0C 2 tanh ( 1 f{)
Trigonometric form of the wave solutions

Substituting Eq.(4.6) and Eq.(3.8) into Eq.(4.5) and simplifying, we get follow-

ing travelling wave solutions:

IfCi=0and Cy #0
o2ty (ars 21 2ot () e, 1 Cpcoth (e) y2
{2110 = ag + ( + )( J;jQA+2 X ) _ ( +3 :1422 X )
IfCy#0and Cy =0
12K2(2d22+ BA) (d4 L 241 S0 ox ) tam;(ig)) 12K202 (g4 1 24 L 120 a3 S) tan};(ﬁa )’
aA? - aA?

l2120 = ag +
Substituting Eq.(4.7) and Eq.(3.8) into Eq.(4.5) and simplifying, we get follow-

ing travelling wave solutions:

[fCy=0and Cy; #0
12K2{d*\24-2Bd3\+ B2d>—2Ed?\—2BEd+E? }
\/7C2coth(1\/7 ))
YaCy o\ 3 E)

12K2{2d3)\?43Bd?\+ B*d—2Ed\~BE }

\F
1f02cot}j\(1 )) aA2(d+%%+%

12210 = a0+

aA2(d+1 B4
IfC;#0and Cy =0
12K2{2d3\?4+3Bd>\+ B*:d—2Ed\—BE } 12K2{d4)\2+23d3)\+32d2 2Ed?\—2BEd+E?}
l2220:ao+ ot }<1\F> - Jac . h( \/ﬁg) 5
ann an 5y
jroe () (g gy e (480,

aA2(d+2 ta
Substituting Eq.(4.8) and Eq.(3.8) into Eq.(4.5) and simplifying, we get follow-

ing travelling wave solutions:

IfCy=0and Cy #0

3K20C2 coth (1¥2¢)° | 3K2{8B2E416EA} A
12310 = ag — 2C2A2(2 ¢) { +1\/§}2
aA2Q02 coth (1 ¥2¢)
IfCi #0and Cy =0
3K20C? tanh (1 Y2¢)” 3K2{SB2E+16EA})\
aA20C? tanh (1 ¥2¢)”

[2320 = ag — WA2
Substituting Eq.(4.9) and Eq.(3.8) into Eq.(4.5) and simplifying, we get follow-

ing travelling wave solutions
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IfCi=0and Cy #0

3K2{8B2EA+16E2)2+B*}
2
aA2QC2 coth (1 ¥2¢)

IfCy#0and Cy =0

12410 = ap —

3K2{8B2EA+16E222+ B4}
2
aA2Q02 tanh (4 ¥2¢)

12490 = ag —
Rational form of the wave solutions:

Substituting Eq.(4.6) and Eq.(3.9) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCi=0and Cy #0

2
12K2(2d,\2+3,\)(d+%§+g—22§) 12K2,\2(d+%§+%%)
[3110 = ap + oAz - Py v R

IfCy#0and Cy =0

2
12K2(2d32+BX) (d+18)  12K2)2(d+12)
[3120 = ap + WA? - A2

Substituting Eq.(4.7) and Eq.(3.9) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

If01:Oanng7éO

12K2{2d3)2+3Bd? A+ B2d—2Ed\—BE}  12K2{d*)\242Bd®\+ B2d>—2Ed>\—2BEd+E? }
1B, C - Co N\ 2
aA?(d+§8+5%) aA?(d+ B+ %)

IfC, #£0and Cy = 0

3210 = ap+

12K2{2d3)2+3Bd?\+ B2d—2Ed\—BE}  12K?{d*)\242Bd®\+ B2d—2Ed>\—2BEd+E? }
1B - 2
(a1 5) o (013)

13220 = CLO+

Substituting Eq.(4.8) and Eq.(3.9) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCleandC’Q#O

I _ 12K20202 | 3 K2{8B2E+16EX}C2¢
3310 = a0 — ~reze i aAZACE

IfCy#0and Cy =0
13390 = does not exist

Substituting Eq.(4.9) and Eq.(3.9) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:
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IfCi=0and Cy #0

13 3 K2{16E2X248B>EA+B* } 0r%¢
410 = Qi 4 aA2C5?

IfC’l#OandCQZO
13490 = does not exist

Hyperbolic form of the wave solutions:

Substituting Eq.(4.6) and Eq.(3.10) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCy=0and Cy #0

24K2d)\2(d+%) 12K2)\2(d
4110 = ap + a A2 A - aA2 A

IfC, #£0and Cy = 0

24K2d)\2(d+—\/ECI tan};(% 5)) 121(2/\2(d+—chl m"l;<%@£> )’
l4120 = ap + WAz - PP

=

Substituting Eq.(4.7) and Eq.(3.10) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCy=0and Cy #0

_ 12k2{2a°X22Edx}  12K*{d'N\22Ed2A+E?}
l4210 = o + VACy coth<@§>> @Cgcoth<@§) )2
— = — =

aA? (CH— A A

IfCi #0and Cy =0

aA? (d—i—

2{2d3\2—2Ed) } 12K2{d*\2—2Ed?\+E? }
990 = ag + —= {2 -
220 0 aAQ(d-i-\/ZCl tar;h(@{)) VAC tan}\h(@{))Q
Substituting Eq.(4.8) and Eq.(3.10) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

aA?(d+

IfC;=0and Cy #0

12K2AC2 coth (¥2¢)° 5 k2{16EA}A
l4310 = ag + WAZ -1 N/
aA2ACy? Coth(TAﬁ)
IfCy#A0and Co =0
2
12K2AC; 2 tanh (Y2 ¢ rk2{16Ex} )
l4300 = ag + 1aA2()\ ) 3 {1682}

aA2AC:? tanh (Y2 ¢)

Substituting Eq.(4.9) and Eq.(3.10) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:
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IfCy=0and Cy #0

3 K2{16E22?}
4 4A2ACH2 coth (L ¥B¢)

IfCy#0and Cy =0

14410 = ap —

5 k2{ieE2x}

2
4 aA2AC:? tanh (%@{)

14400 = ag —

Substituting Eq.(4.6) and Eq.(3.11) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

IfCleandC’Q#O

+ \/ZCQ coth (@{) )

A _ A
aA? aA2

24K2d)\?(d
l5110 = Qo -+ (

IfC, #0and Cy = 0

+\/501+h(@5)) 126232 (d X
aA? B e

24K2d\2(d (YRGS (52 )

A

l5120 = ag +

Substituting Eq.(4.7) and Eq.(3.11) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

If01:OandC'27éO

12Kk2{2d3)2—2Ed) } 12K2{d4N2—2Ed? A+ E? }

VAC, coth<\/§5)) N VAC, coth(@.ﬁ) )2
X X

15210 = ag +

aAz(dJr
IfCy#0and Cy =0

aA? (dJr

2{2d\2—2Ed) } 12K2{d*\2—2Ed\+E? }
15000 — aq 4 — 12K {2 _
220 = Qo aA2<d+M) aAz(dJrM)z

Substituting Eq.(4.8) and Eq.(3.11) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:

[fCy=0and Cs #0

12K2AC,? coth (¥Y2¢)”

K2{16EA } A
aA?

[5310 = ag — 3
aA2AC,? coth (Y2¢)

_3
1
IfCy #0and Cy =0

12K2AC:? tanh (YA€)’

K2{16EA} A
aA?

[5320 = ap — 2
aA2AC? tanh (@E)

>

Substituting Eq.(4.9) and Eq.(3.11) into Eq.(4.5) and simplifying, we get follow-
ing travelling wave solutions:
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IfCi=0and Cy #0

2 242
15,0 — g — 3 Kr2{16E2x2}
410 o 4 aA2AC5? coth (%@5)2

IfCy#0and Cy =0

2 21412
o — g 3 r2{16E2x2}
120 =90 T 4 e AC? tanh (L 48¢)°

4.5 Graphical Illustrations of KAV Equation:

We have taken some different values of constraints A,B,C,d,E,C; and C) for finding
out the values of u and have found the graphical presentation of u in maple. For
different types of family we have found different types of graph and we have found
difference between the two graphs for the same equation when we have change the
values of the arbitrary constants. With the help of computational software, Maple,
we have plotted graphs of some traveling waves solutions listed below:

Considering the values of A = 0.9,B = 0.8,C = 0.7,d = 0.6,F = 0.5k = ;2,
x = —25.25,t = —25..25 and £ = x — kt, we get the following figure:

figure 1: 3D graph of equation (119
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Considering the values of A = 1.0,B =08,C =0.7,d = 0.6, E = 0.5,k = &—%’,
x = —25.25,t = —25..25 and £ = x — kt, we get the following figure:

figure 2: 3D graph of equation [y5

Considering the values of A = 0.9,B = 0.8,C = 0.7,d = 0.6,F = 0.5k = \’/—%’,
x = —25.25,t = —25..25 and £ = = — kt, we get the following figure:

figure 3: 3D graph of equation (1519
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Considering the values of A = 1.0,B = 0.8,C = 0.7,d = 0.6,F = 0.5,k = &—%’,
x = —5..5,t=—5..5 and £ = = — kt, we get the following figure:

figure 4: 3D graph of equation (155

Considering the values of A = 1.0,B = 0.8,C = 0.7,d = 2(;7’_30),E =05k = \_/—%,
x = —25.25,t = —25..25 and £ = = — kt, we get the following figure:

figure 5: 3D graph of equation (135
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Considering the values of A = 1.0,B = 0.8,C = .7,d = ﬁfg@,E = 0.5k = &—%’,

x = —25.25,t = —25..25 and £ = x — kt, we get the following figure:

figure 6: 3D graph of equation (149

Considering the values of A = 1.0,B = 0.8,C = 5,d = 0.6,F = 0.5,k = =%
and £ = x — kt, we get the following figure:

figure 7: 3D graph of equation (2119
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Considering the values of A = 1.0,B = 0.8,k = 0.7,d = 0.6, E = 0.5,k = &—%’,
x = —5..5,t=—5..5 and £ = = — kt, we get the following figure:

figure 8: 3D graph of equation (25

Considering the values of A = 1.0,B = 0.8,C = 5,d = 2(;7130),12 = 0.5,k = \’/—%’,

x = —25.25,t = —25..25 and £ = = — kt, we get the following figure:

figure 9: 3D graph of equation (2419
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Considering the values of A = 2.0,B = 2.0,C = 1.0,d = 0.6, = —1,k = 9.0,
x = —25.25,t = —25..25 and £ = x — kt, we get the following figure:

figure 10: 3D graph of equation 131

Considering the values of A = 2.0,B = 2.0,C =1.0,d = 0.6,F = —1.0,k = \’/—%’,
x = —25.25t =—25..25 and £ = x — kt, we get the following figure:

figure 11: 3D graph of equation 311
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Considering the values of A = 1.0,B = 0.0,C = 0.7,d = 0.0,E = 0.5k = &—%’,
x = —5..5,t=—5..5 and £ = = — kt, we get the following figure:

figure 12: 3D graph of equation 4,9

Considering the values of A = 1.0,B = 0.0,C = 0.7,d = 0.6,E = 0.5,k = \’/—%,
x = —25.25t =—25..25 and £ = x — kt, we get the following figure:

figure 13: 3D graph of equation (519
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Considering the values of A = 1.0,B = 0.0,C = 0.7,d = 0.0, F = 0.5,k = —0.5,
x = —25.25,t = —25..25 and £ = x — kt, we get the following figure:

figure 14: 3D graph of equation (531

Considering the values of A = 1.0,B = 0.0,C = 0.7,d = 0.0, F = 0.5,k = —0.5,
xr = —5..5,t = —b5..5 and £ = x — kt, we get the following figure:

figure 15: 3D graph of equation (5399
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Considering the values of A = 1.0,B = 0.0,C = 0.7,d = 0.0, F = 0.5,k = —0.5,
x = —5..5,t =—5..5 and £ = = — kt, we get the following figure:

figure 16: 3D graph of equation 5,9
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Chapter 5

Conclusion

In this thesis, to find the travelling wave solutins for the KdV equation we suc-
cessfully used the (G'/G)-expansion method to solve fractional nonlinear partial
differential equations. This method is dependable and efficient also provides new
solutions. Now, briefly summarizing the results in this thesis. First of all, for solv-
ing nonlinear fractional differential equations the fractional complex transform is
extremely simple but effective. Secondly, the (G’/G)-expansion method for nonlin-
ear fractional differential equations has its own pros: direct, fundamental, succinct;
and it can be used for many other nonlinear equations. The auxiliary equation used
in the method, which involves many arbitrary parameters can take any real values
and then the nonlinear P.D.E. produces various new solutions. By using this method
we have successfully found five types of solutions in terms of hyperbolic, trigono-
metric and rational functions.To smooth the computation of the complex systems
of algebraic equations the solutions can be investigated with the help of symbolic
computational software like the Maple or Matlab .
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Chapter 6

Future Work

With many real parameters, which are straightforward and precise the method used
in this thesis provides many new and more plentiful general and explicit travelling
wave solutions . Simultaneously it also discloses more of the important insight mech-
anism of the complex physical phenomena of NLFDEs.This method could be used
to solve different and all sorts of NLFDEs that arises frequently in mathematical
physics, engineering sciences and in many scientific real time application fields. Ad-
ditionally the solutions that we have found from the given results can be used for
solving purpose in the application of plasma physics such as tsunami, typhoon or
cyclones that include water bodies where nonlinear problems are involved.
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