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ABSTRACT 

 

In this study, we found thermoelectric figure of merit (ZT) at different room temperatures which 

performed better than conventional temperature. From a transition metal dichalcogenide material 

MoS2 we got the highest ZT value of 4.392 at 300K. Besides this, in metal oxide such as ZnO gives 

the highest ZT value of 1.7108 at 310K. We have also studied Si-n Type, Si-p Type and SiGe 

which gives the value of ZT  2.405, 2.850 and 2.320 respectively at 300K.This study represents a 

bona fide study of thermoelectric materials accompanied by the modeling and simulations of an 

asymmetric thermoelectric device structure. The thermoelectric module will possess attributes 

such as a novel module design and a room temperature range rather than conventional high 

temperature modules. Electro-thermal interaction is commonly considered only as a matter of 

Joule heating. In addition, the Seebeck, Peltier and Thomson effects are significant in materials 

with high thermoelectric figure of merit ZT.  

The materials that are currently being used by researchers in thermoelectric devices are 

semiconductors and metal-oxides. These materials include Sb2Te3, PbTe, Bi2Te3, (BiSb)2Te3, 

SiGe, Si; which are specifically developed for conventional and high temperature ranges. And 

from our study we have already said that there is another class of materials that are metal 

dichalcogenides(MoS2) which have a good figure of merit(ZT) at room temperature. A high 

Seebeck coefficient 𝛼, a good electric conductivity 𝜎 and a poor thermal conductivity 𝐾 are the 

characteristics of these materials. As a result, thermal and electrical performance of the 

thermoelectric module which represents a good electrical performance in thermoelectric generator. 

 

 

 

 

 

 



iv 
 

Table of Contents 

 

Chapter Title                                                                                                                Page 

             Cover Page                                                             i 

             Certificate                        ii 

             Acknowledgment                                      iii  

             Abstract             iv 

             Table of Contents                  v 

             List of Figures                    viii 

             List of Tables                          x 

             Abbreviations                                  xi  

             Nomenclature                        xii 

 

1.  Introduction             1 

2.    Thermoelectric Effect           3 

  2.1 Seebeck Effect                     4  

       2.2 Peltier Effect                         5 

  2.3 Thomson Effect              7 

       3.   Material Study                         8 

  3.1 History and Background of Thermoelectric Materials                  8 

  3.2 Research and Progress of Thermoelectric Materials       8 

 3.3 Strategies Used to Improve Figure of Merit                            11 



v 
 

 3.4 Potential Thermoelectric Material      11 

 3.5 What kind of Bandstructure gives better Figure of Merit    12 

 3.6 Bravais Lattice         13 

     4.    Calculating Electrical Conductivity Using Transmission Spectrum Analysis 14 

 4.1.1  Kohn-Sham Hamiltonian       14 

4.1.2 Solving the Kohn-Sham Equations      15 

4.1.3 Electron Density        15 

  4.1.4  Electron Difference Density       16 

4.1.5  Effective Potential        16 

  4.1.6  External Potential        17 

4.1.7 Hartree Potential        17 

4.1.8  Exchange-Correlation Potential      18 

4.1.9  Total Energy and Forces       18 

4.1.10  Local Atomic Orbitals(LCAO) Basis Set     18 

4.1.11  Initial Spin         19 

   4.1.12  Local Density Approximation (LDA)      19  

4.1.13  U mean-field Hubbard Term       19 

4.1.14  Onsite Representation        20 

  4.1.15  Onsite Shell Representation                  21  

4.1.16 Dual representation                   21 

4.2       Calculating Thermal Conductivity using Phonon Transmission Analysis 21 

 4.2.1  Boltzmann Equation       22 

4.2.2 Calculation of Thermal Conductivity     23 



vi 
 

     5.     Thermoelectric Device Basics       28 

 5.1  Progress in Thermoelectric Materials      29 

  5.1.1 PGEC Materials        29 

5.1.2 NanoStructured Materials                    30 

5.1.3 Nano-Composite Materials      32 

 5.2        Calculating Electrical Performance in Thermoelectric Generator  33 

     6.     Design and Analysis         36 

 6.1  Material Design and Analysis       36 

 6.2  TEG Design and Analysis       42 

     7.  Conclusion                     55 

             References          58 

 

      

 

   

 

 

 

  

 

 

 

 

 



vii 
 

List of Figures 

Figure No. Title Page 

1 Seebeck Effect 4 

2 Peltier Effect 6 

3 Thomson Effect   7 

4 Schematic diagram illustrating phonon scattering mechanisms and 

electronic transport of hot and cold electrons within a thermoelectric 

material. 

10 

   

5 (a)Thermoelectric module with many pairs of P-Type and N-Type 

semiconductor pellets connected electrically in series and thermally in 

parallel.  

(b)Schematic of thermoelectric power generator shown with one p-n 

pair. 

28 

 

29 

6 Si- N Type Lattice Nano Structure 37 

7 Si- P Type Lattice Nano Structure 38 

8 SiGe Lattice Nano Structure 39 

9 MoS2 Lattice Nano Structure 40 

10 ZnO Lattice Nano Structure 41 

11 (a)Temperature of Si-n-Type (b) Current Density of Si-n-Type using 

Surface Area. (c) Electric Potential using Slice(d) Current Density of 

Si-n-Type  using Isosurface at 300K. 

43-44 

12 (a)Temperature of Si-n-Type (b) Current Density of Si-n-Type using 

Arrow Line.  (c) Electric Potential using Slice (d) Current Density of 

Si-n-Type using Surface Area at 305K. 

45 

13 (a)Temperature of Si-n-Type (b) Current Density of Si-n-Type using 

Arrow Line. (c) Electric Potential using Slice(d) Current Density of 

Si-n-Type  using Isosurface at 310K. 

46 

14 (a)Temperature of Si-n Type and SiGe (b) Current Density of Si-n 

Type and SiGe using Contour.  (c) Current Density of Si-n Type and 

SiGe using Surface Area (d) Current Density of Si-n Type using 

Surface at 300K. 

47-48 



viii 
 

15 (a)Temperature of Si-n Type and SiGe (b) Current Density of Si-n 

Type and SiGe using Arrow Line.  (c) Electric Potential using Slice. 

(d) Current Density of Si-n Type using surface at 305K. 

49 

16 (a)Temperature of Si-n-Type and SiGe (b) Current Density of Si-n-

Type and SiGe using Surface Area.  (c) Current Density of Si-n-Type 

and SiGe using Coutour (d) Electric potential using Slice at 310K. 

50 

17 (a)Temperature of MoS2 and ZnO (b) Current Density of MoS2 and 

ZnO using Arrow Line (c) Current Density MoS2 and ZnO using 

Surface (d) Electric potential using Slice at 300K. 

51-52 

18 (a) Current Density of MoS2 and ZnO using arrow line (b) Current 

Density of MoS2 and ZnO using surface area. (c) Temperature MoS2 

and ZnO (d) Electric potential using Slice at 305K. 

53 

19 (a) Current Density of MoS2 and ZnO using surface area. (b) 

Temperature of MoS2 and ZnO. (c) Current Density of MoS2 and ZnO 

using Isosurface (d) Electric potential using Slice at 310K. 

54 

20 Figure of Merit Vs Temperature – (a) Si-n type (b) Si-p type  

(c) ZnO (d) SiGe (e) MoS2                                            

55-56 

   

 

 

 

 

 

 

 

 

 



ix 
 

List of Tables 

Table No. Title Page 

 

1 Comparison of Thermoelectric Properties of Metals, 

Semiconductors and Insulators at 300K 

12 

2 Bravais Lattice in Different Shape 13 

3 Si- n Type Electronic Properties 38 

4 Si- p Type Electronic Properties 39 

5 SiGe Electronic Properties 40 

6 MoS2 Electronic Properties 41 

7 ZnO Electronic Properties 42 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



x 
 

Abbreviations 

BTE= Boltzmann Transport Equation 

COP= Co-efficient of Performance 

DFT= Density Functional Theory 

MFP = Mean Free Path 

MC = Monte Carlo 

MD = Molecular Dynamics 

NEGF = Non-Equilibrium Green’s Function 

NEMD= Non-Equilibrium Molecular Dynamics 

TEG= Thermo-Electric Generator 

 

 

 

 

 

 

 

 

 

 

 

 



xi 
 

Nomenclature 

Constant: 

KB= Boltzmann constant,  1.38 × 10−23  𝑚2𝑘𝑔𝑠−2 

ℏ = Reduced Planck constant, 1.055 × 10−43 𝐽𝑠 

 

Symbols: 

A= Cross-sectional Area, 𝑚2 

C= Spectral Volumetric Specific Heat,  𝐽𝑚−3𝐻𝑧−1𝐾−1 

D=Density of States per unit volume per unit frequency interval, 𝑚−3𝐻𝑧−1 

e= Charger Per Carrier, C 

Ef = Fermi Level 

Eg = Band Gap Energy 

Ec = Conduction Band Energy  

fo = Fermi-Dirac Distribution 

fBE= Bose-Einstein Distribution 

I= Electrical Current, A 

Je = Electrical Current Density, 𝐴𝑚−2 

Jq= Heat Flux, 𝑊𝑚−2 

GK= Thermal Conductance, 𝑊𝑚−2𝐾−1 

L=Transport Coefficients 

Q= Heat Current, W 

R= Electrical Resistance, 𝛺 



xii 
 

S= Seebeck Co-efficient, 𝑉𝐾−1 

T=Temperature, K 

V= Velocity, 𝑚𝑠−1 

Z= Figure of Merit, 𝐾−1 

B= Thomson Co-efficient, 𝑉𝐾−1 

𝛱= Peltier Co-efficient 

K= Thermal Conductivity, 𝑊𝑚−1𝐾−1 

∅ = Co-efficient of Performance 

𝜌 = Electrical Resistivity, 𝛺𝑚 

𝜔 = Angular Frequency, rad. Hz  

 

 

 

 

 

 

 



1 
 

Chapter 1 

 

1.0 Introduction: 

According to the global energy consumption reports, among the total energy sources that are being 

used, 32% are from fossil fuel while 24% are from natural gas. However, these sources are 

depleting every day and cannot be depended upon forever. On the other hand, there are fields of 

solar energy and wind energy which have not been used as much as we would have wanted at 0.5% 

and 1% respectively. There are ongoing research going on by scientists from all around the world 

to develop these fields. 

The global energy consumption at the current moment stands at around 4.1 × 1020 𝐽 which is 

equivalent to 13 terawatts(TW) [1]. The projected population and economic grown by the end of 

this generation will more than triple the current global energy consumption rate [2]. The biggest 

challenge in supplying for the ever increasing demand of energy brings us to the problems like 

climate change. There is a constant search for new, clean and renewable energy sources which will 

be the prospects of the future. Among them, currently believed to be the most prominent of the 

renewable energies is the Solar energy [2]. If we compare them with the other energy sources such 

as the hydroelectric resource, wind power and the cumulative energy that can be gained from all 

tides and ocean currents in the world and the huge amount of solar energy that is available on this 

earth which needs to be exploited in order to meet the global energy demands of the world. When 

it comes to solar energy, it depends on the exploitation of three functional steps such as the capture, 

conversion and storage of the solar energy. As a result, high efficiency thermoelectric material is 

one of the most important research directions for solar power utilization.  

The phenomenon of direct conversion of temperature difference to electric voltage and vice versa 

is known as the thermoelectric effect. The thermoelectric generator (TEG) can be used in 

conversion of heat generated by different sources such as radiation, automotive exhaust and 

industrial process to electricity. Again, refrigerators and other cooling systems can be made using 

the thermoelectric coolers. Since solid state devices are extremely high in reliability, they are 

widely used in infrared sensors, computer chips and satellites [1]. The only drawback in these 

thermoelectric devices in their low efficiency which can be again significantly improved. 
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Therefore, the improvement of thermoelectric efficiency has become the most key issue in the 

field of research.  

The thermoelectric materials need to have a measurable quantity which we can related to its 

efficiency. The efficiency of thermoelectric materials to convert their energy is called the figure 

of merit [3,4], which is a function of several transport co-efficients: 

𝑍𝑇 =  
𝑆2𝜎𝑇 

𝐾
=

𝑆2𝑇

𝐾𝜌
=

𝑆2𝑇

(𝐾𝑒 + 𝐾𝑙)𝜌
(1) 

where S is the Seebeck co-efficient, 𝜎 and K are the electrical and thermal conductivity 

respectively. 𝑇 is the absolute temperature, 𝜌 is the electrical resistivity and thermal conductivity 

(𝐾) of thermoelectric materials consists of two parts. They are namely the lattice thermal 

conductivity (𝐾𝑙) and electronic thermal conductivity (𝐾𝑒).  

The maximum value of ZT as per the theoretical limit is infinity. That is there are no theoretical 

limits to the value of ZT. The best bulk thermoelectric materials that have been found so far are 

Bi2Te3, PbTe and SiGe. These materials have shown the maximum amount of ZT which is 1. [5] 

This restricts the large-scale application of thermoelectric technology. There have been significant 

progresses which have been made to improve the thermoelectric properties, especially recent 

achievements to create Nanostructure materials such as super lattices, nanowires and Nano-

composites.  

Even though there has been a very high anticipation and achievements, but the progress in the 

thermoelectric materials has still been limited. They have been limited to the current thermoelectric 

materials for practical applications. The thermoelectric materials which are being used 

commercially have a low ZT of 1 and the average thermoelectric generators available have a 

conversion efficiency of approximately 5%. There is a great potential for the discovery of materials 

whose ZT could range from 2-3 and this would provide a great conversion efficiency to be 

competitive with traditional mechanical energy conversion systems [5].  

The increase of Seebeck coefficient is one of the major activities that is focused upon in 

thermoelectric materials. It also reduces the thermal conductivity of that material. There have been 

developments in bulk materials [6], Nano-scale materials [7,8,9] and bulk Nanostructured 

thermoelectric materials [10,11,12]. There have also been several developments that help us in 
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understanding the key feature of the influence of interfaces on thermoelectric performance [13] 

and theory of Nanostructure thermoelectric [14,15].  

Here, in this paper we first discuss the basic principles and theory of thermoelectric effect. Then, 

we have discussed and studied different materials such as PGEC, Nanostructure and Nano-

composite materials. We have also discussed the theory of electron and phonon transport in the 

thermoelectric materials. Applying these transport theories, we have been able to calculate the 

figure of merit for some discussed thermoelectric materials. Finally, we have discussed some 

popular TEGs structures and from them we have found out the electric potential, current density 

in these structures using our calculated values from material studies that we have conducted. As a 

result, we have been able to identify some new as well as established materials which could lead 

to the next generation of Nanostructured thermoelectric materials which will be further described 

in the analysis and discussion part. 

 

 

Chapter 2 

 

2.0 Thermoelectric Effect: 

Thermoelectric effect is a process which include two major terms. One is conversion of 

temperature differences to electric voltage and another is electric voltage to temperature.  In a 

thermoelectric device, if there is a temperature difference between the two sides of a metal then it 

creates an electrical potential difference between the two sides. On the other hand, if there is an 

applied voltage between the two sides of a metal then it creates a temperature difference.  

For the rate of change of temperature and the direction of the change, a temperature gradient is 

established which causes the charge carriers in the material to diffuse from the high temperature 

side to low temperature side. 

Thermoelectric effect includes three separately identified effects 

(i) Seebeck Effect 
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(ii) Peltier Effect 

(iii) Thomson Effect  

2.1 Seebeck Effect: 

The generation of electricity from a temperature difference at the junction of two different wires 

is known as the Seebeck effect. For the temperature difference, the electron energy level on the 

two sides are not in the same position so, the electron moves from high energy levels to the lower 

energy levels. This creates a magnetic field around the wire. This means current passes through 

the wire and creates a magnetic field around the wires. Due to electromotive force, there is a 

modification that happens in Ohm’s law. Current is generated even when there is an absence of 

voltage difference or vice versa.  

The local current density is given by, 

𝐽 = 𝜎 (−𝛻𝑉 + 𝐸𝑒𝑚𝑓) (2) 

Here V is the local voltage and 𝜎 is the local conductivity.  

The Seebeck effect can be described as the creation of an electromotive field.  

 

  

 

 

 

 

 

 

 

    Figure 1. Seebeck Effect 
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𝐸𝑒𝑚𝑓 = −𝑆𝛥𝑇 (3) 

S is called the Seebeck coefficient. It is the property of the material used in the Seebeck effect. ∇T 

is known as the temperature gradients of in temperature T. The coefficients normally vary with 

respect to the temperature and on with what the conductor is composed of ordinary materials at 

room temperature have a Seebeck coefficient in the range of -100µV/K to 1000µV/K.  

If the system reaches a steady state where J=0, 

the voltage gradient is given simply by -S∆T-∇V = 0 then we can rewrite to, 

−𝛻𝑉 = 𝑆∆𝑇 (4) 

This simple relationship which does not depend on conductivity is used in the thermocouple to 

measure a temperature difference. An absolute temperature may be found by performing voltage 

measurement at a known reference temperature. A metal of unknown composition can be classified 

by its thermoelectric effect if a metal of known composition is kept at a constant temperature. It is 

used commercially to identify metal alloys.  

Thermocouples in series form a thermopile. Thermoelectric generators are used to create power 

from a heat differential.  

 

2.2 Peltier Effect: 

The Peltier effect is the presence of heating or cooling at an electrified junction of two different 

conductors. According to this theory, when a current is made to flow through a junction between 

two conductor A and B, heat may be generated at the junction. The Peltier heat generated at the 

junction per unit time Q, is equal to 

                 

𝑄 = | 𝛱𝐴 − 𝛱𝐵| 𝐼 (5) 

Where 𝛱𝐴, 𝛱𝐵are the Peltier co-efficient of conductor A and B. 𝐼 is the electric current from A to 

B. The total heat generated is not determined by the Peltier Effect alone, as it may also be 

influenced by the Joule heating and thermal gradient effects.  
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Figure 2. Peltier Effect 

 

The Peltier coefficients represent how much heat is carried per unit charge. Since, charge current 

must be continuous across a junction, the associated heat flow will develop a discontinuity if  

 𝛱𝐴, 𝛱𝐵 are different. The Peltier effect can be considered as the reverse of the Seebeck effect.  

If a simple thermoelectric circuit is closed, then the Seebeck effect will drive a current which in 

turn will always transfer heat from the hot to the cold junction. The close relationship between the 

Peltier effect and Seebeck effect can be seen in the direct connection between their coefficients  

 𝛱𝐴 = 𝑇𝑆. 

A typical Peltier heat pump device involves multiple junctions in series, through which a current 

is driven. Some of the junctions lose heat due to the Peltier effect, while others gain heat. 

Thermoelectric heat pumps exploit this phenomenon, as do thermoelectric cooling devices found 

in refrigerators.  
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2.3 Thomson Effect: 

In many materials, the Seebeck coefficient is not constant in temperature. So, a spatial gradient in 

temperature can result in a gradient in the Seebeck coefficient. If a current is driven through this 

gradient, then a continuous version of the Peltier effect will occur. The effect describes the heating 

or cooling of a current carrying conductor with a temperature gradient.  

If a current density J is passed through a homogenous conductor, the Thomson effect predicts a 

heat production rate q per unit volume of  

           

 𝑞 =  −𝐾𝐽 𝛻𝑇 (6)  

 

 

 

 

 

 

Figure 3. Thomson Effect 

 

Here, 𝛻𝑇 is the temperature gradient and K is the Thomson coefficient. The Thomson coefficient 

is related to the Seebeck coefficient as,   𝐾 = 𝑇 
𝒅𝑺

𝒅𝑻 
  

This equation however, neglects Joule heating and ordinary thermal conductivity.  

The field of thermoelectric is a potentially transformative power generation technology which has 

been  in  practice for a long period of time due to their ability to convert heat directly in to electricity 

and to develop cost effective, pollution free forms of energy conversion. 
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Chapter 3 

 

3.0 Material Study: 

3.1 Background and History of Thermoelectric Materials: 

The history of applications of thermoelectric materials is strongly associated with their efficiency. 

The early application of the thermoelectric effect is in metal thermocouples, which have been used 

to measure temperature and radiant energy for many years [16]. From the late 1950s, research on 

semiconducting thermocouples appeared, and semiconducting thermoelectric devices have been 

applied in terrestrial cooling and power generation and later in space power generation, due to their 

competitive energy conversion compared with other forms of small-scale electric power generators 

[16]. By the 1990s, many thermoelectric-based refrigerators can be found in the market, and 

starting around 2000, thermoelectric technology has been used to enhance the functions of 

automobiles such as thermoelectric cooled and heated seats [17]. The thermoelectric materials 

which had a figure of merit (ZT<1) were known for their low efficiencies. However, nowadays 

with the discovery of new materials whose (ZT>1) they can perform much more efficiently. For 

this reason, they are currently being utilized in the application of energy solutions.  

 

3.2 Research Progress on Thermoelectric Materials: 

1950: 

In the 1950s, the basis of thermoelectric materials was widely well established. Materials such as 

Bi2T3, PbTe and SiGe bulk thermoelectric materials are called first generation materials. They 

were developed to work at room temperature, intermediate temperature and high temperature 

respectively.  

1960:  

The best method to improve figure of merit was to control the amount of doping as well as to form 

solid solutions. Solid solutions could be anything from Sb2Te3, PbTe-SnTe, etc. By increasing heat 

carrying phonons, point defects in solid solutions serve to decrease the lattice thermal conductivity. 
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Furthermore, there were also reductions in the charge carrier mobility and for this reason the 

enhancement of ZT was limited overall [9].  

1960 to 1990: 

(Bi1-xSbx)2(Se1-yTey)3 family remained the best commercial material with ZT of about 1 in the field 

of thermoelectric materials during this time [18]. 

1990s:  

The community of thermoelectricity was encouraged to do a reinvestigation for more advanced 

thermoelectric materials. These materials should have to have a high performance for 

thermoelectric power generation as well as cooling applications. As a result, there was a rebirth of 

interest regarding the development of these high-performance thermoelectric materials and their 

relevant theories. There were two methods that were being used as a convention to find the next 

generation of thermoelectric materials for the past two decades before this one. These approaches 

included finding and using new families of bulk thermoelectric materials which will have complex 

crystal structures. The other approach was synthesizing and using the low-dimensional 

thermoelectric materials system. The figure of merit has been significantly improved in these 

PGEC materials and Nanostructured materials. These materials include super lattices, quantum 

dots, Nano-wires and Nano-composite.  

Though nanostructured materials have shown better performance for commercial use but there are 

other materials or way ,like Nano composite materials.There are two primary methodologies in 

searching for thermoelectric : 

(i) Phonon glass electron crystal (PGEC) approach 

(ii) Nano structuring of thermoelectric materials. 

(i) Phonon glass electron crystal (PGEC):  

An ideal thermoelectric material should be the combination of glass-like thermal conductivity and 

crystal-like electronic properties. This approach is the most achievable in materials with complex 

crystal structures, where voids (vacancies) and rattlers (heavy element atoms located in the voids) 
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would act as effective phonon scattering centers and reduce the lattice thermal conductivity 

significantly [19]. 

(ii) Nano structuring of thermoelectric materials: 

The Nanostructuring of thermoelectric materials suggests that the ZT enhancement can be realized 

with nanoscale or nanostructured morphologies. Nanostructuring can improve the density of 

states(DOS) near the Fermi level via quantum confinement and therefore increase the 

thermopower. This provides a way to decouple thermos power and electrical conductivity.  

Besides this, because the MFP (Mean Free Path) of electrons is much shorter than that of photons 

in heavily doped semiconductors, Nano structuring serves to introduce a large density of interfaces 

in which phonons over a large MFP range can be scattered more effectively and preferentially than 

electrons, as illustrated in Fig. 4. Hence, this will reduce the lattice thermal conductivity effectively 

while preserving carrier mobility and electronic conduction. This purpose can be achieved by 

preparation of nanostructures with one or more dimensions smaller than the MFP of phonons, 

while still larger than that of charge carriers [40]. 

 

 

 

 

 

 

 

 

 

Figure 4. Schematic diagram illustrating phonon scattering mechanisms and electronic transport 

of hot and cold electrons within a thermoelectric material. (Taken from Fig.4 , [5]) 
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3.3 Strategies Used to Improve Figure of Merit(ZT): 

 

We will now discuss and review a few strategies that are used to improve the thermoelectric 

efficiency, which actually means the figure of merit for the thermoelectric performance. By 

increasing the electrical conductivity and Seebeck coefficient and decreasing the thermal 

conductivity we can see the direction in increasing the value of the figure of merit (ZT). However, 

it is not easy to improve ZT in reality because of the fact that σ, S, κ are all coupled with each 

other. The factors are also strongly dependent on the material’s crystal structure, electronic 

structure and carrier concentration. Moreover, for a good thermoelectric material, not only is a 

high figure of merit over a wide operating temperature range required. Other than that, also sound 

mechanical, metallurgical and thermal characteristics to be used in practical thermoelectric 

generators. 

 

3.4 Potential Thermoelectric Materials:  

 

The electronic structure of a material influences the figure of merit of the material. Many materials 

can be simply classified into metals, semiconductors, and insulators according their electronic 

point of view. These three different classes of materials are characterized by zero, small and large 

band gaps, respectively. It can also be by free-charge-carrier concentration. The comparison of 

thermoelectric properties of metals, semiconductors and insulators at 300 K is shown in Table 1. 

We know that metals have very good electrical conductivity. However, the Seebeck coefficient of 

metals is very low (~5 μV K-1). Metals also have large thermal conductivity which do not make 

them the most desirable materials for thermoelectric applications. Insulators have a large band gap, 

although they have large Seebeck coefficient (~1000 μV K-1). Insulators also have extremely low 

electrical conductivity (~10- 12 Ω-1 cm-1) which results in a small value of S2σ, and thus a small Z 

(~5×10-17 K-1). These values are far smaller than that of metal (~3×10-6 K-1). The optimal 

thermoelectric materials with a large value of S2σ is located in the region near the crossover 

between semiconductor and metal, with optimized carrier concentration of about 1×1019 cm-1. 

The lattice thermal conductivity is assumed to be similar among these materials. 
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                            Table 1. Comparison of thermoelectric properties of metals, 

semiconductors and insulators at 300K. (after ref. [2]) 

Property Metals Semiconductors Insulators 

 S (μV K-1)  ~ 5 ~ 200 ~ 1000 

 σ (Ω-1 cm-1) ~ 106 ~ 103 ~ 10-12 

 Z (K-1) ~3×10-6 ~2×10-3 ~5×10-17 

 

 

3.5 What Kind of Band Structure Gives a Better Figure of Merit: 

 

𝜎, 𝑆, 𝐾𝑒 are determined by electronic band structure. Using the transport coefficients obtained by 

solving Boltzmann equation, and keeping all properties characterizing the material inside the 

transport distribution function ∑(𝑥) , we obtain the expression of figure of merit. 

𝑍𝑇 =
𝜉

1 − 𝜉 + 𝐴
(7) 

Where 𝜉 =
𝐼1
2

𝐼0𝐼2
 , 𝐴 =

1

𝛼𝐼2
 . The dimensionless integrals 𝐼𝑛 are defined as 𝐼𝑛 = ∫ 𝑑𝑥

𝑒𝑥

(𝑒𝑥+1)2
𝑠(𝑥)𝑥𝑛,   

and the dimensionless transport distribution function is given by 𝑠(𝑥) = ℏa0 ∑(𝜇 + 𝑥𝑘𝐵𝑇)  which 

is measured from the chemical potential 𝜇 and scaled by the inverse temperature. There are two 

parameters  𝛼 =
(
𝐾𝐵
𝑒

)
2
𝑇𝜎0

𝐾𝑙
 and 𝜎0 = 𝑒2/(ℏa0) which are determined by physical constants, where 

𝑘𝐵 is Boltzmann’s constant, 𝒆 the electronic charge, ℏ the reduced Plank’s constant, and a0 the 

Bohr’s radius. By analyzing Eqn. (7), it has been found that if the transport distribution takes the 

Dirac delta function, the figure of merit can be maximized. In other words, if electronic density of 

state near the chemical potential has a sharp singularity, the figure of merit can be very large. For 

example, assuming density of states has delta function, 𝑁(𝜀) = 𝑛𝑖𝛿(𝜀 − 𝑏𝑘𝐵𝑇) with 𝑛𝑖 being the 

concentration of energy levels, then the figure of merit can be expressed [21] as    

         (𝑍𝑇)𝑚ax = 0.146
𝑣𝑑𝑛𝑖𝐾𝑏

𝐾𝑙
(8)                    

where v is the group velocity of the carriers, d is the mean-free path. By choosing some typical 

parameters for a good thermoelectric material, the authors of Ref. [21] showed that a possible 
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figure of merit as high as ZT=14 can be obtained. Such high ZT is proposed to be achievable in 

rare-earth compounds. However, they also found that with a background added in the density of 

states, ZT is significantly reduced [21]. Therefore, the results obtained by Mahan and Sofo pointed 

to some new indications for searching for good thermoelectric materials:  

(i) A very narrow distribution of energy carriers,  

(ii) High carrier velocity in the direction of the applied electric field, and  

(iii)Very small percentage (< 1%) of background in density of states under a sharp peak. 

 

3.6 Bravais Lattice: 

 

There are 14 types of three-dimentional Bravais lattices. They are classified according to the length 

of their unit cell edges and also the angle they make with one another. We can take advantage of 

the symmetries of the lattice, and define the symmetry points in the Brillouin zone for instance for 

band structure calculations. The lattice must be constructed using the correct Bravais lattice class. 

The unit cell is categorized as triclinic.  

Table 2. Bravais Lattice in Different Shape 

System Lengths and Angles Number of Lattices 

Cubic 
a=b=c 

𝛼 =  𝛽 =  𝛾 = 900 
3 

Tetragonal 
a=b≠c 

𝛼= 𝛽= 𝛾 = 90° 
2 

Orthorhombic 
a ≠ 𝑏 ≠c 

𝛼= 𝛽= 𝛾 = 90° 
4 

Rhombohedral 
a=b=c 

𝛼= 𝛽= 𝛾 ≠ 90° 
1 

Monoclinic 
𝑎 ≠ 𝑏 ≠ 𝑐 

𝛼 = 𝛾 = 90° ≠ 𝛽 
2 
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Chapter 4 

 

4.0 Calculating Electrical Conductivity Using Transmission 

      Spectrum Analysis: 

The electronic properties of open and closed quantum systems which are based on density 

functional theory (DFT) are modeled using numerical basis sets.  

The density matrix is the key parameter in this self-consistent loop. In case of the open quantum 

systems, the density matrix is calculated using the non-equilibrium Green’s function also known 

as NEGF. Again, for the closed quantum systems or periodic systems the density matrix is 

calculated by diagonalization of the Kohn-Sham Hamiltonian. The electron density is defined by 

the Density Matrix while the effective potential is set up by the electron potential, i.e. the Hartree 

and exchange-correlation potential. The Kohn-Sham Hamiltonian can be obtained from the 

effective potential.  

4.1.1 Kohn-Sham Hamiltonian: 

In density functional theory (DFT), the system’s electronic structure is described in terms of the 

one electron Kohn-Sham Hamiltonian. 

Triclinic 
a ≠ 𝑏 ≠c 

𝛼 ≠ 𝛽 ≠ 𝛾 
1 

Hexagonal 

a = 𝑏 ≠ 𝑐 

𝛼= 𝛽= 90° 

𝛾 = 120° 

1 
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𝐻̂1𝑒𝑙 = −
ℏ

2𝑚
𝛻2 + 𝑉𝑒𝑓𝑓[𝑛](𝒓) (9) 

The first term in the above equation describes the kinetic energy of the electron. The effective 

potential energy of the electron which is moving in the mean field from all the other electrons is 

described by the second term. The other electrons are described in terms of the total electron 

density n.  

4.1.2 Solving the Kohn-Sham equations: 

Now, by solving the one electron Schrodinger equation, we can find out the one-electron 

eigenstates of the Kohn-Sham Hamiltonian.  

𝐻̂1𝑒𝑙𝛹𝛼(𝒓) =  𝜀𝛼𝛹𝛼(𝒓) (10) 

In order to solve the differential equation, we have to expand the waves functions in a set of 

basis functions.  

𝛹𝛼(𝒓) = ∑ 𝑎𝛼𝑖𝑖 𝜙𝑖(𝒓) (11)

As a result, the differential equations are modified into a matrix equation from which we can 

determine 𝐶𝛼𝑖 .  

∑𝐻𝑖𝑗

𝑗

𝐶𝛼𝑖 = 𝜀𝛼 ∑𝑆𝑖𝑗

𝑗

𝐶𝛼𝑗 (12) 

The Hamiltonian matrix,  𝐻𝑖𝑗 = ⟨𝜙𝑖| 𝐻̂1𝑒𝑙|𝜙𝑗⟩, and overlap matrix,  𝑆𝑖𝑗 = 〈𝜙𝑖|𝜙𝑗  〉 are given by 

3D integrals over the basis functions. 

4.1.3 Electron Density: 

The electron density of the system is defined by the occupied eigenstates,  

𝑛(𝒓) = ∑|𝛹𝛼(𝒓)|2

𝛼

𝑓 (
𝜀𝛼 − 𝜀𝐹

𝑘𝑇
) (13) 

where 𝑓(𝑥) =
1

(1+𝑒𝑥)
  is the Fermi function, 𝜀𝐹 the Fermi energy and T the electron temperature.  



16 
 

In terms of the density matrix, the density can be written as,  

𝑛(𝒓) = ∑𝐷𝑖𝑗𝜙𝑖(𝒓)𝜙𝑗(𝒓)

𝑖𝑗

(14) 

where the density matrix is given by basis set expansion coefficients, 

𝐷𝑖𝑗 = ∑𝐶𝛼𝑖
∗

𝛼

𝐶𝛼𝑗𝑓 (
𝜀𝛼 − 𝜀𝐹

𝑘𝑇
) (15) 

 

4.1.4 Electron Difference Density: 

The electron density is often convenient to compare to the superposition of atom based densities, 

𝑛𝑎𝑡𝑜𝑚(𝒓 − 𝑹𝝁), where 𝑹𝝁 is the position of atom 𝝁 . 𝛥𝑛 is called the electron difference density. 

𝛥𝑛(𝒓) = 𝑛(𝒓) − ∑ 𝑛𝑎𝑡𝑜𝑚(𝒓 − 𝑹𝝁)

𝝁

(16) 

 

4.1.5 Effective Potential: 

There are three contributions in Effective Potential: 

𝑉𝑒𝑓𝑓[𝑛] = 𝑉𝐻[𝑛] + 𝑉𝑥𝑐[𝑛] + 𝑉𝑒𝑥𝑡 (17) 

In this equation, the first two terms show the interaction between the other electrons and this is 

represented through the electron density. The first term, 𝑉𝐻[𝑛] , is the Hartree potential which 

occurs due to the mean-field electrostatic interaction. The second term, 𝑉𝑥𝑐[𝑛] , which is caused 

by the quantum mechanical nature of the electrons is the exchange-correlation potential.  

𝑉𝑒𝑥𝑡represents any other electrostatic interaction that takes place in the system. The contributions 

from the ions potentials and the electrostatic interaction with an external electrostatic field can be 

represented by it. 
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4.1.6 External Potential: 

The external potential is given by the pseudo-potentials and an external electrostatic field. This 

field may arise from the inclusion of metallic gates 

𝑉𝑒𝑥𝑡 = ∑𝑉𝝁
𝑝𝑠𝑒𝑢𝑑𝑜

𝝁

+ 𝑉𝑔𝑎𝑡𝑒 (18) 

The pseudo potential has two contributions, 

 𝑉𝑝𝑠𝑒𝑢𝑑𝑜 = 𝑉𝑙𝑜𝑐𝑎𝑙 + ∑ |𝑋𝑛⟩𝐵𝑛,𝑛′⟨𝑋𝑛′|

𝑛 ,   𝑛′

(19) 

 

where the first part is a local interaction and the last part is a non-local interaction. Due to the non-

local part of the pseudo-potential, the range of the Hamiltonian is longer than twice the interaction 

range of the basis functions. 

The 𝑉𝑔𝑎𝑡𝑒 is the electrostatic potential from the external gates calculated with zero electron 

density.  

 

4.1.7 Hartree Potential: 

We can calculate the electrostatic potential from the electron charge density. So the Hartree 

potential must be calculated from the Poisson equation.   

𝛻2𝑉𝐻[𝑛](𝒓) = −4𝜋𝑛(𝒓) (20) 

The Poisson equation is a second-order differential equation. A boundary condition is therefore 

required to fix this solution. The molecular systems have the boundary condition that the potential 

goes asymptotically to zero. The boundary condition is that the potential is periodic in bulk system. 
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4.1.8 Exchange-Correlation Potential: 

In DFT, the exchange-correlation energy includes the quantum mechanical effect of the other 

electrons. There are different approximations that are available for the exchange-correlation 

energy.  

The exchange-correlation potential can be derived from the exchange-correlation energy, and is a 

mean-field quantum mechanical interaction potential between the electrons 

𝑉𝑥𝑐[𝑛](𝒓) =  
𝛿𝐸𝑋𝐶

𝛿𝑛
(𝒓) (21) 

4.1.9 Total Energy and Forces: 

In DFT, the total energy is a functional of the electron density 𝑛 and given by 

𝐸[𝑛] = 𝑇[𝑛] + 𝐸𝑥𝑐[𝑛] + 𝐸𝐻[𝑛] + 𝐸𝑒𝑥𝑡[𝑛] (22) 

Where 𝑇[𝑛] is the kinetic energy of the Kohn-Sham orbitals, 

𝑇[𝑛] = ∑〈𝛹𝛼 |−
ℏ

2𝑚
𝛻2| 𝛹𝛼〉

𝛼

𝑓 (
𝜀𝛼 − 𝜀𝐹

𝑘𝑇
) (23) 

𝐸𝑥𝑐[𝑛] is the exchange-correlation energy, 𝐸𝐻[𝑛] is the Hartree energy and 𝐸𝑒𝑥𝑡[𝑛] is the 

interaction energy with the pseudo potential ions and other electrostatic external potentials. 

The forces are calculated by differentiating the total energy with respect to the ionic coordinate 

of atom  at position 𝑹𝑖 

𝑭𝑖 = −
𝑑𝐸[𝑛]

𝑑𝑹𝑖
(24) 

4.1.10 Local Atomic Orbitals(LCAO) Basis Set: 

The electronic structure is expanded in a basis of local atomic orbitals (LCAO's) 

𝜙𝑛𝑙𝑚(𝒓) =  𝑅𝑛𝑙(𝒓)𝑌𝑙𝑚(𝒓̂) (25) 
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where 𝑌𝑙𝑚 is a spherical harmonic and 𝑅𝑛𝑙 is a radial function with compact support i.e. exactly 

zero outside a confinement radius. 

4.1.11 Initial Spin: 

Both collinear and non-collinear calculations may have different local minima spin configurations. 

It is important to prepare the system in the correct initial spin configuration such that self-

consistent calculation will end up in the lowest energy spin configuration. The initial spin direction 

on each atom is specified in physical spherical coordinates (𝑟, 𝜃, 𝜙), where 𝜃 is the angle with the 

z axis, and 𝜙 the polar angle in the x-y plane relative to the x-axis. The collinear case is  𝜃 =

0 𝑜𝑟 𝜋 Radians [25]. 

4.1.12 Local Density Approximation (LDA): 

In LDA the exchange-correlation functional is taken as a function of the local density 

𝐸𝐿𝐷𝐴[𝑛] = ∫𝑛(𝑟) 𝜀𝐿𝐷𝐴(𝑛(𝑟))𝑑𝑟 (26) 

where 𝜀𝐿𝐷𝐴(𝑛(𝑟)) is the exchange-correlation energy density of a homogeneous electron gas 

with density 𝑛(𝑟). 

It is possible to calculate the exact exchange energy for the homogeneous electron gas, the so-

called Dirac-Bloch exchange energy, which is used for all LDA functions. The correlation energy 

cannot be calculated exactly. A number of different approximations exists. Most of them give 

almost identical results; the most commonly used variant is the parametrization by Perdew and 

Zunger. 

4.1.13 U mean-field Hubbard Term: 

The local approximations to the exchange-correlation energy has a number of short comings, 

where the most important are 

 Self-interaction, an electron interacts with itself and this prevents electrons from 

localizing. 
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 Poor approximation for excited states, band gaps are often too low. 

The mean field Hubbard correction, popularly called LDA+U or XC+U, is a semi-empirical 

correction which tries to improve on these deficiencies of the local exchange-correlation functions. 

[23,24] 

In the XC+U an additional energy term, 

𝐸𝑈 =
1

2
∑𝑈𝝁

𝝁

(𝑛𝝁 − 𝑛𝝁
2) (27) 

is added to the Exchange- Correlation energy. In this equation 𝑛𝝁 is the projection onto an atomic 

shell and 𝑈𝝁 is the “Hubbard U” for that shell. The 𝐸𝑈 energy term is zero for a fully occupied or 

un-occupied shell, while positive for a fractional occupied shell. 

The energy is thereby lowered if states become fully occupied or empty. This may happen if the 

energy levels move away from the Fermi Level, i.e. increasing the band gap, or if the broadening 

of the states is decreased, i.e. the electrons are localized. Thus, the Hubbard U improves on the 

deficiencies of the local exchange-correlation functional listed above. 

The value of 𝑈 is often used as an empirical parameter which is varied in order to improve the 

comparison between DFT and experimental data. However, it has also been suggested that the 

value of 𝑈 is obtained by minimizing the total energy of the system. 

Some caution must be taken when using the XC+U correction, since for large U values the electron 

density may have several local minima where some of them are unphysical, and it is often 

necessary to select an anisotropic initial electron state to reach the correct local minimum. 

4.1.14 Onsite Representation: 

In the onsite representation the local occupation matrix is given by 

𝑛𝝁,𝒎𝒎′
𝜎 = 𝐷𝝁𝒎,𝝁𝒎′

𝜎 (28) 

where 𝐷 is the density matrix, 𝜇 a basis orbital index and 𝜎 a spin index. 
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4.1.15 Onsite Shell Representation: 

In the onsite shell representation, the occupation is obtained by summing together all the basis 

functions in each angular momentum shell, 𝑙 

𝑛𝑙,𝑚𝑚′
𝜎 = ∑𝑛𝜇,𝑚𝑚′

𝜎

𝜇𝜖𝑙

 (29) 

4.1.16 Dual Representation: 

In the dual representation the local occupation matrix is given by 

𝑛𝝁,𝒎𝒎′
𝜎 = ∑ [𝑆𝜇𝑚,𝑖𝑛𝐷𝑖𝑛,𝜇𝑚′

𝜎 + 𝐷𝜇𝑚,𝑖𝑛
𝜎 𝑆𝑖𝑛,𝜇𝑚′]𝑖,𝑛 (30)

where 𝑆 is the overlap matrix. 

Dual Shell representation: 

Similar to the Onsite Shell, the Dual Shell occupation is obtained by summing together all dual 

occupations in each angular momentum shell 𝑙 

𝑛𝒍,𝒎𝒎′
𝜎 = ∑𝑛𝝁,𝒎𝒎′

𝜎

𝜇𝜖𝑙

(31) 

 

4.2 Calculating Thermal Conductivity Using Phonon Transmission 

      Analysis:   

The road to understand heat conduction in crystalline solids started when the quantum theory of 

lattice vibration was developed and as a result, the phonon concept was established.  The Einstein 

model and Debye model based on Planck’s quantization, were able to point the temperature 

dependence of the lattice specific heat. Which leads to the harmonic oscillator model and 

corresponding Bose-Einstein distribution for the lattice vibration, in other words phonon. If we 

consider ideal cases, interatomic potential creates an infinite thermal conductivity.  But in a real 

crystal, the anharmonic part in interatomic potential creates scattering among phonons, resulting a 

finite thermal conductivity. This scenario can be divided in two sets. It will be either a normal 

process which conserves crystal momentum or an Umklapp process which does not.  Now, the 
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Umklapp process creates a resistance to heat flow while the normal process only redistributes 

phonons. Peierls extended the Boltzmann formulation for phonon transport taking the Umklapp 

process for phonon scattering into account [3]. Callaway further customized the theory taking both 

the normal and Umklapp scattering processes in account [4]. His assumption was that normal 

processes lead to a displaced Bose-Einstein distribution and ultimately affecting the Umklapp 

processes. So, by now we can easily recognize that Boltzmann transportation theory plays a very 

important role in understanding heat flow and phonon scattering within any thermoelectric device. 

 

4.2.1 Boltzmann Equation: 

The Boltzmann equation in the presence of a temperature is: 

(
𝜕𝑁

𝜕𝑡
) − 𝑐. 𝛻𝑇

𝑑𝑁

𝑑𝑇
= 0 (32) 

Where 𝑁 is the distribution function, 𝑇 the temperature, c the group velocity, and 
𝝏𝑵

𝝏𝒕
. the rate of 

change of 𝑁 due to collisions. Now replacing 𝑁 𝑏𝑦 𝑁0, the Planck distribution function: 

(
𝜕𝑁

𝜕𝑡
) =

𝑁(𝜆) − 𝑁

𝜏𝑁
+

𝑁0 − 𝑁

𝜏𝑢
    (33) 

𝜏𝑁to be the relaxation time for all normal processes and 𝜏𝑢to be the relaxation time for those 

processes. If we define 𝑛1 = 𝑁 − 𝑁0 the Boltzmann (32) can be written as 

              −
ℏ𝜔

𝐾𝑇2
𝑐. 𝛻𝑇

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇 − 1)

2 +
𝜆. 𝐾

𝜏𝑁𝐾𝑇

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇 − 1)

2 − (
1

𝜏𝑁
+

1

𝜏𝑢
) 𝑛1 = 0                (34) 

 The phonon specific heat 𝐶𝑃ℎ is: 

𝐶𝑃ℎ =
ℏ2𝜔2

𝐾𝑇2
 

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇 − 1)

2 

Using 𝜏𝑐
−1 = 𝜏𝑁

−1 + 𝜏𝑢
−1 and 𝑛1 = −𝛼𝑐. 𝛻𝑇

ℏ𝜔

𝐾𝑇2

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇−1)

2   in (3) 
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ℏ𝜔𝛼

𝜏𝑐 𝑇
𝑐. 𝛻𝑇

𝜆. 𝐾

𝜏𝑁
=

ℏ𝜔

𝑇
𝑐. 𝛻𝑇    (35) 

Since 𝜆 must be a constant vector in the direction of the temperature gradient, it is convenient to 

define a parameter 𝛽 with the dimensions of a relaxation time by 

𝜆 = −(
ℏ

𝑇
)𝛽𝑐2𝛻𝑇        (36) 

Since 𝑘 = 𝑐𝜔/𝑐2, we have 

𝜆. 𝑘 = −(
ℏ𝜔

𝑇
)𝛽𝑐. 𝛻𝑇,        (37) 

so that (9) simplifies: 

𝛼

𝜏𝑐
−

𝛽

𝜏𝑁
= 1, 𝑜𝑟 𝛼 = 𝜏𝑐 (1 +

𝛽

𝜏𝑁
)           (38) 

if we make use of the isotropy, the thermal conductivity is found to be: 

𝐾 =
𝑐2

2𝜋2
∫𝜏𝑐 (1 +

𝛽

𝜏𝑁
) 𝐶𝑃ℎ𝑘2𝑑𝑘 (39) 

 𝛽 =
∫

𝜏𝑐

𝜏𝑁

𝑒𝑥

(𝑒𝑥 − 1)2 𝑥4
𝜃
𝑇
0

𝑑𝑥

∫
1
𝜏𝑁

𝜃
𝑇
0

(1 −
𝜏𝑐

𝜏𝑁
)

𝑒𝑥

(𝑒𝑥 − 1)2 𝑥4𝑑𝑥

         (40) 

 

4.2.2 Calculation of The Thermal Conductivity: 

The extreme simplification in this model does not appear possible to evaluate the basic integrals. 

The theory is temperature dependence. The thermal conductivity is obtained from (39) and (40) 

employing the relaxation times discussed in the introduction. We can write, 

      𝜏𝑢
−1 = 𝐴𝜔4 + 𝐵1𝑇

3𝜔2 +
𝑐

𝐿
(41)    
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𝐴𝜔4 represents the scattering by point impurities or isotopes, 𝐵1𝑇
3𝜔2 includes the umklapp 

processes(𝐵1 = 𝑒
𝜃

𝛼𝑇) and 
𝑐

𝐿
 is the boundary scattering. The thermal conductivity of germanium has 

been made on a sample almost isotopically 𝑝𝑢𝑟𝑒,5 now for A=0 Similarly 

𝜏𝑁
−1 = 𝐵2𝑇

3𝜔2 (42)            

  where B2 is independent of temperature. The combined relaxation time is 

                      𝜏𝑒
−1 = 𝐴𝜔4 + (𝐵1 + 𝐵2)𝑇

3𝜔2 +
𝑐

𝐿
, (43) 

Then 

                                                                        𝐾 =
𝐾

2𝜋2𝑐
(𝐼1 + 𝛽𝐼2),                                                               (44) 

Where 

                                                      𝐼1 = ∫ 𝜏𝑐

𝐾𝜃
ℏ

0

ℏ2𝜔2

𝐾2𝑇2
 

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇 − 1)

2 𝜔2𝑑𝜔.                                  (45) 

and  

                                      𝐼2 = ∫
𝜏𝑐

𝜏𝑁

𝐾𝜃
ℏ

0

ℏ2𝜔2

𝐾2𝑇2
 

𝑒
ℏ𝜔
𝐾𝑇

(𝑒
ℏ𝜔
𝐾𝑇 − 1)

2 𝜔2𝑑𝜔.            (46) 

𝐼1, Introduce the dimensionless variable x, (45) becomes, on substitution of (43) 

                 𝐼1 = (
𝐾𝑇

ℏ
)
3

∫
𝑥4

(𝐷𝑥4 + 𝐸𝑥2 +
𝑐
𝐿)

𝜃
𝑇

0

𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥  (47)    

 After first order 

    𝐼1 =
4𝜋4

15

𝐿

𝑐
(
𝐾𝑇

ℏ
)
3

[1 −
20𝜋2

7

𝐸𝐿

𝑐
− 16𝜋4

𝐷𝐿

𝑐
], 

which gives rise to a thermal conductivity (neglecting the 𝛽𝑇2 term). 
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                      𝐼1 =
2𝐾𝜋4

15

𝐿

𝑐2
(
𝐾𝑇

ℏ
)
3

[1 − 16𝐴 (
𝜋𝐾𝑇

ℏ
)
4 𝐿

𝑐
−

20

7
(𝐵1 + 𝐵2)𝑇

3 (
𝜋𝐾𝑇

ℏ
)
2 𝐿

𝑐
],          (48) 

 

For, the strong dependence of D and E on the temperature, at higher temperatures the situation is 

reversed, and 𝑐/𝐿 is effectively small. If D is large, the isotope scattering is very effective for 

short waves and we may evaluate (22) approximately by replacing 
𝒙𝟐𝒆𝒙

(𝒆𝒙−𝟏)𝟐
  by unity. At 

temperatures above perhaps 30𝐾 and using Binomial expansion: 

                                                     𝐼1 =
𝜋

2

1

[𝐴(𝐵1 + 𝐵2)]
1
2𝑇

1
2

 

[
 
 
 
 

1 −
(
𝑐𝐴
𝐿 )

1
2

(𝐵1 + 𝐵2)𝑇3

]
 
 
 
 

                                   (49) 

If we anticipate 𝛽𝐼2 in (44) small correction will be proved, from (24) that the thermal 

conductivity in the region just beyond the Iow-temperature maximum will be proportional to 

𝑇1/2, (𝐵2 ≪ 𝐵1) temperature dependence 𝒆
𝜽

𝟐𝜶𝑻 will be observed. If A is very small, then a 

chemically pure single crystal containing only one isotope. We cannot use the isotope 

contribution then if we set D=0 in (47) 

                                                    𝐼1 = (
𝐾𝑇

ℏ
)
3 1

𝐸
∫

𝑥4

𝑥2 +
𝑐
𝐿𝐸

𝜃
𝑇

0

𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥                                     (50) 

If we shall retain the finite𝜃/𝑇. Even at temperatures for which the boundary scattering may still 

be regarded as small, (25) does not possess an expansion in integral powers of 𝑐/𝐿𝐸. A 

reasonable approximation is: 

𝐼1 = (
𝐾𝑇

ℏ
)
3 1

𝐸
[
1

3
𝜋2 − 𝑒−

𝜃
𝑇 (

𝜃2

𝑇2
+

2𝜃

𝑇
+ 2) −

𝜋

2
(

𝑐

𝐿𝐸
)

1
2
] 

                                                 =
𝐾𝜋2

3ℏ(𝐵1 + 𝐵2)𝑇2
{1 −

3𝑒−
𝜃
𝑇

𝜋2
(
𝜃2

𝑇2
+

2𝜃

𝑇
+ 2) −

3ℏ

2𝜋𝐾𝑇
1
2

[
𝑐

𝐿(𝐵1 + 𝐵2)
]

1
2
} (51) 
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The thermal conductivity in isotopically pure materials should depend on temperature as 𝑇−2 

which is beyond the low-temperature maximum. However, the size dependence is relatively less 

important in The isotopically pure material as the over-all conductivity is higher. We must 

calculate relatively small effect. This will not be valid at very low temperatures. For normal 

material, 

𝜏𝑐

𝜏𝑁
= 𝐵2𝑇

3𝜔2/ [𝐴𝜔4 + (𝐵1 + 𝐵2)𝑇
3𝜔2 +

𝑐

𝐿
], 

                     𝐼2 = 𝐵2𝑇 (
𝐾𝑇

ℏ
)
3

∫
𝑥4

[(
𝐾2𝐴𝑥2

ℏ2 + (𝐵1 + 𝐵2)𝑇)]
×

𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥                           (52) 

According to (40), 𝛽 = (ℏ/𝐾𝑇)3𝐼2/𝐼3, here  

                                   𝐼3 = 𝐵2𝑇
3 (

𝐾𝑇

ℏ
)
2

∫
𝐴𝜔4 + 𝐵1𝑇

3𝜔2 +
𝑐
𝐿

[𝐴𝜔4 + (𝐵1 + 𝐵2)𝑇3𝜔2 +
𝑐
𝐿]

𝜃
𝑇

0

×
𝑥6𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥,           (53) 

We approximate this integral as follows: 

               𝐼3 = 𝐵2𝑇
3 (

𝐾𝑇

ℏ
)
2

∫
𝑥6𝑒𝑥

(𝑒𝑥 − 1)2

∝

0

𝑑𝑥,   

                            =
16𝜋6

21
𝐵2𝑇

3 (
𝐾𝑇

ℏ
)
2

                   (54) 

Now, 

                                                 𝛽 =
7

164
(

ℏ

𝜋𝐾𝑇
)
4

{1 −
3

2𝜋

ℏ

𝐾
[
(𝐵1+𝐵2)𝑇

𝐴
]

1

2
}                                   (55) 

Then 

                           𝛽𝐼2 =
7𝐵2ℏ

3

48𝜋2𝐴2𝐾3
{1 −

3

𝜋

ℏ

𝐾
[
(𝐵1 + 𝐵2)𝑇

𝐴
]1/2}.            

This result can now be combined with (49) and (44) to obtain the total thermal conductivity. 
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𝐾 =
𝐾

4𝜋𝑐𝑇
3
2

1

[𝐴(𝐵1 + 𝐵2)]
1
2

[
 
 
 
 

1 −
(
𝑐𝐴
𝐿 )

1
2

(𝐵1 + 𝐵2)𝑇3

]
 
 
 
 

+
7𝐵2ℏ

3

96𝜋4𝐾2𝑐𝐴2
{1 −

3

𝜋

ℏ

𝐾
[
(𝐵1 + 𝐵2)𝑇

𝐴
]}

1
2

 (56) 

The thermal conductivity of a large sample of material in the temperature region considered 

deviates from 𝑇−3/2 by a correction roughly independent of temperature. We found, 

𝐼2 =
𝐵2

(𝐵1 + 𝐵2)
(
𝐾𝑇

ℏ
)
3

∫
𝑥4𝑒𝑥

(𝑒𝑥 − 1)2

∝

0

𝑑𝑥 

                                                 =
4𝜋4

15

𝐵2

(𝐵1 + 𝐵2)
(
𝐾𝑇

ℏ
)
3

                                                     (57) 

𝐼2 =
𝐵1𝐵2𝑇

3

(𝐵1 + 𝐵2)
(
𝐾𝑇

ℏ
)
2

∫
𝑥6𝑒𝑥

(𝑒𝑥 − 1)2
𝑑𝑥 

                                                   =
16𝜋6

21

𝐵1𝐵2𝑇
3

(𝐵1 + 𝐵2)
(
𝐾𝑇

ℏ
)
2

                                           (58) 

Now, 

𝛽 = 7ℏ2/(20𝜋2𝐾2𝐵1𝑇
5) 

The thermal conductivity of the pure material is 

K =
𝐾2

6ℏ(𝐵1 + 𝐵2)𝑐𝑇2
[1 −

3

𝜋2
𝑒−

𝜃
𝑇 (

𝜃2

𝑇2
+

2𝜃

𝑇
+ 2) −

3ℏ

2𝜋𝐾𝑇
5
2

[
𝑐

𝐿(𝐵1 + 𝐵2)
]

1
2
+

7

25

𝐵2

𝐵1
]   (59) 

At very low temperatures, we found: 

                                  𝛽 =
𝐿

𝑐
;  𝛽𝐼2 = (

16𝜋6

21
)𝐵2𝑇

3 (
𝐾𝑇

ℏ5
) (

𝐿

𝑐
)
2

                                      (60) 

   After combining (60) with (48) in (44), that 

                  𝐾 =
2𝐾𝜋2

15

𝐿

𝑐2
(
𝜋𝐾𝑇

ℏ
)
3

[1 − 16𝐴 (
𝜋𝐾𝑇

ℏ
)
4 𝐿

𝑐
−

20

7
𝐵1𝑇

3 (
𝜋𝐾𝑇

ℏ
)
2 𝐿

𝑐
],                    (61) 

This way we can calculate thermal conductivity.  
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Chapter 5 

 

5.0 Thermoelectric Device Basics: 

earlier, we can build a thermoelectric  Based on the thermoelectric effects that have been described

module for power generation. Thermoelectric devices consist of many pairs of p-type and n-type 

semiconductors pellets. They are connected electrically in series and thermally in parallel. Taking 

one pellet working in the power generation mode, it can be solved for the temperature distribution 

along the leg when the two ends are subject to constant temperatures. Again, if we assume one-

dimensional transport along the pellet axis with temperature-independent properties, we can also 

find the Thomson coefficient of zero, the equation can be solved readily for the temperature 

distribution. Applying Seebeck coefficient under open and an energy balance at the two 

boundaries, we find the heat transfer at the two boundaries is  

𝑄𝐻,𝑃 = 𝑆𝑃𝐼𝑇𝐻 −
𝐼2𝜌𝑃𝐿𝑃

2𝐴𝑃
+

𝐾𝑃𝐴𝑃(𝑇𝐻 − 𝑇𝐶)

𝐿𝑃
(62) 

𝑄𝐶,𝑃 = 𝑆𝑃𝐼𝑇𝐶 +
𝐼2𝜌𝑃𝐿𝑃

2𝐴𝑃
+

𝐾𝑃𝐴𝑃(𝑇𝐻 − 𝑇𝐶)

𝐿𝑃
(63) 

Where 𝜌 is the electrical resistivity, L is the length of leg and A is the cross-sectional area of the 

leg. The first term represents Peltier heat, the second term is due to Joule heating and the third term 

is due to heat conduction. The subscript p denotes properties of the p-type pellet. 

 

 

 

 

 

 

Figure 5(a). Thermoelectric module with many pairs of p-type and n-type semiconductor pellets     

connected electrically in series and thermally in parallel. (Replicated from [22]) 
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Figure 5(b). Schematic of thermoelectric power generator shown with one p-n pair. 

(Replicated from [22]) 

For a power generation device with both n-type and p-type legs, the electrical resistance of the 

two legs in series is 

𝑅 =
𝐿𝑃𝜌𝑃

𝐴𝑃
+

𝐿𝑛𝜌𝑛

𝐴𝑛
(64) 

And the thermal conductance of the two legs is  

𝐾 =
𝐾𝑃𝐴𝑃

𝐿𝑃
+

𝐾𝑛𝐴𝑛

𝐿𝑛

(65) 

 

5.1 Progress in Thermoelectric Materials: 

 

5.1.1 PGEC Materials:  

Typical examples of PGEC thermoelectric materials are skutterudites, clathrates and b-Zn4Sb3. 

CoSb3 is a typical skutterudites compound. The power factor of CoSb3 is very high. However, its 

lattice thermal conductivity is too high to be an effective thermoelectric material. Void-filling in 

the structure with many different elements works as a successful approach to improve the figure 

of merit. The materials can be anything from lanthanide, actinide, alkaline-earth, alkali, and Group 
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IV elements [6]. The lattice thermal conductivity can be substantially reduced when these atoms 

acts as effective phonon scattering centers. Smaller and heavier atoms in the voids would result in 

larger disorder and lead to larger reduction of the lattice thermal conductivity on two branches of 

materials. Skutterudites [26-30] is one of them and other is clathrates [31-34] and 𝛽-Zn4Sb3 

[35,36,37].  

The clathrates are low-thermal conductivity compounds with open frame works composed of 

tetrahedral coordinate Si, Ge, Al, Ga, or Sn. The framework has cages that can incorporate large 

electro positive e atoms. There are two main types of structure, so-called Type Land Type II, with 

the former being more common. 

Recent research for optimizing the thermoelectric properties of Type I clathrates above room 

temperature showed the best performance, as shown Ba8Ga16Ge30 crystalline ingot showed a 

Seebeck coefficient of -45 to -150 𝑚𝑉𝐾−1 and electrical conductivity 1500–600 𝑆𝑐𝑚−1 at 300–

900K. The thermal conductivity of this sample decreased from 1.8 𝑊𝑚−1𝐾−1 at 300K to 

1.25 𝑊𝑚−1𝐾−1 at 900K, which gave rise to ZT of 1.35. In filled skutterudites [39-43] the values 

of ZT is greater than 1. A crystalline ingot Ba8Ga16Ge30 showed a Seebeck coefficient at -45 to -

150 𝑚𝑉𝐾−1 and the electrical conductivity is between 600-1500 𝑆𝑐𝑚−1 at 300-900K [44]. 

 

5.1.2 Nanostructured Materials: 

Low-dimensional thermoelectric materials are believed to have higher thermoelectric properties 

than their bulk counterparts, because the DOS near Fermi level can be enhanced via quantum 

confinement therefore leading to the increase of thermo power; and/or because phonons over a 

large mean free path range can be effectively scattered by high density of interfaces, hence 

resulting in the decrease of the lattice thermal conductivity. Significant ZT enhancement has been 

found in  

1. two-dimensional (2D) and 

2. one- dimensional (1D) thermoelectric materials.   
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2D Thermoelectric nanomaterials:  

The two dimensional Bi2Te3 quantum well had significant improvement in its ZT value due to 

Kicks and Dresselhaus [55] pioneering work. This happened due to the enhancement of thermos 

power because this will make a quantum confinement in the interlayer direction which can increase 

the DOS near the Fermi level. The highest ZT=2.4 was observed by Venkatasubramanian et al. 

[56] using Bi2Te3–Sb2Te3 quantum well superlattices. They had a periodicity of 6 nm. However, 

the highest ZT value for the bulk counterparts is only ZT=1.1. Knowing that quantum confinement 

may lead to an increased Seebeck coefficient and therefore higher ZT, Harman and coworkers [57] 

developed quantumdot superlattices in the PbTe–PbSeTe system. They were known as PbSe 

nanodots embedded in a PbTe matrix. It showed ZT=1.6, which is significantly higher than their 

bulk counterparts (ZT=0.34). Two-dimensional thin films and quantum well structures also 

showed enhanced thermoelectric properties. This includes Bi2Te3 superlattice-based thin-film 

[58], PbTe/Ag2Te thin films [59], quantum well/ barrier PbTe/Pb1-xEuxTe structures [60], and n-

PbTe/p-SnTe/n-PbTe quantum wells [61]. Shakouri [62] considered that sharp features in the 

electronic density of states of quantum-confined structures enable a doping-level-tunable increase 

in the asymmetry between hot and cold electron transport. This results in a large average transport 

energy and a large number of carriers moving in the [63]. Small heat loads or low levels of power 

generation are required in devices based on two-dimensional thermoelectric materials (such as thin 

film, quantum well, and super lattices) that may be used for small-scale electronic and 

optoelectronics applications [58]. 

1D Thermoelectric nanomaterials:  

Due to additional electron confinement, then the theoretical studies predict a large enhancement 

in the value of the figure of merit inside the quantum wires. A greater enhancement in thermos-

electric performance was suggested for the Quantum nanowires. This was due to their stronger 

quantum confinement and phonon scattering with respect to its two-dimensional counterparts [45]. 

Also there has been a proposal made that nanotubes may have a lower lattice thermal conductivity 

than the nanowires. The reason behind this is that there is additional phonon scattering on the inner 

and outer surfaces of nanotubes [46,47]. In one-dimensional materials, there have been many 

reports on the enhancement of thermoelectric properties. Hochbaum et al. reported that at room 

temperature for 50 nm diameter silicon nanowires a ZT of 0.6 can be obtained. This can be done 
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with rough surfaces synthesized by electrolysis etching, that represents a 60-times increase in ZT 

compared to its bulk counterpart. This happens because the rough nanowire surface could scatter 

phonons effectively [48]. As mentioned by, Boukai [19], the thermal conductivity decreases with 

decreasing the nanowire diameter. He reported a ZT of 1 at 200K for nanowires with 20 nm 

diameter. This resulting from the significant decrease of thermal conductivity and an enhanced 

phonon drag contribution to the thermos power. This is the first claim that phonon drag can 

enhance ZT significantly in rough nanowires. Transport of certain phonon modes can increase the 

Seebeck coefficient, which have minimal contribution to thermal conductivity [49]. Some 

nanowires have equal or lower thermoelectric properties compared to their bulk materials [50,51]. 

The limited ability to control dopant and impurity concentrations in nanowires can contribute to 

this [51,52]. This can also happen due to unintentional doping resulting from surface oxidation 

[53]. A potential module to assemble the thermoelectric device is made up of a p–n heterostructure. 

Ensuring good electrical contact to all nanowires in the array, minimizing matrix heat leakage is 

preventing measuring any significant enhancement in nanowire composites and having high 

packing densities is the main challenge here [54]. 

 

5.1.3 Nano-Composite Materials: 

  

By increasing the phonon scattering Nano-composite bulk materials can reduce the lattice thermal 

conductivity. As the phonon mfp typically ranges from several nanometers up to a few hundred 

nanometers, preferential phonon scattering is possible. This is because the carrier mfp is typically 

only a few nanometers [64]. For this reason, incorporating a nanostructures covering various length 

scales can reduce the lifetime of phonons with a broad mfp distribution. However, charge transport 

can remain unchanged [64]. Nano structuring composites are made through the formation of 

nanometer-sized polycrystalline. This is typically fabricated by hot pressing or spark plasma 

sintering of fine powders. The powders are formed by grinding and milling or wet chemistry 

processing. In this process thermoelectric materials are prepared in Nano sized particles and are 

then hot pressed into monoliths. To provide the large volume of material necessary for more wide-

spread adoption of thermoelectric technology compacting nanocrystal- line samples can be a 

relatively low-cost method. ZT enhancement has been found in the many kinds of nanostructured 
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material families. They include Bi2Te3-based nanocomposites, PbTe-based nanostructured 

materials and SiGe-based nanocomposites. 

 

5.2 Calculating Electrical Performance in Thermoelectric 

      Generator: 

The direct conversion of temperature differences to electric voltage or the other way around is 

called the thermoelectric effect. Devices such as thermoelectric coolers for electronic cooling or 

portable refrigerators work on this mechanism. Though, Joule heating is an irreversible 

phenomenon, the thermoelectric effect is reversible. The thermoelectric effect is known under 

three different names. The reason behind it is that it was discovered during experiments by 

Seebeck, Peltier, and Thomson. The Seebeck effect is the conversion of temperature differences 

into electricity, the Peltier effect is the conversion of electricity to temperature differences, while 

the Thomson effect is heat produced by the product of current density and temperature gradients.  

These Seebeck, Peltier and Thomson effects are thermodynamically related by the Thomson 

relations: 

𝑃 = 𝑆𝑇 (65) 

𝜇 = 𝑇
𝑑𝑆

𝑑𝑇
(66) 

where P is the Peltier coefficient (SI unit: V), S is the Seebeck coefficient (SI unit: 𝑉/𝐾), T is the 

temperature (SI unit: K), and  is the Thomson coefficient (SI unit: 𝑉/𝐾). These relations show 

that all three effects can be considered as one and the same effect. This example primarily uses 

the Seebeck coefficient and also the Peltier coefficient. The Thomson coefficient is not used. The 

flux quantities of interest when simulating the thermoelectric effect are the heat flux q and the 

flux of electric current J:                           

𝑞 = −𝑘𝑇𝛻 + 𝑃𝐽 (67)       

 𝐽 = −𝜎𝛻𝑉 − 𝜎𝑆𝛻𝑇 (68) 
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Some other quantities of relevance are:   

𝐸 = −𝛻𝑉 (69) 

𝑄 = 𝐽𝐸 (70) 

where E is the electric field and Q is the Joule heating. Conservation of heat energy and current 

gives: 

𝜌𝐶
𝜕𝑇

𝜕𝑡
+ 𝛻. 𝑞 = 𝑄 (71) 

𝛻. 𝐽 = − 
𝜕𝜌𝐶

𝜕𝑇
 (72)                                                                                

where  is the density, C is the heat capacity, and c is the space charge density. In this example, 

consider the stationary case only: 

𝛻. 𝑞 = 𝑄 (73) 

 𝛻. 𝐽 = 0 (74) 

 

More explicitly, the thermoelectric equations become: 

𝛻. (−𝑘𝑇𝛻 + 𝑃(−𝜎𝛻𝑉 − 𝜎𝑆𝑇𝛻)) = (−𝜎𝛻𝑉 − 𝜎𝑆𝑇𝛻). (−𝛻𝑉)𝛻𝜎. (−𝛻𝑉 − 𝜎𝑆𝑇𝛻) = 0 (75) 

It is difficult to work with the explicit form of the equations. This example makes use of a series 

of intermediate variables to simplify them. 

The partial differential equations are required to be entered in the weak form. To transfer to weak 

form, multiply each of the two equations with the test functions corresponding to the unknowns’ 

T and V (here called VT and VV, respectively) and integrate over the whole computational domain 

D: 

∫(𝛻. 𝒒)𝑉𝑇 =

𝐷

∫𝑄𝑉𝑇

𝐷

(76) 

∫(𝛻. 𝑱)𝑉𝑉 =

𝐷

0 (77) 
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Partial integration gives: 

− ∫𝒒. 𝛻𝑉𝑇

𝐷

+ ∫𝑛. 𝑞𝑉𝑇 =

𝐵

∫𝑄𝑉𝑇

𝐵

(78) 

− ∫𝐽. 𝛻𝑉𝑉

𝐷

+ ∫𝑛. 𝐽𝑉𝑉

𝐵

= 0 (79) 

where B is the boundary of D, and n is the unit normal of D. Assuming that there are known values 

for the heat and current flux in the direction of the boundary normal as q0 and J0, respectively, the 

equations become: 

− ∫𝒒. 𝛻𝑉𝑇

𝐷

+ ∫𝑞0𝑉𝑇 =

𝐵

∫𝑄𝑉𝑇

𝐷

(80) 

− ∫𝐽. 𝛻𝑉𝑉

𝐷

+ ∫ 𝐽0𝑉𝑉

𝐵

= 0 (81) 

It is required to enter the domain parts of the weak form equations while the boundary parts are 

more or less automatically available. The integrands of the domain parts are: 

0 = 𝑞𝛻 𝑣𝑇 + 𝑄𝑣𝑇 (82) 

0 = 𝐽𝛻. 𝑉𝑉 (83) 

In addition to the domain weak form equations, a number of different boundary conditions are 

implemented: 

𝑇 = 𝑇0 

𝑉 = 𝑉0 

q0 = 0 

𝐽0 = 0 

q0 = q𝑖𝑛 

• The first condition sets a temperature 𝑇0 on a boundary. 

• The second condition sets a voltage 𝑉0 on a boundary. 
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• The natural boundary conditions set the heat flux and current density on the boundary to zero. 

They arrive “naturally” as part of the weak form partial integration so they are called natural. 

The thermal and electrical insulation are represented by the natural boundary conditions. It is 

even necessary to define this bundled boundary condition because that would anyway have 

been available because any boundaries not explicitly set to a certain condition automatically 

obey the natural conditions. However, the natural boundary condition is available for better 

usability of the thermoelectric physics interface. As a result, we can clearly see which 

boundaries are insulated.  

• The last boundary condition sets the value of the heat flux in the direction of the boundary 

normal. The heat flux boundary condition is implemented with a weak equation which is one 

of the terms in the complete weak form equation for the heat transfer part of the thermoelectric 

equations, as seen earlier.                                                          

∫q0𝑉𝑇 

𝐵

 

which is one of the terms in the complete weak form equation for the heat transfer part of the 

thermoelectric equations, as seen earlier. 

 

Chapter 6 

 

6. Design and Analysis 

6.1 Material Design and Analysis: 

Here, we will discuss about the design and analysis steps of our report. First of all, we have chosen 

different materials to study on and found out the values of the Thermal conductivity(K), Electrical 

conductivity (𝜎), Seebeck co-efficient(S) and Peltier co-efficient (𝛱) etc. From these values we 

have calculated the values of the thermoelectric figure of merit (ZT).  
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By utilizing these values, we have analyzed the TEG model to find out the electrical performance 

such as the Electrical potential(V) and Current density(J).   

Si-n Type: 

The figure (6) below shows that a negatively doped Silicon lattice nanostructure which is doped 

by a Phosphorous(P) atom which is positioned at Cartesian values (0.48× 10−9,0.498 × 10−9, 

0.744× 10−9). The lattice structure has the measurements of length 1.646 nm, Width 0.576 nm 

and Depth 0.443nm.  

 

 

 

 

 

 

 

 

 

Figure 6. Si-n Type Lattice Nano Structure 

 

At 310K, the values that we have obtained for this structure are K=495.26× 10−3W/Km, 𝜎 =

425.367 × 103S/m, S=-5.22× 10−6 V/K , 𝛱= -0.001566V and ZT=2.405. 

At 305K, the values that we have obtained for this structure are K=486.15× 10−3W/Km, 𝜎 =

426.593 × 103S/m, S=-3.829× 10−6V/K, 𝛱 = −0.001168V and ZT=2.3687. 

At 300K, the values that we have obtained for this structure are K=467.79 × 10−3 W/Km, 𝜎 =

427.883 × 103S/m, S=-2.461× 10−6V/K, 𝛱 = −0.000763V and ZT=2.334. 
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Table 3. Si- n Type Electronic Properties 

 

Si-P Type: 

The figure (7) below shows that a positively doped Silicon lattice nanostructure which is doped 

by an Aluminum(Al) atom which is positioned at Cartesian values (0.469× 10−9,0.278 × 10−9, 

1.06× 10−9). The lattice structure has the measurements of length 1.645 nm, Width 0.574 nm 

and Depth 0.554nm. 

 

 

 

 

 

 

 

Figure7. Si-p Type Lattice Nano Structure 

Materials 

Name 

Temperature 

(K) 

Thermal 

Conductivity 

(W/Km) 

Electric 

Conductivity 

(S/m) 

Seebeck 

Coefficient 

(V/K) 

Peltier 

Coefficient 

(V) 

Figure of 

Merit 

ZT 

 

Si-n Type  

310 495.26× 𝟏𝟎−𝟑 425.367× 𝟏𝟎𝟑 -5.22× 𝟏𝟎−𝟔 -0.001566 2.405  

305 486.15× 𝟏𝟎−𝟑 426.593× 𝟏𝟎𝟑  -3.829×    𝟏𝟎−𝟔 -0.001168 

 

2.3687 

 

300 467.79 × 𝟏𝟎−𝟑 427.883× 𝟏𝟎𝟑 -2.461× 𝟏𝟎−𝟔 -0.000763 

 

2.334 
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At 300K, the values that we have obtained for this structure are K=204.924× 10−3 W/Km, 𝜎 =

354.936 × 103S/m, S=6.197× 10−5 V/K , 𝛱= 0.01859V and ZT=2.8500. 

At 305K, the values that we have obtained for this structure are K=201.581× 10−3W/Km, 𝜎 =

352.404 × 103S/m, S=6.259× 10−5V/K, 𝛱 = 0.01909V and ZT=2.795. 

At 310K, the values that we have obtained for this structure are K=198.176× 10−3W/Km, 𝜎 =

349.924 × 103S/m, S=6.318× 10−5V/K, 𝛱 = 0.1959V and ZT=2.742. 

Table 4. Si- p Type Electronic Properties 

Materials 

Name 

Temperature 

(K) 

Thermal 

Conductivity 

(W/Km) 

Electric 

Conductivity 

(S/m) 

Seebeck 

Coefficient 

(V/K) 

Peltier 

Coefficient 

(V) 

Figure 

of Merit 

ZT 

 

 

Si-p Type 

300 204.924× 𝟏𝟎−𝟑 354.936× 𝟏𝟎𝟑 6.197× 𝟏𝟎−𝟓 0.01859 2.850 

 

305 201.581× 𝟏𝟎−𝟑 352.404× 𝟏𝟎𝟑 6.259× 𝟏𝟎−𝟓 0.01909 2.795  

 

310 198.176× 𝟏𝟎−𝟑 349.924× 𝟏𝟎𝟑 6.318× 𝟏𝟎−𝟓 0.1959 2.742 

 

 

SiGe: 

From the figure (8) below shows that a Silicon-Germanium lattice. The lattice structure has the 

measurements of length 2.636 nm, Width 1.108 nm and Depth 0.576nm. 

 

 

 

 

Figure 8. SiGe Lattice Nano Structure 
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At 300K, the values that we have obtained for this structure are K=3.455 W/Km, 𝜎 =

557.186 × 103S/m, S=5.994× 10−8 V/K , 𝛱=1.789× 10−5V and ZT=2.320. 

At 305K, the values that we have obtained for this structure are K=3.508 W/Km, 𝜎 =

556.773 × 103S/m, S=1.368× 10−7V/K, 𝛱 = 4.175 × 10−5V and ZT=2.304. 

At 310K, the values that we have obtained for this structure are K=3.561 W/Km, 𝜎 =

555.95 × 103S/m, S=2.125× 10−7V/K, 𝛱 = 6.586 × 10−5V and ZT=2.28. 

Table 5. SiGe Electronic properties 

 

MoS2: 

We can see from the figure (9) below shows that a Molybdenite-Disulphide lattice. The lattice 

structure has the measurements of length 1.145 nm, Width 0.945nm and Depth 0.799 nm. 

 

 

 

 

 

Figure 9. MoS2 Lattice Nano Structure 

Materials 

Name 

Temperature 

(K) 

Thermal 

Conductivity 

(W/Km) 

Electric 

Conductivity 

(S/m) 

Seebeck 

Coefficient 

(V/K) 

Peltier 

Coefficient 

(V) 

Figure 

of Merit 

ZT 

 

 

SiGe 

300 3.561 557.186× 𝟏𝟎𝟑 5.994× 𝟏𝟎−𝟖 1.789× 𝟏𝟎−𝟓 2.320  

 

305 3.508 556.773× 𝟏𝟎𝟑 1.368× 𝟏𝟎−𝟕 4.175× 𝟏𝟎−𝟓 2.304 

 

310 3.455 555.95× 𝟏𝟎𝟑 2.125× 𝟏𝟎−𝟕 6.586× 𝟏𝟎−𝟓 2.28 
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At 300K, the values that we have obtained for this structure are K=44.757× 10−3W/Km, 𝜎 =

35.873 × 103S/m, S=8.315× 10−5V/K , 𝛱=0.02494V and ZT=4.39229. 

At 305K, the values that we have obtained for this structure are K=45.631× 10−3W/Km, 𝜎 =

36.149 × 103S/m, S=8.247× 10−5V/K, 𝛱 = 0.02515V and ZT=4.30173. 

At 310K, the values that we have obtained for this structure are K=46.51× 10−3W/Km, 𝜎 =

36.421 × 103S/m, S=8.181× 10−5V/K, 𝛱 = 0.02536V and ZT=4.216. 

 

Table 6. MoS2 Electronic Properties 

Materials 

Name 

Temperature 

(K) 

Thermal 

Conductivity 

(W/Km) 

Electric 

Conductivity 

(S/m) 

Seebeck 

Coefficient 

(V/K) 

Peltier 

Coefficient 

(V) 

Figure of 

Merit 

ZT 

 

 

300 44.757× 𝟏𝟎−𝟑 35.873× 𝟏𝟎𝟑 8.315× 𝟏𝟎−𝟓 0.02494 4.39229 

 

MoS2 305 45.631× 𝟏𝟎−𝟑 36.149× 𝟏𝟎𝟑 8.247× 𝟏𝟎−𝟓 0.02515 4.30173 

 

 310 46.51× 𝟏𝟎−𝟑 36.421× 𝟏𝟎𝟑 8.181× 𝟏𝟎−𝟓 0.02536 4.216 

 

 

ZnO: 

From the figure (10) below shows that a Zinc-Oxide lattice. The lattice structure has the 

measurements of length 1.145 nm, Width 0.945nm and Depth 0.799 nm. 

 

 

 

 

 

Figure 10. ZnO Lattice Nano Structure 
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Table 7. ZnO Electronic Properties 

Materials 

Name 

Temperature 

(K) 

Thermal 

Conductivity 

(W/Km) 

Electric 

Conductivity 

(S/m) 

Seebeck 

Coefficient 

(V/K) 

Peltier 

Coefficient 

(V) 

Figure of 

Merit 

ZT 

 

 

ZnO 

300 20.393× 𝟏𝟎−𝟑 4.631× 𝟏𝟎𝟑 -4.594× 𝟏𝟎−𝟓 -0.01378 1.7072 

 

305 20.865× 𝟏𝟎−𝟑 4.635× 𝟏𝟎𝟑 -4.62× 𝟏𝟎−𝟓 -0.01409 1.7106 

 

310 21.354× 𝟏𝟎−𝟑 4.640× 𝟏𝟎𝟑 -4.643× 𝟏𝟎−𝟓 -0.01439 1.7108 

 

 

At 300K, the values that we have obtained for this structure are K=20.393× 10−3W/Km, 𝜎 =

4.631 × 103S/m, S=-4.594× 10−5V/K , 𝛱=-0.01378V and ZT=1.7072. 

At 305K, the values that we have obtained for this structure are K=20.865× 10−3W/Km, 𝜎 =

4.635 × 103S/m, S=-4.62× 10−5V/K, 𝛱 = −0.01409and ZT=1.7106. 

At 310K, the values that we have obtained for this structure are K=21.354× 10−3W/Km, 𝜎 =

4.640 × 103 S/m, S=-4.643× 10−5V/K, 𝛱 = −0.01439V and ZT=1.7108. 

 

6.2 TEG Design and Analysis: 

 

For the device analysis we will use the one leg and two leg TEG module. The TEG structures will 

be novel modules. Its analysis consists of measuring the potential created across the two legs of 

the thermoelectric generator when a temperature difference is applied on both sides of it. We will 

also measure the current density at the surface of the legs to determine the amount of current that 

can be produced per unit area using this generator. 

TEG based on Si-n Type (300K):  

From figure (11) we can see the one-legged thermoelectric generator which consists of a Silicon-

n-Type leg. The contact on the TEG was made of Copper. We will test the module at 300K. The 
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objective is to measure the potential across the one leg of the generator and also the surface current 

that it can produce. We will also look at the direction of current flow. From the figure (11), we can 

see that the highest electric potential is at 37.5 × 10−3𝑉 . From the figure (11), we can also see 

that the current density is at 1.613 × 1011𝐴𝑚−2. 

 

 

    

   

(a)                                                         (b)                                        
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                                    (c)                                                               (d) 

Figure 11. (a)Temperature of Si-n-Type (b)Current Density of Si-n-Type using surface area. 

 (c)Electric Potential using slice(d)Current Density of Si-n-Type  using Isosurface at 300K 

 

TEG based on Si-n Type (305K):  

From figure (12) we can see the one-legged thermoelectric generator which consists of a Silicon-

n-Type leg. The contact on the TEG was made of Copper. We will test the module at 305K. The 

objective is to measure the potential across the one leg of the generator and also the surface current 

that it can produce. We will also look at the direction of current flow. From the figure (12), we can 

see that the highest electric potential is  37.9 × 10−3𝑉. From the figure (12), we can also see that 

the current density is at 1.625 × 1011𝐴𝑚−2. 
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                               (a).                                                                         (b)      

 

                

                                 (c)                                                                         (d) 

Figure 12. (a)Temperature of Si-n-Type ( b) Current Density of Si-n-Type using arrow line.   

 (c) Electric Potential (d) Current Density of Si-n-Type using surface area at 305K 
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TEG based on Si-n Type (310K):  

From figure (13) we can see the one-legged thermoelectric generator which consists of a Silicon-

n-Type leg. The contact on the TEG was made of Copper. 

              

                            (a)                                                                                     (b) 

         

                              (c)                                                                          (d) 

Figure 13. (a)Temperature of Si-n-Type ( b) Current Density of Si-n-Type using arrow line   

(c) Electric Potential using slice(d) Current Density of Si-n-Type  using Isosurface at 310K 
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We will test the module at 310K. The objective is to measure the potential across the one leg of 

the generator and also the surface current that it can produce. We will also look at the direction of 

current flow. From the figure (13), we can see that the highest electric potential is  41.1 × 10−3𝑉. 

From the figure (13), we can also see that the current density is at 1.632 × 1011𝐴𝑚−2. 

 

TEG based on Si-n Type and SiGe(300K): 

From figure (14) we can see the two-legged thermoelectric generator which consists of a Silicon-

n-Type leg and also a SiGe leg. The contact on the TEG was made of Copper. The main objective 

of this study is to measure the potential across the two legs of the generator and also the surface 

current that it can produce. We will also look at the direction of current flow. From the figure (14), 

we can see that the highest electric potential is 55.63 × 10−3𝑉. From the figure (14), we can also 

see that the current density is at 1.21 × 1011𝐴𝑚−2. 

       

                              (a)                                                                                   (b) 
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                                  (c)                                                                                  (d) 

Figure 14. (a)Temperature of Si-n Type and SiGe ( b) Current Density of Si-n Type and SiGe   

using Contour. (c) Current Density of Si-n Type and SiGe using surface area (d) Current Density 

of Si-n Type using surface at 300K 

TEG based on Si-n Type and SiGe(305K): 

From figure (15) we can see the two-legged thermoelectric generator which consists of a Silicon-

n-Type leg and also a SiGe leg. The contact on the TEG was made of Copper. The main objective 

of this study is to measure the potential across the two legs of the generator and also the surface 

current that it can produce. We will also look at the direction of current flow. From the figure (15), 

we can see that the highest electric potential is 58.92 × 10−3𝑉. From the figure (15), we can also 

see that the current density is at 1.28 × 1010𝐴𝑚−2. 
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                                       (a)                                                                                      (b) 

                

                                     (c)                                                                                 (d) 

 

Figure 15. (a)Temperature of Si-n Type and SiGe ( b) Current Density of Si-n Type and SiGe 

using arrow line.  (c) Electric potential using slice. (d) Current Density of Si-n Type using 

surface at 305K 
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TEG based on Si-n Type and SiGe(310K): 

From figure (16) we can see the two-legged thermoelectric generator which consists of a Silicon-

n-Type leg and also a SiGe leg. 

 

                               (a)                                                                     (b)    

       

                                      (c)                                                                  (d) 

Figure 16. (a)Temperature of Si-n-Type and SiGe ( b) Current Density of Si-n-Type and SiGe 

using surface area.  (c) Current Density of Si-n-Type and SiGe using Coutour (d) Electric 

potential using slice at 310K 
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The contact on the TEG was made of Copper. The main objective of this study is to measure the 

potential across the two legs of the generator and also the surface current that it can produce. We 

will also look at the direction of current flow. From the figure (16), we can see that the highest 

electric potential is 65.01 × 10−3𝑉. From the figure (16), we can also see that the current density 

is at 1.31 × 1011𝐴𝑚−2. 

                     

TEG based on MoS2 and ZnO (300K): 

From figure (17) we can see the two-legged thermoelectric generator which consists of a MoS2 

and ZnO at 300K. The contact on the TEG was made of Copper. The main objective of this study 

is to measure the potential across the two legs of the generator and also the surface current that it 

can produce. We will also look at the direction of current flow. From the figure (17), we can see 

that the highest electric potential is 75.64 × 10−3𝑉. From the figure (17), we can also see that the 

current density is at 2.7 × 109𝐴𝑚−2. 

  

                             (a)                                                                           (b) 
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                             (c)                                                                          (d) 

Figure 17. (a)Temperature of MoS2 and ZnO ( b) Current Density of MoS2 and ZnO using arrow 

line (c) Current Density MoS2 and ZnO using surface (d) Electric potential using Slice at 300K. 

 

TEG based on MoS2 and ZnO (305K): 

From figure (18) we can see the two-legged thermoelectric generator which consists of a MoS2 

and ZnO leg at 305K. The contact on the TEG was made of Copper. The main objective of this 

study is to measure the potential across the two legs of the generator and also the surface current 

that it can produce. We will also look at the direction of current flow. From the figure (18), we can 

see that the highest electric potential is 75.89 × 10−3𝑉. From the figure (18), we can also see that 

the current density is at 2.73 × 109𝐴𝑚−2. 
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                             (a)                                                                           (b) 

     

                             (c)                                                                           (d)  

Figure 18. (a) Current Density of MoS2 and ZnO using arrow line (b) Current Density of MoS2 

and ZnO using surface area. (c) Temperature MoS2 and ZnO (d) Electric potential using Slice. 
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TEG based on MoS2 and ZnO (310K): 

From figure (19) we can see the two-legged thermoelectric generator which consists of a MoS2 

and ZnO leg at 310K. 

  

                             (a)                                                                          (b) 

  

                               (c)                                                                           (d)                                                           

Figure19. (a) Current Density of MoS2 and ZnO using surface area. (b) Temperature of MoS2 

and ZnO. (c) Current Density of MoS2 and ZnO using Isosurface (d) Electric potential using 

Slice at 310K. 
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The contact on the TEG was made of Copper. The main objective of this study is to measure the 

potential across the two legs of the generator and also the surface current that it can produce. We 

will also look at the direction of current flow. From the figure (19), we can see that the highest 

electric potential is 78.91 × 10−3𝑉. From the figure (19), we can also see that the current density 

is at 2.78 × 109𝐴𝑚−2. 

. 

 

7.0 Conclusion:  

 

The above design and analysis shows that there is a linearly decreasing order or electrical 

conductivity due to increase of temperature. And since the figure of merit is (1) depends on 

Seebeck, Electrical conductivity and Thermal conductivity. Therefore, if the Seebeck and 

electrical conductivity values are increased and thermal conductivity values are decreased then the 

figure of merit will increase. Therefore, we can say that the relation between figure of merit (ZT) 

is inversely proportional to the thermal conductivity. All the materials that we have analyzed in 

the above section give the highest ZT value in their respective room temperatures.  
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                       (c)                                                                           (d)                 

 

 

 

 

 

 

 

 

 

(e) 

 

Figure 20. Figure of Merit Vs Temperature –  

(a) Si-n Type (b) Si-p Type  (c) ZnO (d) SiGe (e) MoS2                                            
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The figure (20) shows that Si-n type gets highest ZT value of 2.405 at 300K, Si-p type gets highest 

ZT value of 2.85 at 300K, ZnO gets highest ZT of 1.7108 at 310K, SiGe gets highest ZT value of 

2.32 at 300K and MoS2 gets highest ZT value of 4.3929 at 300K. So, we can see that the MoS2 

gives the highest value of ZT at conventional room temperature(300K). We get the electric 

potential value 78.9 × 10−3𝑉 in MoS2 -ZnO based TEG. Furthermore, Si-n type based one legged 

TEG produced the highest current density value of 1.632 × 1011𝐴𝑚−2. From all these analyses 

we have come to the decision that the Seebeck effect that is responsible for the thermoelectricity 

is inversely proportional to the thermal conductivity. This infact exhibits the property of the 

materials such that we can say, the current density throught a thermoelectric material is best when 

the Seebeck co-efficient is high, the electrical conductivity is high while the thermal conductivity 

is low. Therefore, to refine the results for enhanced performance and resolve the issue at hand, 

reduction of thermal conductivity will be very important.  
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