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Abstract

In this thesis, we have applied the new extension of the generalized and improved (G' / G) -

expansion method in order to find the explicit solutions of non-travelling and travelling wave
solutions of Fisher equation. Many new general and abundant solutions are obtained and they
have been described in five different families in terms of hyperbolic functions, trigonometric
functions and rational functions, involving many new and real parameters. It also shows that
the method which has been applied is direct, concise and an effective tool for solving any
kinds of nonlinear evolution equations, which arises frequently in applied mathematics,
mathematical physics, engineering and in many scientific real time application. Furthermore
we have presented the graphical solutions of the obtained solutions by using the

computational software Maple.
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CHAPTER 1

INTRODUCTION

1.1 History of Differential Equation (DE): In pure and applied mathematics world,
differential equations have been and still now are one of the foremost topics, ever since it was
proposed in the mid-17™ century. The history of DE raised from calculus by the English
physicist Isaac Newton, German mathematician Gottfried Leibniz, Bernoulli’s brother, Euler,
Cauchy and many others, right after Newton published ““ The Method of Fluxions and Infinite
series” in 1671. In 1676 when Newton solved his first d.e at the same year Leibniz introduced
the term differential equation “acquotio differential” in latin by using two variables X and Y
only and denoting it as dx and dy . Unlike many other mathematical functions, the solutions
which are obtained from d.es are not numbers but functions involving one or more variable
derivative terms with respect to other. Using this DE many applications were made to
biology, chemistry, economics, mechanics, and physics and as well as other areas of natural
sciences in real life. In Fluxions and Infinite series Newton classified DE as ordinary

differential equation and partial differential equation.

1.1.1 Definition of Differential Equation (DE): A differential equation is an equation which
consists of independent variable, dependent variable and differential coefficient of one or
more than one dependent variable with respect to one or more than one independent variable

is referred to as differential equation. For example:
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1.1.2 Definition of Ordinary Differential Equation (ODE): A differential equation which
consists of one or more than one dependent variable with respect to a single independent

variable is known as ordinary differential equation. For example:

2
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1.1.3 Definition of Linear Ordinary Differential Equation (LODE) and Nonlinear

Ordinary Differential Equation (NLODE): An equation

n n-1
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involving nth order ODE is said to be linear if the power of each term of the dependent

variable Yand all its derivatives y(”), y(”’”...y”, Y is 1 or it is of first degree and the function

of x in front of every derivative depends on the independent variable x that is the coefficients

d,,aq,,...4, of Y, y’,...y(”) depends on independent variable, then it is LODE. For example:

3
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An ODE is said to be nonlinear if the coefficients of the dependent variable depends on the

dependent variable, or if the equation involves a nonlinear function of Y or if the no

derivative term is greater than 1 then it is known as NLODE. For example:
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1.1.4 Definition of Partial Differential Equation (PDE): A differential equation which
consists of one or more than one dependent variables with respect to two or more than two

independent variable is called PDE. For example:

1.1.5 Definition of Linear Partial Differential Equation (LPDE) and Nonlinear Partial
Differential Equation (NLPDE): An equation is said to be LPDE if the dependent variable

and all of its derivatives is of first degree, otherwise it is NLPDE. For example:

Linear PDE:
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Nonlinear equations have led to a most important position, during the twentieth century the
development of NLPDEs has increased remarkably because for understanding the complexity
of nonlinear models and for solving them that are directed by NLPDESs, great importance has
been given. But one of the strong desires of progressing NLPDEs has been the study of
nonlinear travelling wave problems and over the past two-three decades nonlinear waves
have experienced a great revolution many new remarkable and unexpected phenomena have
been observed. One of the major achievements in the investigation of NLPDEs has been the

nonlinear evolution equations (NLEEs).



1.1.6 Definition of Nonlinear Evolution Equation (NLEE): A NLPDE with time t, as a

single independent variable expressed in terms of space variable u(x,t) is referred to as

nonlinear evolution equation (NLEE). For example: the Fisher equationy, —u, —u(—u)=0.

It is one of the most powerful and important modelled equations among all equations in
nonlinear sciences, because they reveal a lot of physical information which helps to
understand the operation of the physical model better, which is why the explicit solutions of
NLEEs plays an important role in the study of physical phenomena and remains a vital field
for researchers in the ongoing investigation. Though NLEEs are used in many fields but now

a day it is mostly used to research travelling wave solutions.

1.2 Traveling Waves: Wave patterns are formed when a vibrating source disturbs the atoms
or particles of medium (water, air, spring, string etc.) continuously that travels along the
direction of wave motion with speed and without any change in shape is called traveling
waves. When the medium is disturbed the particles get displaced from their rest position
temporarily but there is a force that acts on the particle, causing them to return to its original
position. This disturbance travels down through the system and through this disturbance
energy and momentum is transferred from one end to another without any net motion in the
medium. To understand the phenomena of travelling wave solutions, mathematical operations

have been used to describe the travelling wave function in the form of u(x,t)= f(x—ct)
where u(x,t) represents the wave distress moving along the direction of X when ¢>0 or
€ <0 respectively. They are obtained when a NLEE is reduced to ODE, takingu(x,t) =u(&),
where &=x—ct and Cis the speed of the waves and they can be solved by using

appropriate method. During the past few decades there has been a lot of development for
obtaining travelling wave solutions and there happen to appear many types of it and some of

them are:



1.2.1 Solitary Waves and Solitons: Solitary waves are a kind of enclosed travelling wave
that transforms form state to another state —o <& <oo asymptotically, where &= x—ct
without any change to its shape. It is usually referred to a single soliton but when there is
more than one soliton solution then they are called solitons. These solitons are a special kind
of solitary wave and hold a particle like characteristics. They always maintain their identities,
their shape and speed before and after interaction with each other and they appear either in

bell shape or in kink form.

1.2.2 Peakons: The travelling wave solutions of the peakons are known as the peaked
solitary waves or peaked solitons because the corner of its crest forms a peak, like the shape
of the ¢ function. Like solitons peakons also maintain their shape and speed after
interaction with each other, and also they contain some points where discontinuities occur at

the first derivatives as a result they have finite jump in the solution ofu(x,t) .

1.2.3 Periodic Solution: Periodic solution is another type of travelling wave that moves with

a constant speed in one dimensional function such as cos(x—t).u, =u, is the standard wave

equation form that gives solution of the periodic waves. These solutions can appear in many
mathematical system like cellular automata and reaction-diffusion advection systems. Apart
from that they are also used in many mathematical models like, biology, physics and

chemistry as well.



CHAPTER 2

LITERATURE

2.1 Analytic Methods for Solving Nonlinear Evolution Equations (NLEEs): In physical

sciences all essential equations are equations are nonlinear and are often complicated to
interpret, therefore unravelling the exact solution of NLEEs have turned out to be a chief
concern for both mathematician and physicists. At the same time the curiosity of finding
exact solutions of NLEEs, in order to understand the NLEE modelled phenomena is
becoming more intense day by day. Thus to figure out the exact solution of NLEEs
substantial work are being made by mathematicians and scientists and have developed
effective and convincing methods such as Hirota’s bilinear transformation method[16,17], the
tanh-function method [18,19], the extended tanh-method[20,21], the Exp-function method
[22,23], the F-expansion method [24], the Jacobi elliptic function method [26], Modified
Exp-function method [25], Weierstrass elliptic function method[34], the homogeneous
balance method [32,33], the modified simple equation method [27,28], the asymptotic
methods [29], the variational iteration method [30,31], the sub-ODE method [5,6], the sine—
cosine method [37,38], the homotopy perturbation method [35,36], the rank analysis method
[39], the ansatz method [2-4], the exp-function expansion method[40], the tanh-coth method
[41,42], the direct algebraic method[43], Riccati equation method [44], the Backlund
transformation method [45], the theta function method [46,47], the Cole-Hopf transformation
method [48,49], the hyperbolic tangent expansion method [50,51], the trial function method
[52], the non-linear transform method[53], and so on but no such coalesce method have yet

been proven to work out with sorts of NLEEs.

2.2 Literature review of the (G’/G) — Expansion Method: For the past few decades and
so on, a vast research has been going on to find explicit solutions of NLEEs which are used

6



as models in order to describe many important and problematic physical phenomena in
various fields of science. Thus a various group of scientists has created some exact solution
of NLEEs by using vast range of improved and effective methods, for instance, inverse
scattering transformation [1], the sub-ODE method [5,6], the exp-function method [7] and so
on in order to get to understand the nonlinear phenomena much better and also for developing
more new applications of it. But as said earlier that no such coalesce method have yet been

proven to work out with sorts of NLEEs.

Later in 2008, Wang et al [8] introduced a new method called the (G'/ G) - Expansion Method
for finding the solutions of traveling waves of NLEEs. Here the travelling wave solutions of
NLEEs are expressed in the (G'/ G) polynomial where G = G(f) £=x-Vt that leads to a

second order linear ordinary differential equation (LODE), G”+AG’'+ uG =0where

, dG(¢&)

G'= ac and A and x are arbitrary constants and to solve any NLEEs through this

process neither initial or boundary conditions nor any trail functions are required at the
beginning. To demonstrate this method various NLEES have been used to find traveling

waves like the KdV equation, mKdV equation, the reaction-diffusion equation and so on
[8,9]. This (G'/ G)- expansion method shows that it is one of the most powerful and effective

method to solve NLEEs since it gives a clear and short to the point results in terms of
hyperbolic functions, trigonometry functions and rational functions which is why scientists

have carried out a lot of researches to construct traveling wave solutions via this method.

Further researches of (G G)- expansion method has been carried out by many researchers to

show the possible productivity of the application. For example Zhang et all [12] developed

the original (G'/ G)- expansion method from u(&)=) a [%j where a_ =0, to

i=0



n (G .
u(é) = Z a, (Ej , where a or a_ may be zero but cannot be zero at the same time, as

i=—m
solutions and named it as the improved (G G)- expansion method for finding traveling

waves solutions of NLEEs [13,14,68]. Then Akber et all [15] introduced the generalized and
improved (G G)- expansion method in the form u(&) = i et
“n (d+(G'/G))"

where either e
or e can be zero but cannot be zero at the same time and the same second order LODE were

used as auxiliary equation to construct travelling wave solution Like this many researchers

have carried out and still carrying out experiments using the (G G)- expansion method to

generate more new traveling wave solutions of NLEEs [69-79].



CHAPTER 3

METHODOLOGY

3.1 Methodology of new extension of the generalized and improved (G'G)- expansion

method: As it is known that (G G)- expansion method is one of the simplest and most

powerful method for obtaining travelling wave solutions of NLEEs and so far its application
have been used in various ways to solve nonlinear evolution problems. Recently a new
application have been introduced called the new extension of the generalized and improved

(G'/G)- expansion method for NLEEs. So to demonstrate this method, first a NLPDE is

taken with two real independent variables X and t i.e.

P(u,u,,u,,u,,u,,u,....)=0 (3.1.1)

s Uyx -

where P is the polynomial and here u =u(x,t) is an unknown function. In the polynomial

P contains, different partial derivatives of the function U itself wherein involves the
highest order derivatives and the highest nonlinear terms. Now the prime process of this

method is being discussed in steps below.

Step1: Suppose that,

ux,t)y=u(é), &E=x+tWt (3.1.2)

where the constant term W is known as the speed of wave, is substituted in eq (3.1.1), which

allows a PDE to convert ta an ODE with respect to & .

Q(u,u’,u”,u”..)=0 (3.1.3)



Step 2: Eq (3.1.3) is being integrated term by term and if needed it can be integrated more
than once and the integral constants maybe set to zero to make it easy to solve. Now the

integrated travelling wave solution of eq (3.1.3) can be represented as.

N N b.
SN a(diH)Y s> 314
U= 2 3 (@ H) Ty G149

where 8,8, or Dy can be zero but all cannot be zero at the same time,

aj(j =0,£1,£2,..£N), bj(j =1,2,3,..N) ,d is the arbitrary constant to be determined

later and H (&) 1s

H (&) :(%J (3.1.5)

where G = G(&) satisfies the nonlinear ordinary differential equation (ODE) i.e.

ZGG"—,UGG'—§(G')2—ﬂ(G)2 =0 (3.1.6)
2
where G" = dd? ,G'= 3—2 and A, u,5 & B are the real parameters

Step 3: The positive integer N appearing in the integrated solution of eq (3.1.3) is then
determined by considering the homogeneous balance between the highest order derivative
and the highest nonlinear term. The value of N is substituted in eq (3.1.4) which gives a
complete ODE. Then the completed ODE of eq (3.1.4), eq (3.1.5)along with eq (3.1.6) is

substituted in the integrated solution of eq (3.1.3) and collecting all the powers of the term

(d +H ) in descending order to the left hand side, thus transforms into another polynomial of

(d +H),here d+H)N (N=0,£1,+#2,..) and (d + H) ™™ (N =1,2,3...).

10



Step 4: The coefficient of the (d + H) polynomial is then equated to zero, hence generates a
set of algebraic equation. By solving the algebraic equation gives the value for
a;(j=0,£1,%2,..£N), b;(j=12,3,.N) ,d and W obtained from eq (3.1.5). Now by
solving eq (3.1.6) we obtain a general solution, which is then substituted with the values of

constants into eq (3.1.4) we can achieve more general type and more new travelling wave

solutions of NLPDE of'eq (3.1.1).

Step 5: Using the general solution of eq (3.1.6), the following solutions for eq (3.1.5) are

obtained:

Family 1: When x4 =0, ¥=1-6 and Q:,U2+4,b)(/1—5)>0,

(@ /a
Ej_i+x/§q s1nh£2\P§J+C2 cosh[wﬁj i
G/ 2% 2% Clcosh[\/af]+Czsinh[\/5§j

2¥ 2¥

H(é){

Family 2: When x4 =0, ¥=1-6 and Q:,U2+4,b)(/1—5)<0,

o «/E_Cl sin{ 2?3 §]+C2 cos[ 2?;2 5]
H(§)=(—j=i+ (3.1.8)
G) 2¥ 2% c («/_Q J . [«LQ ] o
, COs & |+C,sin &
2¥ 2¥

Family 3: When = 0, ¥=1-3 and Q= +48(A1-3)=0,

G) B G,
H(@_[Ej_ﬁ%ﬁcg -1

Family 4: When =0, ¥Y=4-0 and A=¥3 >0,

11



C, sinh (*{PZ egj +C, cosh(f 5]
v

C, cosh[\/\ﬁ_ (SJ +C, sinh[\ﬁgg

o= 2 )40

Family 5: When =0, Y=4-6 and A=¥p5 <0,

—C, sin[\/;j_Af]+C2 COS£J§§J

) . (I
Clcos(quj+czsm[ v f}

12

(3.1.10)

(3.1.11)



CHAPTER 4

APPLICATION

4.1 The Fisher Equation: The partial differential equation,

u —u,—u(l—u)=0 (4.1.1)

is a combination of diffusion with logistic nonlinearity, known as the Fisher equation. It
explains the classic interaction between the linear diffusion and nonlinear reaction that takes
place in the application of chemistry, biology, population dynamics and medicine, involving
nonlinear evolution problems like neutron population in nuclear reaction and population
dynamics in one dimensional locus. That is when nonlinearity releases energy and in order to
balance, energy is being consumed by diffusion, thus happen to appear traveling waves [66].
Fisher Equation was named after sir Ronald Aylmer Fisher, who was a statistician and a
biologist as well. In 1936, Fisher published a paper called ‘The wave of advance of

advantageous genes’ where he first proposed the Fisher equation,

u, =lu, + jud—u) X e (—o,0), =0
(4.1.2) where | is the coefficient of diffusion and j is the growth factor of the species and
u(x,t) is the population density, in order to describe the allele gene mutation and diffusion
of the advantageous gene in the surroundings of one dimensional habitat and while
explaining he discovered infinite travelling wave solutions for Fisher equation [62]. Right
after then in 1937 Kolmogorov et al [63] used the Fisher equation by taking it as two
dimensional equation and showed that unique travelling wave solutions can be obtained by
using certain initial and boundary conditions for when the wave speed C, ¢>2. For this
Fisher equation is also known as the Fisher-KPP equation. Carey and Shen [64] rescaled eq
(4.1.2) to remove the coefficients | and j by introducing scaled variables « = jt and

13



i N\
B = ( % ) X, and substituting these scaled variables in eq (4.1.2) eventually converts to eq
(4.1.1), so to obtain travelling wave solutions easily.

Fisher equation or the Fisher-KPP equation have been used for solving many mathematical
model phenomena and also in many biological systems as well, for example: tissue
engineering [54], in a simple wound healing process there occurs a constant travelling speed,
so to verify that Fisher equation has been to obtain that constant travelling wave speed, then
in nuclear reactor theory as propagation of neutron [55], then again in the context of flame
propagation [56] and also in Brownian motion process [57], combustion [58], logistic

population growth model [59], neurophysiology [60] etc.

Apart from that many authors have used the Fisher equation or the Fisher-KPP equation and
transformed it into more improved version of the equation according to researcher’s purpose

that can be seen in the articles [61,62].
4.2 Application

Let us consider the Fisher equation to investigate and to construct new travelling wave
solutions by using the new extension of the generalized and improved (G'/ G)—expansion

method.

The Fisher equation:

U, —Uy, —u(l-u)=0 (4.2.1)

By using wave transformation of eq (3.1.2),u(x,t):u(§), E=x-Wt into eq (4.2.1) we

have,

14
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The above wave transformations, transform eq (4.2.1) into the following NLODE:

u'(-W)=-wu’

u"+Wu'+u—-u’>=0 (4.2.2)

Now by making the ansatz (3.1.4) for the solution of eq (4.2.2) and by taking the

homogeneous balance between the nonlinear term u’ and the highest order derivative term

n

u” in eq (4.2.2) we obtain the value for N i.e. N =2. Therefore the solution of eq (4.2.2) can

be written in the form:
u(¢é)=a,+a,(d+H)+a,(d+H )2 +(a_, +b)(d+H )71 +(a,+b,)(d+H )72 (4.2.3)
where @ ,,a, d), a,,8,,0,,b, and d are constants to be determined.

Now substituting eq (4.2.3) along with eq (3.1.5) and (3.1.6) into eq (4.2.2) and by
simplifying it, the left hand side is transformed into polynomials in (d + H)" (N =0,+1,%2,...)

and(d +H) ™™ (N =1,2,3...). By collecting the resulted polynomials to zero, yields a set of

simultaneous algebraic equations for a-zaa—l,aoaalaapbvbpd’c and W .

4.3 Systems of Algebraic Equations:

[0+
(d+

4
j :—6a,0” +12a,04 + 2’8 —6a,4° =0

O|Q o|e

3
J :205°da, +10ua, A +204°da, —2ca, A8 +41a,0 —25°a, —40da, A8 —10ua,8

+2cA%a, +24%aa,-2a 4> =0

15



:—4cA’a,d —24a,6°d” —cla,d —1261a,d +24°a,a, + 2408, ud +485a,4d*

+63,0°d +34a,u+6a4’d —2cla,u+4cla,od + 1’a’ —35au+cl’a - A’a,
—4a,u’ —242a,ud —85a,f—24a,4°d” +81a, =0

= a,d+ a,u— a,f+ a0 —6Ada 1 — a, -+ a
242d%a,5 +184d%a,u—124da, B +121d%a,6 — 6Ada, 1 —185d%a, 1+ 125da, B

+60da u+1227d’a, —64°d*a, +126°d’a, —66°d°a, +6a,1°d —6ua, B +2 a4
-2Bas-aA’—au’ —2cla,f—clau+2ci’d’a, —2cA’da, +24°a,a +24%a,a
+2A%a,b —2cla,8d” +2cla,ud +2cla,od =0

:46d°a, u+46d*a, A -45d%a, B-45d°a 1 -35d°a u—4ud’a, A +4uda,f

+3ud’ad+44d%a, B -2paAd +2Ba,6d —454db, —454da_ —cA’b, —cA’a,
+26%d’a, —2p4°d%a, + p’da, —24°d*a, +22%d’a, — Ba,u+257°da , —Sua
+464a_, +404b, +28°db, — Sub, + Aua_, +2A°db, +24°da_, + Aub, —2a, 5
-26%b,-25%a,—-22%a,—2A°h, —25°d*a, +cA’ad” +cAdh, —cla S +clda
+24%aa , +24%b +24%a,a, +22%,b, — 1%a, + A’a; —cla,6d* +cla,ud =0

:—245da., +65udb, +1251da_, —2452db, + 65uda_, +1254d°b, — 6 Audb,

—6Auda_, +125°db, +126°da_, —65ua_, —65ub, —25Ba_, —25pb, —65°d’a
—-65°d’b, +124%da_, —64°d*a_ +124°db, + 6Aua_, + 64ub, + 2482, +228b,
—647d°b, — g*a  — p’b + cAua , +cAub, +2cAda, +2¢cAsh, +2cA’da_, +2cA’db,
—2cA’b, —2cA’a, +24%aa, +22%a,b, +24%aa_, +24%ab, —1’a_, — A°b, —2csAda
—2coidb, =0

:4854d°b, +4804d%a., +94d > ub, +94d’ ua_, —244d pa_, —24Ad ub, —64d Ba_,

—62d Bb, —122d°5a_, —124d°Sb, —95d2ub, —95da_, +245d pa_, +245d ub,
+65dBa, +65d Bb —2427d%a , +64°d’a, —244°d’b, +64°d°h, —245°dD,
—245%d*a, +65°d’a_, +65°d’b, + 34 db, + 3 da_, —3uBa_, —3upb, —85Ba.,
—85pBb, +8ABa, +8A8b, —A’a, —A’b, —4u’a, —4u’b, +cABa  +cApb,
+2cAua, +2cAub, —cA*d’a, —cA’d’b +4cA’da, +4cA’db, +24%°a,a,
+2A%ab, +24%a b, + A%a’, + 4’07 +cAsd’a_, +cAsd’b, —cAuda_, —cAudb,
—4cAoda , —4cAodb, =0
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/N3
(d +%) :—405d°Aa., +46d° ub, +45d*Aa_, —405d° b, +45d°ua_, —305d°pa.,

30502 4b, —45d°Ba., —45d b, +45d*Ab, +30ud*Aa , —4ud’Aa., +30ud>Ab,
+4udfa, +4ud Bb, —4ud’Ab +42d>Ba, +42d>pb, +2085db, —2044da
+2045da, —2082db, +205%d°b, +205%d%a., - 25%d*a, —25%d*b, — 247d%b, —247d %A,
+10g°da, +104db, +204°d%a, —24%d*a_, +204°d’b, —24°d*b, —~108ua ,

—-10Bub, -2p%a_, —24°b, —2cA’d’a, —2cA’d’h, +2cApa, +2cAipb, +21%a_a.,
+22%_b, +24%ba, +24°bb, +2cAsd’a, +2cAsd’h, —2cAuda_, —2ciudb, =0

\—4

(d +—j :A%a%, +A%b; —12ud’Aa, —12ud’Ab, +12ud Ba, +12ud b, +122d°Ba
+124d°Bb, +125d*Ab, +128d° pa_, +125d°ub, +126d*1a_, —64°d*a,
—-125d*Ba_, —126d° b, —6,4°d*b, —61°d*b, —68°b, +21%a b, —68%a_,
—-65°d*a, —6u’d*a, —65°d*b, =0

4.4 Results of the Fisher Equation: Solving the above systems of algebraic equations with

the aid of Maple, we have obtained the following sets results:
(i) Results of Non Travelling Waves:
Set 1

1

Azi,y=—2d‘P,5:5,ﬂ=—ﬁ(12+4d2‘1ﬂ),w:0,d=d,a_2:—81

2

(—34% +4b,¥7),

a,lz_bl,a():%,alzo, a,=0,b=b,b,=b,; (4.4.1)

where, W=A4-0

Set 2

A=A ju=—2dW, 5=8. ﬂ:—ﬁ(—iz +4d?W?), W =0,d =d, a, =_$(_342 +4b, W),

a—l :_bl’ aO :—%’ al :0, a2 :O’ b1 :bl’ b2 :b2, (4.4.2)

where, WY =1-6
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Set 3

_ _ _ 1 2 2 _ _ _ _ 1 209242 242 02
ﬂ—l,y—y,é——ﬁ(ﬂ —u —4/1ﬂ),ﬂ_ﬂ,W_0,d_d,afz_W(—Mﬂ,Bd +724%d%8

—96ud B> —8A°b, 3> + 488" +32°d* —62° 1 d* +3d* 1 + 2427 upd’ 24, pd’ ), = 4,11'/3-2

(36487 —124° F°d +182°d° Bu —18,4° B = 24upB° +32*d — 6,°d° A% +3p°d” + 44°b, ),

1

a, = Yo (32%d? —6°°d> + 127 pd B—42° B* +34°d” —124°d B +128° 1), @, = 0, b, =Dy,
b, =h,; (4.4.3)
Set 4

A=A, 1= p, 5:#(42 +u’ +44B), B=B.W =0,d=d, a, =ﬁ(2422ﬂ2d2+72y2d2ﬁ2

96,40 8> —8A%0, B> +483* +32°d* + 647 °d* +3d* 1t — 2427 upd’ —2447° Bd’), &, = _Wlﬂz

(364 B7d +122° F°d —182°d” Bu 184’ fd” =248 +34*d* + 6,°d° A7 + 34 d* +42°0, 5%,

a, = T (A'd*+22°07d> — 427 pd B+ 447 57 + p'd” 4’ d f+ 44717 ), @, =0, 8, =0, b, =D,
b, =h; (4.4.4)
Set 5

At =, 5=, F=0,W =0,d =d, a, =—(6d*¥* - z’b, + 640> + 120" P), &, = —
U

2

7
(—12d°W* - 1%, - 47 6d ~18ud* W), a, :%(6d2‘1’2 +4 =P 6d —6p5d), 8, =0,a,=0,b =b,

b, =b; (4.4.5)
where, Y =1-6

Set 6

1
2

Y7,

A=—p, p=u,8=5,=0,W=0,d=d,a,=—(6d"¥ - b, +64°d* +124°d’* ~125ud"),

a, = —%(ud“{ﬂ +4°b +6,°d —18d” ¥ ), a, :%(6d2‘}’2 + 47 —64°d —6p5d), 3, =0, a, =0,
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b =h,b=h; (4.4.6)

where, Y =4-6

Set 7

A=A, u=pu, 5:#(,12 +4’ +42pB), B=p.W=0,d=d,a,=-b,.a,=-b, a, :#(dw
2070 — A ud B+ 407 B+ 'l — 4 d B+ A7), =—%ﬂ2(—2ﬂmz —2Bu° +d At +2d A2
+ptd), a, = mfﬂz (22422) b, =b, b, =b,; (447)
Set 8

A=A, u=pu, 5:—#(/12 1P —428), f= W =0,d=d, a,=-b,, a,=b, a, =ﬁ(3d%2
—6A°17d” + 12° pd B — 47 B2 +3p*d” —124°d B+128° 47 ), 3, =—%ﬂz(2yﬁﬁ,2 —281 +dat —
A% +p'd), =ﬁ(12 —,uz)z, b =h, b, =b; (4.4.8)
Set 9

A=pu, u=u,6=35,=0,W=0,d=d,a,=-b,,a, =-b, ao:%(6d2\112+y2+6#2d—6u5d),
U

2
a =§(—1zdw2—w), a, =6ﬂiz, b, =b,, b, =b; (449)

where, Y=1-0

Set 10
A=—p, u=pu,5=36, f=0,W=0,d=d,a,=-h,,a,=-bh,a, =i2(6d2\1'2+y2—6y2d—6u5d),
Y7

1 ) 5 6P’
a :_2(_12d\P +6u _6/15)’ &, :79 b =b,b,=b,; (4.4.10)

u

where, Y=4-0
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Set 11

1

1
_ _ _ _ 2 2 2 _ _ _
ﬂ_i,y_—zd‘lf,5_§,ﬂ_——l6ly(l +16d°¥?),W =0,d=d, a, =-

j(3lz + 128b2\112 ),

3 6y’
a,=-b,a=",8=0,8=""b=b,b=by @.4.11)

where, Y =4-6
Set 12
1 1
A=, u=-2d%¥, 5=6, ,B=—16—lP(—/12+16d2‘P2),W =0,d=d, a, =—W(—3/12+128b2‘l’2),
1
a,=-b,a = 7 , 8 = Oaz— ,b=b,b,=b; (4.4.12)
where, ¥Y=4-6

(ii ) Results of Travelling Waves:

Setl

A=A u=-2d%¥,5=5, ﬂ:—ﬁ(%dz‘{’z -27).W :i%, d=d, a, :—ﬁ(w%bﬁ’z -2,
a, :-ﬁ(mw_ j%} a, :%, a zijjg, a, - 6;2 b =b,b,=b,; (4.4.13)
where, Y=1-0

Set 2

A=A, u=-2d¥,5=5, ﬂ——%(%d ¥ +A7), W —i%, d=d,a, =—@(1536b2‘1’2 -2),
a, :161‘}‘( 16b\P+\/_] =§ a, =$j\/g, z;12:6;2,b1 =b, b, =b,; (4.4.14)

where, Y=4-0
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A A 1
ﬂ,=ﬂ, ,U:i—6, 5=E(d —6} ﬂ 0 W= +T d= d a b —l:_b]7 8.0:0, al=0,
a2:$, blzblﬁ b2=b2; (4415)
Set 4

A A i 5i
A=A, u=t— §=—£d —J pL=0, W= JE’ d=d, a,=-b,, a,=-b, a,=1, a =0,

Vo' dU e
a, = diz b =b, b, =b,; (4.4.16)
Set5
A A 1 5 2
A=A, u=¥—F, 0=—|d¥—=|, f=0,W=t—,d=d, a,=-h, a,=-b, a, =1, 3 =——,
H NG d[ 6} B N 0 1Ty
azzé, b =b, b, =b,; (4.4.17)
Set 6

_ A A i 5i 2
A=A, u=¥— 5:—(d j p=0, W= \/3’ d=d, a,=-h, a,=-b, a,=0, al:a’

%)

J6o o d
a2:_d_12’ b1:b1’ b2:b2; (4418)
Set 7
A 6d°¥? 12d¥?
= =4 — = = W=+— = = =
A=A, u +J€’5 o, =0, +J_dda —b,, a,=-b, a, lz’al FERRE
6¥?
&= b =b, b, =b; (4.4.19)

where, Y=4-0
Set 8

2\ys2 2
L Sl d=d, a,=-b, a,=-b, a0V A
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12d 6y”
aI:_T’ a2:7, bl:bl’ b2:b2; (4420)

where, Y =1-6

Set 9
A 5
A=A, u=t—, 0=0, f=0,W=t—,d=d, a,=-h,, a,=-b,
6 6
1 12dA* _12d A8 A8 _ 1227 6P?
aO:?(J_r 7 F 7 +6d2‘P2], a‘_ﬂ(_\/_ NG —d‘sz,aZ:T, b =b, b,=bh,;
(4.4.21)
where, Y =4-06
Set 10
A=A ,u—+/1—i 0=0, =0 W—+5—i d=d,a,=-b, a,=-b
s — 67 s ’ _,\/8, 9 ) oX) | 19
12d A% _ 225! 1 AS1 _122°% 6?2
+d¥? =— |+ =7F —d¥*|,a,=——, b =b, b, =b;
/12[ NG \/g j /12( \/g‘*' NG j a, 2 =0 =0
(4.4.22)

where, ¥Y=4-6
Set 11

A=tu6, p=p, 5=2ul6, p=p W == \6/— d=d, a, (y2d2+ﬂ2—2uﬂd—/fb2), a,=-b,
y
8,=0, 8 =0,8,=0, b =b, b,=h; (4.4.23)

Set 12

A=tpiN6, p=p, 5=2piN6, =P, W=7 S'I ,d=d, a, ;(Zuﬁd—ﬂ2d2—ﬂ2—u2b2), a, =-b,

a0:1, a1:0,a2:0, bl:bD b2:b2; (4.4.24)
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Set 13

A=+u6, p=p, 5=5, f=0, W = 56 — pu+ 5 d:d,azzlﬂimﬂ&Jgiﬂw&Jg
i

(i,u\/gi d§\/g+6,ud)’

+°d” +8°d* =250 u+6,°d* - i’b, ), @, =%(i45d3y\/314y2d2\/g—2dy2 +45ud? —25%d°

18d 1° —36°d%6 +18ud>8% +36.°d° +18d2 126 + 1°J6 F185d° 12 /6
_12ﬂ2d3—,uzbl), a, :{ H H H H H H H

+1°J6 FdsV6 +6.ud
¢3d5,u2\/8i3,u52d2\/€$53d3\/6}

, 3=0,8,=0, b=h, b=b,; (4.4.25)

Set 14

(+2iv6F dsiv6 —6ud) 7

—°d? —57d" +25d° u+ 67d" - p’b,), A, :Lz(zdyz —45ud> F45d° 1iN6 + 42d%iN6 + 257d°
Y7

S d(12,u3—36,uzdé‘4_r18d,u3i\/€$185d2,u2i\/g+18ud252i25y2i\/g—36,u3d2
—124°d° - , a, =
a a 1) % +u’ 6¢d5\/g+6,ud

¢3y52diJ€i§3d2iJ€)

,a,=0,a=0,0b=Db, b =b; (4.4.26)
Set 15
A=A, u= y,a_—m(f —6u” ~242p).8=B. W = +T d=d,a,=-b,, a,=-b,
1 2484 4° _144,°Bd | 2884up’ ) s
=—— | A'd>+ 1227 17d% + 2442 B + 24 2% y3d + 144
a, 96/12'82[ N wd”+ B+ upd + NG NG +1448°u
3
+36y4d2—144,u3d,8),a1:—48/11213 (+12j_ﬂ 723@‘ +12,uﬂ/12—72,By3+d/14—12d22,u2+36,u4dj,
1 2 2)\2
% = 36 (27-647) . b =b, b,=by; (4.4.27)
Set 16
A=A u=16= ﬂ(/12+6y +24/p),8 =B, W = +T d=d,a,=-h, a,=-b,
1 _24pdA% _ 14447 pdi | 288Aup%
a, = AP F L 27 0°dP A B =24 7 upd T + +1445° 1i?
0 96/1252( 7% H B up NG 76 B u
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1 _122°Bi _ T2ABu
+364%d* —144,°dB), a =— F F —12uBA* = 72817 +d At +12d A% w* + 364 |,

1

2
2, =W(ﬁz+6ﬂ2) , b =b, b,=b; (4.4.28)

4.5 Solutions of Fisher Equation: By using the above results of the Fisher Equation we have
found out the following non-travelling and travelling wave solutions of the Fisher Equation
4.5.1 Solutions of non-travelling wave:

Hyperbolic form of the non-travelling wave solutions:

Substituting Eq (4.3.1) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

2 2
ull(x,t) :%+(—bl +h)(d+H)" +{—%[%]+bz}(d +H)?

2 2
.'.ull(x,t)zgj{%j(dth)z (i)

& u \/_ smh(\/a§J+C2cosh[\2/§§

where, H = ( )= J
2\11 ¥ C, cosh [«/ﬁ §}+Cz sinh [Jﬁ §}
2¥ 2Y¥

If Cl =0 but C2 # 0, then the above equation ( i) becomes:

3 (322 +4bW? Ja Cos}l[z\y
ulll(x,t)=§+(%j d+ -2
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(3/12+4b‘11

3
2 AR A

g el

2d\P+y+J§coth(‘2/_§j

3, (312+4b ¥’
2

gY? 2¥

-2

3 3/12+4b ‘Pz

" Sy?

,  since u=-2d¥

J
)
{mq] 2d\P+J§coth[*2/_§

Qcoth —5
3 3/12 +4b ‘I’

§+ 3/12+4b‘1’ [ 4y

Qcoth’ f]

347 +4b,¥?

3

2Qcoth®| —— ¢
2¥Y

3
.'.ulll(x,t)=5+

If Cl # 0 but C2 =0 then equation (i) becomes,

)
Ja
sinh| ——¢&
3 (347 +4b,¥? u J_ 2y
ull,(x, ==+ Z——=— | d+
2 8P 2w 2w Ja
cosh| —¢
2¥
2 2
.'.ullz(x,t)=%+ 4 +4bi/‘£
20tanh?| V2 ¢
2V
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Substituting Eq (4.3.2) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

2 2
u21(x,t) = —%{—é”\;# sz(d +H)?

2 2
U210 t) = —%{%j(d +H)?

/& N
& 4 \/_ smh( §J+C2 cosh{zlygj

where, H = ( )=og
2lP ¥ C, cosh[\/_§]+(32 sinh[\/af]
2¥ 2¥

1f C, =0 but C2 # 0, then the above equation ( ii ) becomes:

cosh (\/5 s ] i

2 2
u211(X,'[):—%+(—3/1 +40,% j d+-2 +\/5

8’

L, 347 +4b, ¥’

Su2lL(x ) =—— /o ]

2Qcoth®| —— &
2¥

If Cl # 0 but C2 =0 then equation ( ii ) becomes,

-2
@

317 +4b,¥? Jﬁsm 2\1!5

—ZJ d+

+
8Y?
!

u212(x,t):—%+( v ow
cosh(

2|5

1, 34° +4h, ¥’

SUu2L (X ) =—— 7o j

2Qtanh*| - &
2¥
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Substituting Eq (4.3.3) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

u3l(x,t)= iiﬂz (3g4d2 — 67 17d? +12A% ud B— 447 7 +3°d? _12ﬂ3dﬂ+12ﬂ2ﬂ2)

+{ 4/11ﬁ (36 2p°d —12278°d +184°d* Bu —18,4° Bd* — 243’ +32°d°

—642d° A% +3ptd? +4/12b1ﬁ2)+b1}(d +H)" +{8/11

7 (-242°p°d* + 72470 57
—96ud B’ —82°0, 5% +484" +32%d* =647 1P d* +3d it + 2427 upd’ —24y3lb’d3)+b2}
(d+H )_2

Su3l(x,t)=

ziﬂz (34107 —64° 70" +124°ud B— 447 B* +3u'd> ~124°d B+128° 11
4/1113 (36/1 ,B d- lzizﬂ d+181%d? Pu—18u ﬂdz 24/1,8 3243
_6,L12d3j,2 +3,U4d3) (d +H )_1 +ﬁ(_24/’t2ﬁ2d2 +72/J2d 2ﬂ2 —96,udﬂ3

+483° +32°d* —6 A7 7d* +3d* ' +240° upd® — 24,7 Bd* ) (d +H) (iii)

& &
& u \/_C smh( §J+C2 cosh[qugf]

where, H = ( )=
ZT ¥ C, cosh (\/_ 5] +C, sinh (\/5 5]
2¥ 2¥

If Cl =0 but C2 #0, then the above equation (ii1) becomes:

U31, (x.t) = 1 (32%d? 6471 d” +122° ud f—42° B +3u*d® —124°d B+12 8747
1 D 2&2ﬂ2 4
¥ (364747 ~122°5°d +182°d° fu— 1847 fd” — 245" +32°d° —6,°d 2% +3u'd” )

2d‘P+,u+\/5c0th[\2/§§J
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P2 (24/12ﬂ2d2 — 7217478 +96ud B —484* —34%d* + 6471 Pd* —=3d* 1t — 2447 upBd’ +24u3,3d3)
2
{2d\P + 1+~NQ coth[zf;fj}

If C, #0 but C, =0 then equation (iii) becomes,

B 4
W(364242d ~122° B2 + 18270 Bu— 1847 pd? — 24p8° +32°0° — 6,°0° 2% + 34°d°)
Jo J )

2d‘P+u+\/§tanh(2$§

1 (32%d° —6A7°d> +122°ud B—44° 7 +3u*d” —12°d B+ 1287 i
u3l, (x,t)= -~

W (2447 B7d7 = 72470 B2 +96ud B~ 488° —32°d* + 6471 7d* —3d* ' — 242 upd® + 2440 B’
2
{2d‘P +,u+\/5tanh(\2/§§J}

Substituting Eq (4.3.4) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

udl(xt)= ;ﬂz (A2 +222 020 — 422 ud B+ 422 % + ' —4pPd B+ 4540
+{—F1,82(36y2,82d F120°B2d ~182°d> fu—184 fd’ — 24up° + 340

1
8/12ﬂ2

+6°d° A% +3u'd’ +4/12b1ﬂ2)+b1}(d +H)" +{ (24/12,6’2d2 +72u°d* B°

—96,d B° —8A°D, B> +488* +32%d* + 647 12d* +3d* 1t —244% yBd’ —24y3ﬂd3)+b2}

(d+ H)f2
3

S udl(x.t) = W(ﬂdz 207170 — 4 ud B+ 447 B + p'd” 4y d f+ 45710 )

1
—W(%/fﬂzd +122%8%d —182%d* Bu—18,> Bd> —24uB° +324d°
+6,°d° A +3'd’ ) (d +H)” +ﬁ(2412ﬂ2d2 +724°d* B2 —96,ud B° + 485

+32% " + 647 7d* +3d* it —242° ppd’ — 24,7 Bd* ) (d + H) (iv)
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(Vo Vo
p Ja C, s1nh(2\yf]+C2 cosh{z‘yf

here, H (G') + ]
where, A =(—)=——
’ G 2¥ 2¥
C, cosh @5 +C, sinh @5
2¥ 2¥

1f C, =0but C, #0, then the above equation (iv) becomes:

u4l, (x,t)=

1 3(ﬂ,4d2 +2°1°d° =47 pd B+ 4A° B + utd? —4,u3d,B+4ﬂ2y2)
2223 4 -
lI’(?,6,uz,b’2d +12274%d —182°d* Bu—184° fd* —24upB° +34%d° + 6,°d° A7 +3,u4d3)
v j

Q
2dW¥ + 1+~ Q coth| ——
u [2\1, g

+

P2 (242777 + 724707 7 — 96,40 B + 488" +32°d " + 6477 + 3t — 2427 upd® — 240 Bd”* )
Jo )\
{Zd‘l’ +y+\/5coth(2q’ fj}

If C, #0 butC, =0 then equation (iv) becomes,

a1, (x.1)= 1 (3(A'd?+22°07d> — 427 ud B+ 427 B + p*d’ —4p°d B+ 451 )
2 s - 2
B

207 4
V(647 5°d +122° B7d —182°d° Bu— 18,0 A’ = 244 +34°d* + 6,°d* A% +3p'd?)
v j

+
Q
2d¥ + u+~Q tanh| ——
U [2\1,5

W (2407 B2 + 72407 B —96ud B+ 48 8% +3A°d " + 64717 d " +3d 't — 247 upd”® — 24, pd” )

{2d‘P +u+JQ tanh(;/g g}}z

Substituting Eq (4.3.5) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

29



us1(x,t) =i2(6d2\112 + 12— 126d —6yc$d)+{i2(—12d3\112 — 1’y — 47 6d —18d* W ) +b }
H H

(d+H )_1 +{L2(6d4‘1’2 —u’b, + 7 6d? +12,ud3‘P)+b2}(d +H )_2
U

USI(xt) = —(6d”W7 + 47 — 17 6d — 6u5d ) + 12 (—12d°9* -z 6d —18d* ¥ )(d +H )’
y7]

-(6dW? + 760 +124d°W)(d +H) ™)

C, sinh(\/a.fj +C, cosh [\/5 &
G, u \/5 2Y¥ 2¥
where, H = ( )=——

ZT ¥ C, cosh (\/5 5] +C, sinh (\/5 5]
2¥ 2¥

If Cl =0 but C2 # 0, then the above equation (v) becomes:

2W (12d°W? + g2 6d +18ud* W
u511(x,t)=i2(6d2\1ﬂ+y2—;ﬂ6d—6y5d— ( Hur6d+15udY)

# 2d‘P+,u+\/§coth[\2/§§}

+

49° (6d*W? + 12 6d” +124d° W)

{2d‘P+,u+J§coth££§j}

If C] # 0 but C2 =0 then equation (v) becomes:

29 (12d°¥* + 2 6d +18ud >
u512(x,t):i2(6d2\1f2+y2—/,126d—6u5d— ( a ud?)
y7i

JQ
2d‘P+,u+«/§tanh(2lP§J

+

497 (6d*W? + 176d” +12ud° W)

{2d‘P+,u+\/5tanh£\2/§§j}

Substituting Eq (4.3.6) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the
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following non travelling wave solutions,

u6l(x,t) = i2(6d2\112 + 1’ —64%d —6y5d)+{—i2(12d W2 4 b +6°d —18ud 2\1’)+b1}
U

U

(d+H)" +{i2(6d4\1ﬂ 17, +6,7°d7 412, —125yd3)+b2}(d +H)?
U

£ U6l(x,t)= %(6&?2 + 1 —64%d —6/¢5d)—i2(12d3\112 +64°d ~18,d” ) (d +H)
H H

+i2(6d4\112 +64°d” +124°0° ~128ud” ) (d + H)
U

C smh(\/aé‘J+C2 cosh[\/aél

. _u o 2
where, H = ( )=——
Z\P ¥ C, cosh —\/55 +C, sinh —\/55
: 2¥ ? 2¥

If Cl =0 but C2 # 0, then the above equation(vi) becomes:

2% (12d°W? + 647°d —18,d W)

2d\P+,u+x/5coth{\2/§§J

u611(x,t)=i2(6d2\P2+y2—6u2d—6y5d— +
U

497 (6d*W? +6,°d” +124°d* —125ud” )

{2d‘P+,u+\/acoth(\2/§§J}z

If C] # 0 but C2 =0 then equation(vi) becomes ,

2% (12d°W? +64°d —18d” W)

e

u6l, (1) =i2(6d2\112 + 12 —62d —6u5d —
2d‘1’+,u+\/§tanh(2ql§

7

+

497 (6d*W? +6,4°d” +1247°d> —125ud” )

{2d‘P +,u+x/§tanh(\2/§(§]}
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Substituting Eq (4.3.7) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

_ 3 2172 2,292 2 2 n2 492 3 2.2 3
u71(x,t)—8/12ﬂ2 (0722 +22°0°d° =422 ud B+ 42° B + ' d> 417 d B+ 48 )_4/12,82

2upA* =201 +dAt +2d A%’ + ptd ) (d + H
( up B+ + o+ u )( + )+812ﬂ2

(/12 +y2)2(d + H)2
+(—b,+b)(d+H )_1 +(—b, +b,)(d +H )_2

3 3

S U711 = S (027 +22°°d* 47 ud B+ 447 B + p'd” — 47 d B+ 487 )~ YRy

(—2;1,[)’),2 =281 +d At +2d A%’ +y4d)(d +H )+W(ﬁ,2 +,uz)2 (d+H )2 (vii)

[N vQ
C,sinh| — C,cosh| —
& +\/5 ,sin (2‘1’5]-‘_ , COS {211] 5%

where, H=(—)=
G 2¥Y 2¥
C, cosh @5 +C, sinh @f
2¥Y 2¥Y

1f C, =0 but C2 # 0, then the above equation (vii) becomes:

u71,(x,t) =

81% 3 (027 +24%1°d* —42°ud B +42° B + 'd” —4°d + 47117

(20p2> 428 ~dA* - 20247 _ﬂ4d){2d\lj+,u+\/500th[\2/§§j}

Y

+

(/12 +ﬂ2)2{2d\},+ﬂ+\/§coth(\2/§éz]}

4y’

+

If Cl # 0 but C2 =0 then equation (vii) becomes,
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W7D = #(dz’iz +22°000d% 422 ud B+ 42 B+ gl - 4t d B4

(Z,uﬂﬂz +2pu —d At —2d A%’ —,u4d){2d‘P+,u+x/§tanh(\2/§§J}

Y

(/12 + 1’ )2 {2d‘}’+,u+\/atanh[\2/§§}}z

+
492

Substituting Eq (4.3.8) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

usl(x,t) = ﬂlﬁ (3d2/12 /Izuzdz+12/12ud,3—4/12ﬂ2+3y4d2—12y3dﬂ+12ﬂ2,u2)

3
s Pyl
+(—b, +b,)(d +H )_' +(—b, +b,)(d+H )_2

1
SUBlI(x,t) =
(1) YE

2uPA} 2 +d2* ~2d 2747 + p'd)(d +H )+ (22 —p) (d+H)

8/12ﬂ2

7 (3d°27 =647 1 °d” +124° ud - 427 B +3pd” =1245°d B +128° 117

3

i (2w 2B + A2 =20 X + it d)(d+H)+ﬁ(iz—u2)z(d+H)z (viii)

& u \/_C smh(\/aé‘J+C2 cosh[ﬁé]

where, H=(—) =

G 2‘1’ 2¥
C, cosh (\/5 5} +C, sinh [\/5 5}
2¥ 2¥

If Cl =0 but C2 # 0, then the above equation (viii) becomes:

us1,(x,t) = ﬁ(mw —6A7 127 + 127 ud B— 422 B + 3t d> —124°d B+ 12 524
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3(2,uﬂﬂz 2B’ +d At -2d A% +y4d){2d‘{’+y+\/§coth(\2/§§}

4
3(12 _ﬂz)2 {2d‘}f+y+\/§coth(\2/$§}2

_|_
49

If Cl # 0 but C2 =0 then equation (viii) becomes,
usl(x,t) = ﬂlﬂ (3d2ﬂ,2 6A° 17 d> + 127 ud B—42° B +3ud* —12°d B+12 8% u

3(2uB* -2 +d A" —2d 2% +y4d){2dT+y+Jﬁtanh[£§j}

b4
3(12 —,uz)z {2d\P+,u+«/§tanh[\2/§§J}

_|_
492

Substituting Eq (4.3.9) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

\112
% (d+ H)2

u91(x, t)—ﬂ (60*W? + 7 +6,°d —6u5d ) + ;2 (—12dW* - 64%)(d+H)+
+(-b, +b)(d+H)_l+(—b2+b2)(d+H)_2

\Ij (d+H)2
(ix)

LU9I(Xt) = — (6d W+ 17 +647d - 6u5d )+ 12(—12d‘P2—6,u\P)(d+H)+
u )z

here H_(G') 4 \/_ Smh(\/ﬁgJ-i-CZCOSh{\z/gg]
where, H =(=)=-"-

© 2lP ¥ Clcosh[\/aflﬂizsinh[\/af]

2¥ 2¥
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If C, =0 but C, #0, then the above equation (ix) becomes:

2¥

1 (6d‘P2+3y‘{’){2d‘1’+u+\/§coth(\/§§}
—(6d>W? + 1% +64°d —6,u5d —
yz( + 40 +647d —6p v

3{2d‘1’+,u+\/§coth[\2/§§}

2

ugl,(x,t) = +

If Cl # 0 but C2 =0 then equation (ix) becomes ,

(6d\P2 +3,u‘P){2d‘P+,u+\/§tanh(\2/§§J}

b4

u91L,(xt) =i2(6o|2l112 + 2+ 6u°d —6usd -
y7;

3{2d\?+y+\/5tanh(‘2/§g}

2

+

Substituting Eq (4.3.10) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

2

ul01(x,t) =i2(6o|2l1'2 + 47 —64d —6;15d)+i2(—1zoqu2 +64° —645)(d+H)+ ks (d+HY
7 2 U
+(~b +b)(d+H) " +(=b, +b,)(d+H)”

. ul01(x,t) :%(60@2 + 17 6% —6;450|)+i2(—1zo|\1'2 +64° —6u5)(d+H)

H H

2
+6l}; (d+H)2 (%)
y7i

If Cl =0 but C2 # 0, then the above equation (x) becomes:

(6d¥? 347 +3y5){2d\y+/4+\/5coth[*2/§§}

b4

1
U101, (x,t) = —(6d*F* + * —647°d — 6,5d —
u
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2¥

3{2d‘1’ +,u+\/500th[\/5§]}2

+

2

If Cl # 0 but C2 =0 then equation (x) becomes,

(6d‘I’2 -3’ +3y5){2d‘1’+y+\/5tanh[\/5§}

2%

ul01,(x,t) = %(6dzl}'2 + 12 —642d —6u5d —
7]

3{2d‘1’+,u+\/§tanh(\2/§§j}

2

b4

+

Substituting Eq (4.3.11) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

3 (6w’ - 1 —32%+128b,¥* -

ulll(x,t)=Z+( 7 j(d+H)2+(—b1+b])(d+H) 1+[_ﬁ 2 : +sz(d+H) :
3 (62 32 § .
.'.ulll(x,t)=Z+( = ](d+H)2+[128T2](d+H) ’ (xi)

C smh((f +C,cosh| —¢&
! 2¥ 2Y
where, H =(%)=i+\/5

22 C, cosh [«/ﬁ 5} +C, sinh [«/5 5}
2¥ 2Y¥

If Cl =0 but C2 # 0, then the above equation (xi) becomes:

3Qcoth’ @ £
2¥Y 312

3
ull1,(x,t)y=—+
(%0 4 247

32Qcoth’ @5
2¥Y
1f C, # 0 but C, =0 then equation (xi) becomes,
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347

3Qtanh’ («/5 f]
2¥

207

3
ull lz(x,t)=Z+

32Qtanh’ @ &
2¥
Substituting Eq (4.3.12) into Eq (4.1.3), along with Eq (3.1.7) and simplifying, yields the

following non travelling wave solutions,

1 (6¥? - 1 —34%+128b,¥” -

ul2 l(x,t):Z+£ e j(d+H)2+(—bl+b1)(d+H)1+[—128 3 2 +b2J(d+H)2
1 6v’ 347 - .
S ul2 1(x,1) :ZJ{ e j(d +H )2 +[128‘P2j(d +H) ? (xii)

C, sinh(\/5 fJ +C, cosh[\/5 §]
2¥

B

g NQ
Y Jo
C, cosh (2\11 §]+C2 sinh(

G’
H = — =
where, ( G )

2o =

If Cl =0 but C2 # 0, then the above equation (xii) becomes:

3Qcoth’ [\/5 £ J
2¥

247

347

32Qcoth’ (\/5 fj
2¥Y

1
ul2 11(X»t)=1+

1f C, #0 but C, =0 then equation (xii) becomes,

3Qtanh’ @ &
2¥ 347

+
247
32Qtanh’ Vo £
2¥

ul2 lz(x,t):%+
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Trigonometric form of non-travelling wave solutions:

Substituting Eq (4.3.1) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

2 2
L u12(x,t) =%+(%j(d +H)?

—C sin[ V= gJ [“_Q 5]

where, H =(E)=L+ < kil 2 ki
’ G  2¥ 2v¥ («/__Q ] . [./__Q J
C, cos & 5 &

A Y 2V

If C1 =0 but C2 # 0, then the above equation (i) becomes

3% +4b,¥°

20 cot’ (EQEJ
2¥

3
u121(x,t)=5+

1f C,#0 but C, =0 then equation (i) becomes,

3 317 +4b)¥?

u122(x,t):5+ Jﬁéj

200 tan’| ——=
2%

Substituting Eq (4.3.2) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

2 2
Su22(x,t) = —%j{%j(d +H)”

38
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e Bl 4]
where, H =(E)=—+ <

2 C, cos[\/5§]+C2 sin{méj
2Y 2Y

1f C,=0 but C, #0, then the above equation (ii) becomes:

2 2
u22,(x,t):—l+ 34 +4liz/ql_
2Qi° cot’ LQ(:

2¥Y

If C] #0 but C2 =0 then equation (ii) becomes,

347 +4b,¥?

1
—+
2Qi° tan’ ;Qé
2¥Y

u22,(x,t)=—

Substituting Eq (4.3.3) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the
following non travelling wave solutions,

ziﬁZ (32'd7 —64°47d> +122°ud B4 + 340" —124°d B+ 1231

Su32(x,t) =

—6°d° 27 +3p4d”) (d+H) "+ (—2447B7d* +724°d° B> 96 ud B°

8&2ﬂ2

+484° +32°d* — 6271 d* +3d* 1t +2427 upd’ — 24,7 B ) (d + H) (iii)

mf]

p \/_ -C sm[méJ+C2 cos( oy
2lP ¥ C, cos(\/ﬁg€]+c2 sin(me
2¥ 2¥

where, H _( )—
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1f C,=0 but C, #0, then the above equation (iii) becomes:

1 (32%d% —6A242d? +122%ud B— 427 B* + 3 d> —12,°d B+12 824
u32,(x,t)= BT , _
V(364 B7d —124° F°d +184°d* B — 184 Bd” —2448° +32°d )

N

. -Q
2dY¥ + u++/Qicot| ——
7 ( p g

W (2447 B7d ~ 724707 B2 + 96 ud B — 488" —3A%d" + 6471 Pd " —3d*pt — 2427 ypd’ + 24 pd” )
— 2
{2d‘1’ +,u+\/ai cot(;f SJ}

If C1 #0 but C2 =0 then equation (iii) becomes,

1 [(34%d* =647 °d’ +120°ud B— 447 B +3u'd” —124°d f+128° 1)
u32, (x,t)==——5— +
24%p 4

W (3647 57d —124° B7d +182°d* Bu 184 Bd” = 244" +32°d° — 6,°d° A +34°d”

mf}

+
2dY¥ + 1 +~/Qitan
p+JQ (2\1'

W (2447 Bd7 + 724707 B~ 96,0 B + 48 8% +34°d " — 647 °d* + 3 ut + 2447 upd’ - 24 Bdl°)
— 2
{2d‘1’ +u+\/ai tan[ 2_;2 f)}

Substituting Eq (4.3.4) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

3

.'.U42(X,t):W(i4d2 +2ﬂ,2/uzd2 —4ﬂzlud13+42,2ﬂ2 +,u4d2 —4,u3d,6’+4,6’2,u2)

1
Yo (3647 p°d +122° Fd ~184°d° Bu— 184 Bd” — 243" + 32*d’
+6p° 2 +3u'd)(d + HY +ﬁ(2‘wﬂzd2 +72P0 B ~964d B + 43 5°

+32% " + 647 7d " +3d* 1t —242° upd’ — 24,7 B’ ) (d + H) (iv)
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) +\/_Q—Clsln{ o .§J+C2cos£ o f]

G’
h H=(—)=X-
where, (G)

2 C, cos[\/5§]+C2 sin{méj
2Y 2Y

1f C,=0 but C, #0, then the above equation (iv) becomes:

ud2, (xt)=

1 [3(%2 F2° 07 42 d B+ 417 B + ' — 4 d B+ 4B )
2B 4

W (364 B7d +124° Bd —184°d” Bu—184' Bd* = 24up° +32°d” +6,4°d° 2 +3u'd’)
+
2d‘I’+,u+«/§i cot(;}éj

W (2424 Fd7 + 724707 B2 =960 B+ 488 +34°d" + 6477 d" +3d 4t — 242° upd® - 24 pd’)
'_Q 2
20% + u++/Qicot| — &
2¥

1t C 20 but C2 =0 then equation (iv) becomes,

ud2, (xt)=

1 [3(/1“d2 + 22207 422 pd B+ 422 B2 + 'l — 4P d B 4B ) .
2125 4

V(3647 F7d +122° B7d —184°d* B~ 184 Bd” = 24p° +324°d + 6,°d° A7 +3p'd?)

+
2d‘P+,u+\/§i tanL\/z_\P_ij

p’ (24/12ﬂ2d2 +72,°d° B2 —96ud B +483° +324%d" + 647 1 d* +3d” 1t — 2447 upd’ —24y3/3d3)
: V-0 ’
2d‘P+,u+\/5|tan &
29

Substituting Eq (4.3.5) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

S u52(x,t) = —(6d>W? + 1 — 1 6d —6y5d)+i2(—12d3\f'2 —p26d —18ud>P)(d+H)"
)7

+—(6d*W? + £76d” +124d*W)(d +H) v)

kN
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—C, sin {méj +C, cos(m f]
2Y 2Y¥
§]+C2 sin[ﬁé}

M N

here, H —(E)—

Where, G’ 2% 2% JO
C, cos

2¥

If C] =0 and C2 # 0, then the above equation (v) becomes:

29 (12d°9” + 47 6d +18d> P )
}

. -Q
20 + 1 ++/Qicot| ——=
u ( w 4

us2,(x,t)= Lz 6d*W’ + u” — 1’ 6d —6u0d —
u

497 (6d*W? + 17 6d” +124d°Y)

{2d‘1’+,u+\/5i cot(\/szj}

If C1 #0 but C2 =0 then equation (v) becomes,

2% (12d° ¥ + 47 6d +18d W)

EGEJ

2d¥ + u++/Qitan
H \/_ (2‘1’

us2, (x,t) =L2 6d°W? + 1° — 1’ 6d —6u5d +

U

492 (6d*W? + 17 6d” +12d W)

{2d‘1’+,u+«/§i tan[\/z_\y_g‘f]}

Substituting Eq (4.3.6) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

1

“w

€

S u62(x,t)=— (64> + 1° —64°d —6u5d ) ——(12d° W + 6,°d —18ud* ¥ ) (d + H) ™

X

+-L(6d*W? + 64207 +1247d —128ud* ) (d + H) (vi)
7
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—_-C sin{“_Q gj (“_Q 5]
where, H :(E):_,u + 0 i 2 il
’ G  2¥ 2v¥ [./_Q ) _ {./__Q J
C, cos & |+C,sin &
2¥ 2Y

1f C,=0 but C, #0, then the above equation (vi) becomes:

2% (12d°W? +64°d —18d” W)
j

. o)
2d¥ + u++/Qicot| ———
u ( p 4

u621(x,t):iz 6d°W? + 1> —61°d —6u6d — +
U

497 (6d*W? +64°d” +124°d° —125ud”)

{2d‘1’+/¢+\/§i cot(ﬁf]}

If C1 #0 but C2 =0 then equation (vi) becomes,

2 (12d°W* + 64°d ~18ud V)

mgj

_+_
2d¥ + +\/§i tan
: ( 2

u62, (x,t) :% 6d*W’ + u° —64°d —6u5d +
U

492 (6d*¥? +6,°d” +124°d” ~126ud” )

{2d‘P+,u+x/§i tan(\/z_\y_gcf}

Substituting Eq (4.3.7) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

SUT206H =2 ; 7 (d222 +22242d> —42%ud B+ A2 5 + p*d? — 4p°d B+ 45717 ) — 4;/32
(2upA® =28 +d A" +2d A2 + p*d ) (d + H )+—3 (22 Wz)2 (d+H)* (vii)

8/12ﬂ2
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—C, sin {méj +C, cos(m f]
2Y 2Y¥

M N
. [ A=Q
§]+C2 sin {211] 5}

2¥Y 2 J=0
C, cos
2Y

G’
h H=(—)=
where, (G)

If C] =0 and C2 # 0, then the above equation (vii) becomes:

3

u72,(x,t)= 8&2,82

(0222 +22%07d? — 427 ud B+422 B + 1*d> — 417 d B+ 471 +

(22> + 210" —dA* 24 2% _ﬂ4d)(2d‘l’+,u+\/§i cot[‘{\{?fj}

Y

(/12 + 1 )2 {2d‘{’+,u+\/5i cot (\/235]}2

+
4y’

If C] #0 but Cz =0 then equation (vii) becomes,

3
8/12ﬁ2

U722(X:t): (dz/’i2 +2/12/L12d2 _412ﬂdﬂ+412,32+,U4d2—4,u3d/3+4ﬁ2/12—

2uBA +281° —d At —2dA% % — utd )| 2dW + w+ Qi tan mg

( ) Sy
v

(/12 +qu)2 {2d‘{’+,u+\/§i tan(\/z_\y_gg‘j}

+

4y’

Substituting Eq (4.3.8) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

Su82(X,1) = 8+

,1,32(
3

g PR 2 02 20E ) H )+ (2 ) (d ) D

3d°A7 =64 7d” +12A°pd B — 427 B2 +3p*d” —124°d B +12 87 117
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—C, sin {méj +C, cos(m f]
2Y 2Y¥

M N
. [ A=Q
§]+C2 sin {211] 5}

2¥Y 2 J=0
C, cos
2Y

G’
h H=(—)=
where, (G)

1f C,=0 but C, #0, then the above equation (viii) becomes:

1

u82,(x,t) = 8/12ﬁ2

(3d°4% 62717 d> +122° ud B - 447 f* +3p*d” —124°d B+128° 1

3(2,uﬂ/12 2B +d At —=2d A%’ +,u4d)(2d‘~}’+/,1+\/§i cot(z_\l?cfn

b
2
3(2° —;ﬂ)z {2d‘P+y+\/ﬁi cot( N=Q 5}}
2¥
+
4y
1f C,#0 but C, =0 then equation (viii) becomes,
u82,(x,t) =L(3dw — 671207 + 1227 1d B — 422 B2 + 340 d> — 12450 B+ 12 824

Sizﬁz

3(2upA’ =21 +d At -2d 471 +ﬂ4d)[zd\P+y+Jﬁi tan[ “2;? gD

+

v
3(,12 —,u2)2 {2d\P+,u+\/§i tan(\/z_ly_ﬂgg}

4y?

+

Substituting Eq (4.3.9) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

2

(d+H )2
(ix)

S U92(x,t) = i2(6d2\}'2 + 42 +647d —6;15d)+i2(—12d\112 —6,0¥)(d+H)+ 6‘12
H H H
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-C sin{“_Q gJ (“‘Q 5]

where, H =(E)=i+ = 2 2 skl
’ G  2¥ 2v¥ [./_Q ) _ {./__Q J
C, cos & |+C,sin &

2¥ 2¥

1f C,=0 but C, #0, then the above equation (ix) becomes:

(6d\{f2 +3y‘{’)£2d‘{’+,u+\/5i cot[gfjj

Y

u92,(x,t) = iz(éolzllf2 + 1+ 6u°d —6u5d —
y7]

3{2d‘1’+,u+x/5i cot(ﬁf]}

2

+

1t C 20 but C2 =0 then equation (ix) becomes,

(6dl}f2 +3/H’)£2d‘1’+y+\/§i tan(it}l_gﬁjj

u92,(x,t) = — (6d W24 1 +647d —6usd +
,u

3{2d‘{’+,u+«/§i tan[\/z;_gﬁj}

2

Y

+

Substituting Eq (4.3.10) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the
following non travelling wave solutions,

2
~ul02(x,t) =i2(6o|2\y2 + 12 — 64 —6/,150|)+i2(—120|\112 +648° —~6p5)(d+H)+ 6%
H H H

(d+H) x)

mf]

i Wl ') " \/_ Csm[_Q.’fJ+C2cos£ Yy
where, H = = — —
2lP o Clcos( — §}+Czsin( — ch
2Y¥ 2Y¥

46




If C] =0 but C2 # 0, then the above equation (x) becomes:

(6dw” -3, +3,u5){2d‘}’+u+\/5i co{\/z_ly_Q gJ]

Y

1
u102,(x,t) = —(6d*¥* + 4" —6,4°d — 6 u5d —
U

3{2d‘1’+,u+\/§i cot(‘/z;l_ggJ}

2

—+

If C1 #0 but C2 =0 then equation (x) becomes ,

(6dw* ~34° +3,u§)(2d‘1’+u+\/5i tan(\/z;j_g gn

b4

2

3{2d‘1’+y+\/§i tan(\/z_\P_QfJ}

2

1
U102, (x,t) = — (6dW* + 1/* —6,°d — 6 u5d +
7

Substituting Eq (4.3.11) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

S Ul12(x,1) =%+(6;2 j(d +H)’ +(123;;2 j(d +H)” (xi)

& u m—cl s1n[ oy & |+C, cos oy &
where, H =(E)=—+

Sl Clcos(mﬁf} ) Si mej
2¥ 2Y

If C] =0 but Cz # 0, then the above equation (xi) becomes,

3Qcot’ “_Qg
112,(x,t) 3 i 2
ull2, (x,t)y=—-- 5
4 22 JO
32Qi° cot 795
29
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1f C, #0 but C, =0 then equation (xi) becomes,

3Qtan’ ;Qf
12, (x,0) =2 kil 32
ul12,(x,ty==- 5 +
4 24 V-
32Qi° tan’ 795
2Y

Substituting Eq (4.3.12) into Eq (4.1.3), along with Eq (3.1.8) and simplifying, yields the

following non travelling wave solutions,

Sul22(x,t) :%+(6:;2 J(d +H )2 +[123;;2 j(d +H )_2 (xii)

If C1 =0 but C2 # 0, then the above equation (xii) becomes:

3Qcot’ («/5 §J

2¥Y
207

347

32Qi° cot’ («/5 5)
2¥

1
ul22,(x,t) = 1

1f C,#0 but C, =0 then equation (xii) becomes,

3Qtan’ ;Qf
122,(x.) = i 32
ul22,(x,t)=—-
4 247 J-
32Qi° tan’ —Qf
2Y

Rational form of the non-travelling wave solutions:

Substituting Eq (4.3.1) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

2 2
S ul3(x,t) =%+(%J(d +H)” )
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Mo Cz
here. H = (=) =+
WHETE, ( ) 2P C+C2§

then the above equation (i) becomes,

(347 +4b,9%)(C, +C,¢)’
gY2C?

ul3,(x,t)==

Substituting Eq (4.3.2) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

1 (327 +4b,¥’ 2 .
u3,(xt)=——+| =——=2— |(d+H ii
2(>2(8q,2 ]( ) @
Ho, G
h H= =
WhTE ( )- 2% C1Ce
then the above equation (ii) becomes,
1 (347 +4b,%°)(C +C,E)
u23,(x,t)=——+ s
2 8Y°C;
Substituting Eq (4.3.3) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the
following non travelling wave solutions,
S u33(x,t) = ;Llﬂ (34%d> —64%1°d” +122° ud B—42° B + 3 d? —124°d B+1287 117 )
411,6 (3642247d —12225°d +182°d° B — 184 Bd” — 24pf° +32°d”
6420727 +344d”) (d+H) + SE;ﬁz (-242°7d” + 72420 7 —96,4d B°
+483' +32°d" — 647 7d* +3d it + 2427 upd’ — 24, B ) (d + H) (iii)
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Mo Cz
here, H = (—) = £~
WASTE ( ) 2 C+CE’

then the above equation (iii) becomes,

133, (1) = — (3A4d2—6/12y2d2+12/12ydﬂ—4,12ﬂ2+3ﬂ4d2—12y3dﬂ+12ﬁ2ﬂ2
1 > - _
2

A2p? 4
W (364 f7d —122° °d +184°d° Bu—184° fd” = 24,8 +32°d° —64°d* 2* +3u'd?)
(C,+C,¢)

Y2427 4°d* +724°d° B2 —96ud B +488% +31%d*
{2le(C|+C2§)+1U(C]+C2§)+2‘PC2}+ ( IB H ﬂ M ﬂ ﬁ

2. 294 4 4 2 3 3 3 (CI+02§)2
—62°1°d* +3d" 1 + 242° upd’ — 24,7 pd’) _
{2dW¥(C, +C,&)+ u(C, +C,&)+2¥C, }
Substituting Eq (4.3.4) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

3

U (0t) = o (A 220 AL AR 0 A 4

4/11ﬁ (36,U £2d +12425°d —1842d> Bu—18,° fd> —24u8° +34%d?
+6,U2d3/12+3ﬂ4d3)(d+H)_1+ﬁ<24ﬂ2ﬂ2d2+72ﬂ2d2ﬁ2_96ﬂdﬂ3+48ﬂ4

+32% " + 647 7d* +3d* pt —242° ppd’ — 24,7 Bd* ) (d +H) (iv)

Ao, G
here. H = (=)= 44
where, ( ) 2w C+Ce

then the above equation (iv) becomes,
i 1 [3(A' 4227707 =422 ud B+ 417 B + ' — 47 d B+ 4710
u )= _
1 ( ) 2/12ﬂ2 4
W (3647 B7d +124° B7d —184°d° Bu—184° Bd” — 2448 +32°d* + 6,°d 2% +3u*d”)

C,+C,¢ W2 (24250 +724°d B> - 96 ud B + 48 8°
{2d¥(C, +C,&)+u(C,+C,&)+2¥C, | ’ 2

+344dY + 647 17d* + 3t = 2407 upd’ — 2440 B’ (C, +C&)
{2d¥(C, +C,&)+u(C, +C,¢) +2v¥C, )
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Substituting Eq (4.3.5) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

S u35(x,t) = i(6d2t112 + 47— 17 6d 6,50 ) + 12 (-12d°9 - 1260~ 180> W) (d +H )
U U
i(6d4l}'2+ﬂ 6d’ +124d°¥)(d+H)” )
u
Ao, C,
here, H =(—) =+ —2
WAETE ( )- 2 C+CE’
then the above equation (v) becomes,
us3, (x,t)= iz(édqu2 + 17— 760 — 65 —(12d°W? + 64°d +18d W)
Y7
2¥Y(C, +C
(Ci+Cy) (607 + 760" + 12,07
{2d¥(C, +C,¢&)+ u(C, +C,&)+2¥C, |
49%(C, +C,&)
[2d¥ (C, +C,¢)+ u(C, +C,¢)+2¥wC, )
Substituting Eq (4.3.6) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the
following non travelling wave solutions,
~U63(xt)=— (607 + 4 — 647 —6;¢5o|)—iz(12d3\1f2 +64°d —18,0” % ) (d +H)
H H
+L2(6d4‘1’2+6,u2d2+12,u2d3—125,ud3)(d+H)2 (vi)
U

o C,
H —
where, ( ) 2¥ C +C, ¢’

then the above equation (vi) becomes,

u63, (x,t)=—(6d°W* + 1’ ~64°d —6,5d —(12d°¥* + 6,°d ~18d ")
U
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29(C, +C,¢) (6% +64°d” +124°d ~126ud”
[2d'¥(C, +C,&)+ u(C, +C,&) +2%C, )

492(C, +C&Y)
[2d¥(C, +C,&) + u(C, +C,&)+2¥C, )
Substituting Eq (4.3.7) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

;ﬂz (A2 +2220°d> 427 ud B+ 427 B + p'd> ~ 41 d B+ 471 ) - 3

S U73(x,t) =
( ) 4X«Zﬂ2

(—2;1,6%2 =281’ +dAt +2d A% +y4d)(d +H )+ﬁ(lz +,uz)2 (d+H)  (vii)
yli C,

here. H = (=)= 4~
WHETE, & )Z‘I’C iCE’

then the above equation (vii) becomes,

u73,(x,t) =#(d212 +2271°0% 4 ud B+ 42287 + ptd? — 4P d B+ 4B 18

(2upA® +2p1° —d A" —2d 247 - pi*d ) {2d W (C, +C,&) + u(C, +C,&) +2WC, }
¥ (C, +C,¢&)

(/12 +u’ )2 {2d¥(C, +C,&)+u(C, +C2§)+2‘PC2}2
492 (C, +C,¢)’

+

Substituting Eq (4.3.8) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

us3(x,t) = giﬁz (3d°27 =627 4°d” +122° ud - 427 +3pd” = 1245°d B+128°41°

3

T S (2upR> 2 + A ~2d 2% + i )(d +H) + (22 —42) (d+HY (i)

812ﬂ2

Ao, G
here. H = (=)=
Where, ( ) 2w C+Ce
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then the above equation (viii) becomes,

1
u83,(x,t) = S5

(3d°4* =647 17d> +122°ud B — 427 B° +3u°d> —124°d B +128° 417

2d¥(C, +C,&)+ 1 (C, +C,&) +2¥C, |
¥(C, +C,¢)

=3(2upA’ =2 +d A" —2d 71 +,Ll4d){

3(22—12) {20 (C, +C,&) + u(C, +C &) +2¥C, |
492 (C, +C,eY’
Substituting Eq (4.3.9) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

—+

following non travelling wave solutions,

2

S.u93(x, 1) :iz(éolzly2 + 1% +644%d —6;;5d)+i2(—12d\y2 —642¥)(d+H)+ \I; (d+H)
H H H
(ix)
Mo C,
H= = S R
where, ( )- 2w C+Ce

then the above equation (ix) becomes,
(60W? +34%){2d%W (C, +C,&)+ u(C, +C,&)
‘P(Cl + Cz.f)

2¥C,} 3{2d'¥(C, +C,&)+ u(C, +C,¢) +2¥C, |

2
2(C,+Cy¢)
Substituting Eq (4.3.10) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

u93, (x,t) =L2 6d°W? + 1” +64°d —6u5d —
7

following non travelling wave solutions,

)2
()

1 1
ul03(x,t) = — (6d°W* + 1* —64°d — 6u5d ) + — (—12dP* + 6,41 — 65
7 H

Ho, G
H —_
where, ( ) Y C+C§

then the above equation (x) becomes,
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(60 -3 +3u5){2d ¥ (C, +C¢)+
¥(C,+C,¢)

ul03,(x,t) = %[6d2‘1'2 + 17 —6°d —6u0d —
u

+4(C, +C,¢)+2¥C, ) . 3{2d¥(C, +C,¢)+ u(C, +C,¢)+2¥C, )

2
2((.‘,1 +C,¢ )
Substituting Eq (4.3.11) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

3 (6W? 327 § .
.-.u113(x,t)=z+( r ](d+H)2+(128\P2j(d+H) ’ (xi)
Ao, G
here, H =(—) =~
WAETE, ( ) 2 C+CE’

then the above equation (x1) becomes,

? 2 2 \(C, +C.&)
u1131(x,t)=§+[6‘12 J G, zJ{ 31 ZJ( 1+22(§)
4 A7 )(c +Ce) (128Y C:

Substituting Eq (4.3.12) into Eq (4.1.3), along with Eq (3.1.9) and simplifying, yields the

following non travelling wave solutions,

6v’ 2 347 ) ..
S ul23(x, t)——+[ E J(d+H) +(128T2J(d+H) (xii)
Ao, C,
H = S R
where, ( ) 2% C1Ce’

then the above equation (xii) becomes,

? 2 2 \(C, +C.&)
u1231(x,t)=l+[6‘1; j C: 2+[ 32 zj( 1+22§)
4 LA )(c+Ce) \128¥ C:
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Hyperbolic form of the non-travelling wave solutions:

Substituting Eq (4.3.1) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

2 2
~ ul4(x,t) =%+(%j(d +H)?

-y _(G') Iy C, sinh[\/égj+C2 cosh(\/\gi]
where, A =(—)=
¢ ¥ C, cosh[§§]+C2 sinh(@f}

If Cl =0 and C2 # 0, then the above equation (i) becomes:

347 +4b, ¥’

8{d‘1’ + x/Zcoth(\/\E gj}z

3
ul4,(x,t) = §+

If Cl #0 and C2 =0 then equation (i) becomes,

327 +4b,¥?

8{d‘1’+\/xtanh[\/§§J}z

3
ul4,(x,t) :5+

Substituting Eq (4.3.2) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

2 2
SU24(x,t) = —%+(M;%j(d +H )72
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Ny C, sinh[\/l;: §]+C2 cosh(\‘/{jZ fJ
¥ C, cosh[\/K§J+C2 sinh(\/Z f]
Y Y

G’
where, H = (=)=
(G)

If Cl =0 and C2 # 0, then the above equation (ii) becomes,

34% +4b,¥?

8{d‘P +~/A cothL\{PZ 5]}2

u24,(x,t) = —%-{-

If C1 #0 and C2 =0 then equation (ii) becomes,

32° +4b, ¥’

8{d‘1’+«/xtanh[\/\§§}2

1
u24,(x,t) = —5+

Substituting Eq (4.3.3) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

.'.u34(x,t)=ﬁ(3/14d2 —622 120> +122°ud f— 427 7 +3u'd* —124°d S +125° 1)
—ﬁ(%;ﬂﬁd _12428%d +1842d2 Bu — 18 fd* — 248 +32°d°
—6°d* 2 +3u4d3) (d+H)" +W(—24lzﬂ2d2 +724°d° B2 —96 ud B

+488" +34%d* — 647 7d* +3d* it + 2427 uBd® — 24, Bd* ) (d + H) (iii)

- _(G')_\/KCISinh[\/‘PXg]JFCzCOSh(\{PZéj
where, A =(—)=
¢ ¥ C, cosh[\/\ng+C2 sinh(\/\ng
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If C, =0 and C, #0, then the above equation (iii) becomes:

1 (32%d* =67 12d* +12%ud B—4A° B* +3u*d* —12°d B+ 1257 17
u34, (x,t)= iF : _
W (3647 °d 1227 B7d +184°d° Bu 18,0 A’ — 244> +32°d —6,°d° A% +3p4°d”)

d‘P+\/Kcoth£\/§§J

W (2447 B7d7 = 72470 B2 +96,ud B — 48 3¢ =34%d* + 6277 d* —3d*u* — 2447 upd’ + 244 Bd’)
2
Z(d‘P +x/Zcoth(\/§§n

1f C, #0 and C2 =0 then equation (iii) becomes,

1 (32%d* -6 d* +12° ud B— 447 7 +3u*d* —12°d B+ 1257 1
u34,(x,t)= PYErs : _
W (3647 B°d —1247B°d +1847d° Bu—184° Bd” — 24up° +32°d)

d‘P+\/Ktanh(\/§§J

W (2447 B7d7 = 724°d7 B2 +96ud B 483 ~32%d* + 627 d* —3d* 1t — 244 uBd® + 2447 Bd” )
2
2(d‘P +\/Ztanh(\/§§]]

Substituting Eq (4.3.4) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

e = ﬁ(’“dz L2020 427 pd B+ 47 + 1t — 4P d B+ 4B 1)
_ﬁ(36ﬂ2ﬂ2d +1212ﬁ2d —182,2d2/31u—18/u3ﬁd2 _24luﬂ3 +3ﬁ,4d3

_

8],2ﬁ2

+64°d°A7 +3'd* ) (d+H) "+ (242°7d° +724°d* B> —96,ud 5° + 48 8°

+32% " + 647 7d " +3d* 1t —242° ppd’ — 24,7 B’ ) (d + H) (iv)
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<&
<&

- H:(E):\/ZCISinh[§]+C2C05h£§J
¢ ¥ C, cosh(x/sz+C2 sinh(\/Zﬁj
b4 b 4

If Cl =0 and C2 # 0, then the above equation (iv) becomes:

ud4, (x,t)=

1 3(/”t4d2 +22°07d° =47 ud B+ 427 B + utd? —4,u3dﬁ+4ﬂ2,uz)
o' 2
W (3647 f7d +122° B7d —184°d* B~ 184 Bd* —24p° +34°d* +6,°d° A% +3p'd?)

d‘I’+\/Zcoth(\\/PZ§J

+

W (2427 7d? + 72477 B2 = 96,ud B+ 48 8% +32°d" +64°17d* +3d* 't —242° uBd”® — 24,5 pd’ )

Z[d‘I’ + \/Zcoth[\l/yZ §D2

1fC, #0 and C, =0 then equation (iv) becomes,

ud4, (x,t)=

| [3(/14d2 F222 P07 427 pd B+ 422 B+ ' — 4 d B+ 447
4/12ﬂ2 2

W (3647 A7d +122° B7d —184°d* Bu— 18 Bd” —24up° +34%d" + 6,°d* A7 +3u'd”)

d‘P+x/Ztanh[\‘/§§j

+

W2 (2407 B7d7 + 72470 B2~ 96,40 B + 488 +34°d* + 627 °d* +3d* 't — 2447 upd® — 244 B’ )
2
2£d‘P +x/Ztanh(\/\§§D

Substituting Eq (4.3.5) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,
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|

us4(xt) =

U
1 _
+— (6092 + 76d” +124d°¥ ) (d + H)
y7,
C, sinh \/Z.f +C, cosh */Zg
h H (G,) VA bl bl
where, H =(—) =
’ G b
C, cosh(\/Z fj+C2 sinh[\/zfj
b4 b4
If Cl =0 and C2 # 0, then the above equation (v) becomes:
W (12d°P? + p°6d +18ud ¥
usa(xx)z—%-6d“¥2+y2—;ﬁ6d—6y5d— ( A J_ﬂ )+
H d‘P+x/Zc0th[$§}
P (6d¥ + 4 6d” +12,d* W)
2
(d‘P+\/Zcoth[\/K§D
b 4
If Cl #0 and C2 =0 then equation (v) becomes,
W (12d°W? + 2 6d +18ud* W
u542(x,t):iz 6d°W?* + 1° — 17 6d —6u6d — ( - \/_,u )+
a d‘P+\/Ztanh[lﬁ§J
Substituting

W2 (6d "W + g 6d” +12ud W)

(d‘P ++/A tanh [{55]}

Eq (4.3.6) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the following non

travelling wave solutions,

59

-(6d°W? + 17 -y 6d —6yc$d)+i2(—12d311!2 — 160 -18ud*¥)(d+H)"
U

)



- u64(x,t) :%(6d2\1ﬂ + 42— 64 —6;1@5d)—i2(12d3\1'2 +64°d —18d> W) (d+H) "
Iz H
+iz(6d“\112+6;ﬂd2 +1247°d° =128ud” ) (d + H) (vi)
U
C, sinh \/Zg‘ +C, cosh \/Z.f
G. JA b b
where, H =(E) =

Y
C, cosh ﬂé +C, sinh ﬂf
b4 b4
If Cl =0 and C2 # 0, then the above equation (vi) becomes:

W (12d°W? + 64°d ~18ud W)

d‘P+x/Zc0th(\/§§]

u641(x,t)=i2 6d*W? + 1° —64°d —6u5d — +
MU

W2 (6d°¥? +6,°d” +124°d —126ud’)

[d‘{’ +\/Zc0th£\/\§.§nz

If Cl #0 and C2 =0 then equation (vi) becomes,

W(12d°9? +6,°d —18,d” W)

d‘P+\/Ktanh(\/§§}

+

u64, (X,t) = Lz 6d°W? + 1 —67d —6u5d —
Yz

Substituting
W2 (6d*W? +647d” +124°d’ ~126ud”)

[d‘l’ ++/A tanh (\/\E fn

Eq (4.3.7) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the following non

travelling wave solutions,
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3
42° B
(22 +42) (d+H)’ (vii)

S U74(x,1) =

8/12ﬂ2 (dzlz +2ﬂ~2ﬂ2d2—422,udﬂ+4ﬂ,2ﬂ2+lu4d2_4lu3dﬂ+4ﬂ2ﬂz)_

(—2/1,6’/12—2,8,u3+d/14+2d/12,u2+,u4d)(d+H)+W
where, H = (E) = VA - Sinh{\/l;: 93] e COSh(\/\E éj
G ¥ C, cosh(\/\ng+C2 smh(\/\;:fJ

If Cl =0 and C2 # 0, then the above equation (vii) becomes:

u74,(x,t) =

3 (d?A2+22%47d° -4 ud B+ 427 37 + ptd? —4°d B+ 457 10
42 5 2 M

(o 220085 28— g 5,

+(22+—ﬂ2)(d\}‘+\/Zcoth[g §B2

29

If Cl #0 and C2 =0 then equation (vii) becomes,

212 2.2 2_ 2 2 n2 4 2_ 3 2.2
U7, (x.t) = 3 (d/1+2/lud AN udf+A2N L+ u'd 4 d f AL

4/12ﬂ2 2
(2upA* +2p1* —dA* —2d A1 — d)[d%r\/ztanh(ggﬁ

b4

(ﬂ/2 " ﬂz )2 \/Z 2

+-——+| d¥Y ++/Atanh| —
29 VA 4 d

Substituting Eq (4.3.8) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

1
8/12ﬁ2

- UBA(X, 1) = (30227 ~62%2d* +122° ud B~ 422 + 34 d* ~124°d B +128°44°)

3
—W@yﬂﬂz 2B +d At -2d A%’ +y4d)(d +H )+W(}t2 — i’ )2 (d+H )2 (viii)
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<|&
<|&

- H:(E):\/ZCISinh[§]+C2C05h£§J
¢ ¥ C, coshL\/ZfJ+C2 sinh(\/Zﬁj
b4 b 4

If Cl =0 and C2 # 0, then the above equation (viii) becomes:

1 3d°2% —64%1°d* +122°ud B— 447 B2 + 3 d? —12°d B+ 12 8% 17
ud4, (x,t) = YRy 5 —

3(2upA’ -2’ +d At -2d 274 + p'd ) d‘P+\/Kcoth{£§D
v ¥
A g B

1f C, #0 and C, =0 then equation (viii) becomes,

ug4, (x,t) =

1 (3d°2° -6 d” +12°ud B—42° 57 +3p°d” —124°d B+ 12821
42«2ﬂ2 2

3(2upA’ 21’ +d At -2d 271 + pd )
Ng

+M[d?+«/§tanh[€énz

JA
d‘P+\/Ztanh(?§n

\IIZ

Substituting Eq (4.3.9) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

6P’
2

p (d+H)2

(ix)

S U94(x,t) = iz(édzkll2 + 1 + 6.2 —6/150|)+i2(—12d‘112 —6%)(d+H)+
H H
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Ny C, sinh[\/l;: §]+C2 cosh(\‘/{jZ fJ
¥ C, cosh[\/K§J+C2 sinh(\/Z f]
Y Y

G’
where, H = (=)=
(G)

If Cl =0 and C2 # 0, then the above equation (ix) becomes:

2
u941<x,t>=%(6d2\vz+ﬂ2+6ﬂzd_6ﬂ5d_w%pwzwm[_f §]J
y7;

\/Z 2
+6(d‘P+\/Zcoth[?§]]

If C1 #0 and C2 =0 then equation (ix) becomes,

2
U4, (x1) :%(6(12\}]2 + 127 +64°d — 654 _M%Kd\y+\/xtanh(—iﬁ gj}
U

\/Z 2
+6(d‘P+\/Ztanh(?§D

Substituting Eq (4.3.10) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

2

(d+H)2

- Uul04(x,t) = i2(6d2\112 + 42 —64d —6;15d)+i2(—120|\112 +64° —6u5)(d+H)+ 6\12
H H H
(x)

- _(G')_\/KCISinh[\/‘PXg]JFCzCOSh(\{PZéj
where, A =(—)=
¢ ¥ C, cosh[\/\ng+C2 sinh(\/\ng
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If Cl =0 and C2 # 0, then the above equation (x) becomes,

2 g2
UIO4I(X’t):L2(6d2‘P2+u2—6u2d—6u5d—12dl{] Efl +6“5[dw+ﬁcoth£—§§n
U

+6(d?+ﬂcoth(§§ﬂ

If C1 #0 and C2 =0 then equation (x) becomes,

22
ul04,(x.t) = %(6‘12‘1’2 4 —6p°d —6p5d - 1294F gﬂ +6ﬂ5£d‘}' +x/Ztanh(—\\/§ gJJ
7

+6(d‘P+\/Ztanh[€§D

Substituting Eq (4.3.11) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

Sull4(x,t) =%+[6;2 j(d +H )2 +(123;;2 j(d +H )72 (xi)

iy C, sinh[\/lyX 5] +C, cosh(\{PZ fj
¥ C, cosh[\/ZfJ+C2 sinh(\/Z éJ
b d b d

G’
H — —
where, 0 = (—G )=

If Cl =0 and C2 # 0, then the above equation (xi) becomes:

6{d‘P+\/Z coth (*/K 5}2
¥ . 32

g 128{d‘P ++/A coth [\/‘E 5]}

3
UI141(X’t):Z+
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If C, #0 and C, =0 then equation (xi) becomes,

6{d‘P ++/A tanh [*/Z 5}}2
¥ 377

+
22 2
128{d‘P+\/Ztanh(\/§§J}

u1142(x,t):%+

Substituting Eq (4.3.12) into Eq (4.1.3), along with Eq (3.1.10) and simplifying, yields the

following non travelling wave solutions,

. 1 61’ 2 327 -2 .
..u124(x,t)_4+( E ](d+H) +[128‘P2](d+H) (xii)
C, sinh ﬂf +C, cosh ﬂf
vere H = (&) JA ¥ ¥
where, A =(—) =
’ b 4
© C, cosh L\/\ﬁ_ é} +C, sinh(\/\;I afj

1f C, =0 and C2 # 0, then the above equation (xii) becomes:

6{d‘1’ + \/KCOth(\/K é’j}z
¥ s 307

g 128{d‘{’+\/Zcoth(\/§§}}

u1241(x,t)=%+

If Cl #0 and C2 =0 then equation (xii) becomes,

6{le +JA tanh(‘/ng}z
ke . 312

g 128{d‘1’+\/z tanh[\‘/PZ 5}}

u1242(x,t):i+
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Trigonometric form of the non-travelling wave solutions:

Substituting Eq (4.3.1) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

3 (327 +4b,¥’ o
suls(xty==+| ——=— |(d+H
(0= ( oy j( )

(A A
\/I—Clsm[ v §]+C2cos[ ¥ fj

¥ C cos£ﬂ§]+C2 sin(\/zfl
b4 ¥

G’
where, H = (=) =
ere, 1=(3)

1f C, =0 and C2 # 0, then the above equation (i) becomes,

327 +4b, ¥’

8{d‘1’ +~/Ai cot[\/;j_AéjJ}z

3
u151(x,t):5+

If Cl #0 and C2 =0 then equation (i) becomes ,

347 +4b, ¥’

S{d‘P—\/Zi tan(\/\;_Aé}z

3
u152(x,t):5+

Substituting Eq (4.3.2) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,
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2 2
S U25(x,t) = —%+(M;—%j(d +H)” (i)

here, H = (9’) = ey - Sin[g§]+cz COS{J\;_Afj
© ¥ Clcos[\/\;_Ach+C2sin(\/§§j

If Cl =0 and C2 # 0, then the above equation (i1) becomes:

347 +4b, ¥’

S{d‘l‘ +\/Zi cot(\/? §J}2

u2s,(x,t) = —%+

1fC, #0 and C, =0 then equation (ii) becomes,

32° +4b, ¥’

S{d‘P—x/KitanL\/\;_Aéj}z

u2s,(x,t)= —%'f‘

Substituting Eq (4.3.3) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the
following non travelling wave solutions,

1
812ﬂ2
—ﬁ(smﬁﬁd 1222 87d +1822d2Bu — 1847 Bd? — 24 1B +32°d°

S u35(xt) = (32%d% =647 °d* +122° ud B — 427 B> +345°d” —124°d B+128° 1)

—64°d°27 +344d%) (d+H)” +ﬁ(—24/12ﬂ2d2 +724°d° B> —96,ud B

+488° +32%d* —6 A% 7d* +3d* 1t +240° upd’ — 24,7 Bd* ) (d + H) (iii)
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(= a
. H—Qsm{ v §]+Czcos( v (f]

where, H=(—) =
© ¥ C, cos[\/\;_AﬁJ+C2sin[\/l;_A§j

If Cl =0 and C2 # 0, then the above equation (iii) becomes:

u3s, (x,t)=

1 (3247 —62%2d> +122°pd f— 427 B2 +3p°d> — 1247 d B+ 12874
4222 2
W (364 B7d —120° B7d +184°d” Bu— 1840 A’ ~ 24up° +34°d* —6,°d° 2 +3u'd’) )

d‘P+x/Zicot(\/§§)

WP (2427 A7 =240 B2 + 96,0 B =488 — 320" + 627 7d " —3d* ' — 2427 upd’ + 24 B’ )

2(d‘P+\/Zi cot[\/l;_Afsz

If C1 #0 and C2 =0 then equation (iii) becomes,

1 3207 — 64712 d? + 127 ud B — 447 B7 + 3 d? —12,°d B +12 87 1
u3s, (x,t)= -

4% p? 2
W (3647 7d —124° B7d +182°d° Bu — 1844 Bd” =244 +34°d* —64°d A% +3u'd’ )

d¥ —JAi tan(\/\;_AfJ

P* (2447 2d* = 724707 B +96ud 7 —488° —32°d* + 647 d* —3d* 't — 2407 upd’ + 24,4 pd’ )

z(d‘P—\/Zi tan(\/\;_AéJT

Substituting Eq (4.3.4) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,
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s ud5(x.t)= pr (A'd” +207 170 — 42 ud B+ 427 B + 1 d” —4’d B+ 45717 )
—ﬁﬂz(%uzﬂzd +122° 87d —182°d° Bu—18,° Bd> — 24up° +32%d°

+6u°d° 27 +3,u4d3)(d +H )_1 +ﬁ(24ﬂzﬂzd2 +724°d2 B> —96,ud B + 488
+32% % + 647 7d* +3d* pt —242° ppd’ — 24,0 Bd* ) (d + H) (iv)

[ N-A V-A
M—Clsm[\ygg}rczcos[ v §j
¥ Clcos( _Af}—czsin( _Af)
b d b d

G’
H = — =
where, ( G )

If Cl =0 and C2 # 0, then the above equation (iv) becomes,

u4s, (x,t)=

: (3(%2 +22° 007 — A pd B+ A2 B ' 4 d B4 )
42’ p? 2

V(3647 F7d +124° B°d —182°d° Bu— 1845 fd” — 244> +34%d° + 6,°d° A + 3u'd?)

d‘I’+\/Zi cot[\/\;_Afj

+

W (2447 B°d + 724707 B2 + 488" —96,d B +34°d" + 647 1P d " +3d" ut — 2447 upd’ — 244 pd?)
— 2
2(d‘1’+\/Zi cot(?fj}

If C1 #0 and C2 =0 then equation (iv) becomes,

1 (3(A 24777 4 ud B+ 42 B + il — 4t d B+ 477
u4s,(x,t)= 7

42 2
W (3647 f7d +124° B7d —184°d* Bu— 184 Bd* —24up° +34°d° +64°d° 2% +3u'd”)

d‘P—x/Zi tan(\/l;_Afj

+

W2 (242°°0° +724°d° B + 488 —96ud F* +34°d" +62°1°d " +3d* u — 2427 upd’ — 244 pd”)

2(d‘P—\/Zi tan(\/szT

Y
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Substituting Eq (4.3.5) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

SuS5(xt) =

|_‘:|_‘

+— (6092 + 764> +124d° ¥ ) (d + H)

=

here, H = (9’) = ey - Sin[g§]+cz COS{J\;_Afj
© ¥ Clcos[\/\;_Ach+C2sin(\/§§j

If Cl =0 and C2 # 0, then the above equation (v) becomes,

Y (120°¥? + 6,°d +18d >
u551(X,'[)=L2 6d°W? + 1* — 12 6d —6u5d — ( ~ ~ )
Y7

=
d‘P+«/Z| COt(‘ng

W2 (60" + 47 6d” +124d W)

{d‘P+«/Zi cot(\/\;_AgDz

If C] #0 and C2 =0 then equation (v) becomes,

Y (12d°¥? + 64°d +18 ud* ¥
.-.u552(x,t)=i2 6d°W? + 1> — 17 6d — 6 udd — ( - ~ )
U

d‘P—x/Zi tan[mfl

+

Y

W2 (6d*W? + pP6d” +124d’ )

Ld‘P —\/Zi tan(gfj]z

Substituting Eq (4.3.6) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

70

-(6d°W7 + 17 -y 6d —6#5d)+i2(—12d3\112 — 1260 -18ud*¥)(d+H)"
7,
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following non travelling wave solutions,

£ U65(x,t) :iz(6d2\1'2 +4* — 64 —6y5d)—i2(12d3\y2 +64°d ~18ud™W)(d+H) "
y7,

=

+iz(6d41112+6ﬂ2d2+12ﬂ2d3—125yd3)(d +H)” (vi)
U

(A A

\/I—Clsm[\y§]+Czcos{ ¥ f]

¥ Clcos[ﬂ§J+C2sm(M§j
b4 g

G,
h H =(—) =
where, (G)

If Cl =0 and C2 # 0, then the above equation (vi) becomes,

W(12d°W? +64°d —18ud W)

d‘P+«/Zicot£\/\;_A§j

u6s, (x,t 1 6d°W? + 1> —6p°d —6usd — +
1 /,[2

W2 (6d°9? +647d” +124°d* —126ud” )

[d‘P +JAi cot(\/? §D

1fC, #0 and C, =0 then equation (vi) becomes,

W(12d° 7 +647d ~18ud*¥)

d‘P—x/Zitan(\/l;_AfJ

+

ues, (x,t)= 1 6d°W? + 1> —6°d —6u0d —
2 ’le

\PZ 6d4\P2 6 2d2 ]2 2d3 ]25; d3

{d‘l’—\/Zi tan(\/? gDz

Eq (4.3.7) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the following non
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travelling wave solutions,

3
8ﬁ2ﬁ2

3
42° B
(22 442) (d+H)’ (vii)

S U75(x,t) =

(027 +227 170 42 ud B+ 427 B + ' d” — 4P d B+ 457117 ) -

upR 2 +d At 120234 + p'd)(d +H )4 —
(2up2’ 2> +dA* +2d 221 + pr*d ) (d + AYa

(A A

\/I—Clsm[\y§]+Czcos{ ¥ f]

¥ Clcos[ﬂ§J+C2sm(M§j
b4 g

G’
h H =(—) =
where, (G)

If Cl =0 and C2 # 0, then the above equation (vii) becomes:

242 2,242 492 > o aq2 R .
u751(x,t):4/£'82(d A% +22717d% — 44 ﬂdﬁ+4;ﬂ pd A S A

(2upA* +2pu° —dA* —2d A1 — d)(d‘P+\/Zicot(\/\;_AchJ

Y

+M(d‘l’+\/xicot(%§]}2}

A

IfC, #0 and C, =0 then equation (vii) becomes,

212 2.2 2_ 2 2 n2 4 2_ 3 2.2
175, (xt) = 3 (dﬁ,+2}t,ud A pAf+AA S +u'd’ 4 dprap

422ﬂ2 2
(2upA® +2Bu* —dA* —2d A 1* — d)£d\lf—\/§itan[%gﬁ

b4

+M(d‘1’\/xitan[gfnzj

2%’

Substituting Eq (4.3.8) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,
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1

S U8S(X,t) = S

(3d°2% —64° 4 °d” +122°ud f— 427 B> + 3p'd* —124°d B +128° 1)

g 2 2 O 202 )0 W) (22 (0 H) i

(3 ] {JI ]
, -C, s1n[§ +C, cos &
where, H =(9)— ey b b

© ¥ Clcos[ﬂ§J+C2sm(M§j
Y b4

If Cl =0 and C2 # 0, then the above equation (viii) becomes:

u8s,(x,t) =

1 [3d2/12 —6A A + 1227 ud B A1 B + 3 —124°d B+128° 7
4//{12ﬂ2 2

3(2upA’ =2’ +dA* —2d 24 + p'd) 0% + B cot Eg
v

Y

+M{d\}’+\/ﬁ cot[%fn J

b4

If C, #0 and C, =0 then equation (viii) becomes,

u8s,(x,t) =
(%1 402 B> 2

3(2upA® =21 +d A" —2d A% +ﬂ4d)[d‘P—\/Zi tan(\/zfj]
Y

1 (3d2/12 —6A%u2d% +122°ud B — 422 B2 +3ptd? —124°d f 128717

b4
+3(/7’2‘{+yz)(d\11—\/xi tan(\/?ggn }

Substituting Eq (4.3.9) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

6Y?

2

1

SU95(X,1) = —(6d°W? + 41 + 647°d —6ﬂ5d)+i2(—12d\1f2 —6%)(d+H)+——(d+H)’
M u

(ix)

2
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(= a
. H—Qsm{ v §]+Czcos( v 5]

where, H=(—) =
© ¥ C, cos[\/\;_AﬁJ+Czsin[\/;_A§j

If Cl =0 and C2 # 0, then the above equation (ix) becomes:
2
u95, (x,1) = %(60'2‘1’2 + 4 +64°d —6u5d —M#de +/Ai cot(—“\yA fjJ
y7i

+6{d‘P+x/Ki co{gfnz

If Cl #0 and C2 =0 then equation (ix) becomes,

2 —_—
U93,(%,6) = %(6(12‘1’2 + 4 +64°d — 6450 _W#@Lp—@ tan[ggjj
u

+6[d‘1’—\/Ki tan[\/l;_Afn

Substituting Eq (4.3.10) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

.'.u105(x,t)=iz(6d2‘1’2+,u2—6,uzd—6,u§d)+iz(—12d‘1‘2+6,u2—6,u5)(d+H)+6lI: (d+H)’
H H Jz
(x)
—C, sin _A§ +C, cos _A§
here, H =(2)= YA b b
where, A =(-—)=
G b g J-A . [N-A
C, cos v & |+C,sin v &
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If Cl =0 and C2 # 0, then the above equation (x) becomes

2 g0 —
u105,(x,t) :%(60'2‘1’2 i —6p0d —6p5d - 120 iﬂ +6“5[dl11+«/Zi cot(—'\}lA éJ]
7

+6[d‘1‘+\/Zi cot[%fj}

If C1 #0 and C2 =0 then equation (x) becomes ,

2 2 -
“1052(“)=iz(6d2‘1'2+u2—6u2d—6u5d—12d‘1' gﬁ +6u5 [dqf—JZitan[“TA é}]
U

+6[d‘P—\/Zi tan(\/\;_AfJ]

Substituting Eq (4.3.11) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

.'.u115(x,t)=%+(6; )(d+H)2+(158/1T2](d+H)2 (xi)
i . _(G’)_«/I_Cl sin[€§]+Czcos(\/§§J
where, H =(—)=
© ¥ Cmos{?f}rgsm[gf)

1f C, =0 and C, #0, then the above equation (xi) becomes

6{d‘P +JAi cot[ﬂél}z
¥ 307

+

g 128{d‘P+\/Zi cot(\/\;_Af]}

3
ulis, () ==+
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If C, #0 and C, =0 then equation (xi) becomes,
;\' 2
6{d‘P—x/Zi tan[ = 5}
¥ 347

g 128{d‘1’—\/Zi tan(\/g gj}z

u1152(x,t):%+

Substituting Eq (4.3.12) into Eq (4.1.3), along with Eq (3.1.11) and simplifying, yields the

following non travelling wave solutions,

LUI125(x,1) = %[6;2 ](d FH) +[123;;2 ](d +H)? (xii)
. Q—Clsin[€§]+czcos[\/§§j

where, H=(—) =
© ¥ Clcos£€§]+C25in(\/§§]

1f C, =0 and C2 # 0, then the above equation (xii) becomes:

6{d‘1’ +/Ai cot[ﬂéj}
1 ¥ 347
uI25,(x,t) = -+ +

g 128{dT+JKi cot[‘/\;_Agl}z

1fC, #0 and C, =0 then equation (xii) becomes

6{d‘P—«/Ki tan( A fJ}
1 ¥ 317
UI25,(x ) =2+ +

g 128{d11'—\/Zi tan[J\;_A g]}
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4.5.2 Solutions of travelling wave:
Hyperbolic form of travelling wave solutions

Substituting Eq (4.4.13) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

6‘}’2 A A2 -
W(d+H)2 (i)

——(d+H ) 16‘PJ3(d+H)1+153

v11(xt)_E —(d H)+

NG

) NQ VQ
h . (ij B +\/§C181nh[2llf§}+C2COSh£2\P§J
where, =l < T — —
a2 C, cosh(Q §]+C2 sinh(QfJ
2¥ 2Y

G

If Cl =0 but C2 # 0, then the above equation ( i ) becomes:

3_3JQ Ja ) 30 Ja ) A 2
V11, (X, t)——+ th( §J+ zcothz( §]+ +
a6 2wt 22 29 Jo (o
8/6Q2 coth[zlyfj 384Q coth (NgJ
1f C, #0 but C, =0 then,
3_ 3J_ Jo 30 L(Jo ) A A2
V1L, (X, t)— }m/g nh[z‘y §J+212 tanh (2‘{’ §J+

+
8/6Q2 tanh [‘2/? gj 384Q tanh’ (f 5}

Substituting Eq (4.4.14) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

6 p? ) A L 5
uxt_—+—d+H d+H) £ d+H) +———(d+H ii
=g T T () g ) e i) b

C,sinh \/55 +C, cosh Jaé
G\ u Ja 2Y¥ 2¥
where, H = S =+

a2 C, coshL\/afJ+C2 sinh(ﬁfJ
2¥ 2¥
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If Cl =0 but C2 # 0, then the above equation ( ii ) becomes: since i = -2d¥

V21, (X, t):§+£ oth \/55 L. coth’ \/55 + A + 4
8 46 =¥ 24 =¥ 8/6Q2 coth @g 384Qcoth’ @f:
CO oy CO oy
1f C, #0 but C, =0 then,
_sewa (Vo) e (Ve 2 22

+ +
5 [VQ (V@
Substituting Eq (4.4.15) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

v31(xt)_ (d+H) (iiii)

o \/_C s1nh[\/5§]+czc0sh(\2/§§J

where, H =[—j A
Z\P ¥ C, coshL\/afJ+C2 sinh(ﬁfJ
2¥Y 2¥

G

If Cl =0 but C2 # 0, then the above equation ( ii1 ) becomes:

\/5 2
{2d w6 + 1 +6Q coth (2\}]5}}

24d° ¥y’

v31,(x,t)=

1f C, #0 but C, =0 then,

\/5 2
{2d‘1’\/€i A+ \/6_Qtanh (2‘1’ fj}

24d*y?

u3dl,(x,t)=

Substituting Eq (4.4.16) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,
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v41(x,t)=l—$(d +H) (iv)

i ] _(Ej " \/_C 51nh[\/5§]+C2 cosh(ﬁé}
’ © 2‘11 ¥ C, cosh(\/5 §]+C2 sinh(\/afJ
2¥Y 2¥Y

If C1 =0 but C2 # 0, then the above equation ( iv ) becomes:

{2d w6 + 1i ++/6Q coth (‘2/\? g}}

v4l (x,t)=1-
1(%0) 24d*y?

If C, #0 but C, =0 then,

. o\
{2d‘P\/5 + i +/6Q tanh[zly 5]}

24d°y?

v4l,(x,t)=1-

Substituting Eq (4.4.17) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

.'.v51(x,t)=l—§(d+H)+dl—2(d+H)2 (v)

it

G) 2¥ 2¥
C, cosh L\/a 5] +C, sinh (\/5 &
2¥ 2¥
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If Cl =0 but C2 # 0, then the above equation ( v ) becomes:

2dw£$z+@coth(‘2/§§] {Zd‘{’\/gwt/1+x/@coth£\2/§§}

+
d¥/6 24d°¥?

V5L, (x,t)=1-

1f C, #0 but C, =0 then,

2d‘1’\/g$/1+\/6_§2tanh(\2/§§] {2d‘1’\/g$l+\/6_ﬂtanh(\2/gfj}

+
d¥6 244>y

V5L (X,t)=1-

Substituting Eq (4.4.18) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

.'.v61(x,t)=§(d+H)—%(d+H)2 (vi)

2¥Y

(o Jo
o ) Ja C, s1nh[2\11§]+c2 cosh(me

where, H = [—J =——+
’ G) 2¥ 2¥
C, coshL;/g §J +C, sinh [\/5 &

If Cl =0 but C2 # 0, then the above equation ( vi ) becomes:

2d W6 F i +/6Q coth [*2/\? g} {2d W6 F 2 ++/6Q coth(f 5]}

v6l (Xx,1)= _
1(%0) d¥/6 24d*y?

1f C, #0 but C, =0 then,

2d w6 F Ji +\/6_Qtanh[\2/§§J {2d‘P\/5?L Al +@tanh(;/§§]}

V6l (X, t)= —
(6D dw/6 24d2y?
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Substituting Eq (4.4.19) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

2
6:; (d+H)’ (vii )

C, sinh[\/aé‘]+C2 cosh[\/ﬁfj
where, H =(Ej=i+\/a ki
G/ W C, cosh[\z/gﬁJ+C2 sinh[Qéj

2\ 2 2
L

(d+H)+

2|51 =

1f C, =0 but C2 # 0, then the above equation ( vii ) becomes,

60 {2d Y6 F 2 ++/6Q2 coth (‘2/3 gJ} {2d 6 F A+/6Q coth (‘2/\? gj}
1
60>y

v711(x,t)=/1— +

2 \/g 4

1f C, #0 but C, =0 then,

6d‘P{2d‘P\/€ T 2++/6Q tanh[fgj} {2d\PJ€ FA+6Q tanh[\z/ggj}
6d° W -

+

J6 4

1
V71, (X,t) = =

Substituting Eq (4.4.20) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

6d>¥?  12d¥ 6’
SUBIOG) = 14 = (d 4 H) = (d+H) ( viii )

C,sinh| — C,cosh| —
G'j p +J§ ,sin [211]5 +C, cos 2‘{’95

where, H =(— =-— J
’ G) 2¥ 2¥
C, cosh @5 +C, sinh @f
2¥ 2¥
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If C, =0 but C, #0, then the above equation ( viii ) becomes:

6d‘I’{2d ¥6 F 2i +/6Q coth [‘2/3 gj} {zd 6 F 4i++/6Q coth (‘2/‘? gJ}

+

J6 4

v81,(X, t)_1+/1 6d>W? —

1f C, #0 but C, =0 then,

6d¥ {2d w6 F 2i +/6Q tanh (f g}} {2d w6 F 2i +/6Q tanh (f 5]}2

+

J6 4

u812(x,t):1+% 6d°W? -

Substituting Eq (4.4.21) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

2 2 2
SVII(x,t) = { 12d7 lzdlé 6d2‘112j 42(+15+12/1 —d‘sz(d+H) 6:111 (d+H)

VRN “T o
(ix)

G

it

G) 2v v
C, cosh @5 +C, sinh @5
2y 2y

If C1 =0 but C2 # 0, then the above equation ( ix ) becomes:

A5 L1227 —d‘Pz)[Zd‘Px/giﬂ,+\/66coth [feg}}

+ 7Y =
2 ( 6 /6
L1207 12d28  oge NN

NN 2¥6

v911(x,t)=%

2dW+/6 £ 1 +6Q coth DEQED

4

1f C, #0 but C, =0 then,
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[Jr/w m_dwzj[zd‘P\/giﬂ+\/6_Qtanh{\2/§§]J

2 6
Vo1, (x.t I |, 12d4 112d/15+6d2‘112+ V6

DA ER v S 2w6

é.

\/5 2
[Zd‘l’\/gi 21 ++/6Q tanh [2\{, SED

4

+

Substituting Eq (4.4.22) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

2 H 2

y
(x)

C, sinh —Qf +C, cosh —Qf
where, H=| — |=2—+

G) 2¥ 2¥
C, cosh \/55 +C, sinh \/af
2¥ 2¥

N—— NN

If Cl =0 but C2 # 0, then the above equation ( x ) becomes:

2
; (i’i 13’% —d\iﬂ]{qu«@ﬂn 6Qcoth(£§jJ
VIOl (x,t) = o £ 12040 £ 2401 g |

Y NN 29¢J6

. NN
[2d w6 + 2i +/6Q coth (Z‘PQEB

4

+

1f C, #0 but C, =0 then,

83



~

. N
[i ol 124 '—lezJ 2d‘P\/gi/1i+\/6Qtanh{\/§§j
12d 2% _ 245 ) J6 2%
+ F—Y—+d¥Y +

1
vliol, (X,t)=—<F*———
(0=t T 2976

=

_ Ja Y
(Zd w6 + Ai + /60 tanh [2\}, gn

4

+

Substituting Eq (4.4.23) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

.'.vll1(x,t)=[uzd2jLﬂzz_zu’ij(d+H)2 (xi)
y7i
C, sinh @5 +C, cosh @5
(G'j u NQ 2V 2
where, H = ) +

2 C, cosh[\/aé}rcz sinh(\/afj
2¥ 2¥

If Cl =0 but C2 # 0, then the above equation ( xi ) becomes:
4V? (2d* + 7 - 2ppd )

1 {2dT+y+J§coth(;/§§]}

urll, (x,t)=

1f C, #0 but C, =0 then,

AV (p’d® + B —2upd )

e {2d‘1‘+y+@tanh[f§}}

ulll, (x,t)=

Substituting Eq (4.4.24) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,
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2

.'.v121(x,t):1+(2/“lﬁd_ﬂzdz_’gzj(d+H)_2 ( xii )
Y7,

2¥Y

- (Ja Jo
o ) Ja C, s1nh[2\11§]+c2 cosh(me

where, H = [—J =——+
’ G ¥ 2%
C, coshL;/g §J +C, sinh [\/5 &

If Cl =0 but C2 # 0, then the above equation ( xii ) becomes:
4V (2upd - pi'd’ - B*)
2
0w {2d‘1’ +,u+x/§coth[\2/§§}

vI21, (x,t) =1+

1f C, 20 but C, =0 then,

49? (24pd - 7d* - )

11 {2d‘P+,u+x/5tanh[\2/§§J}

vI21, (x,t) =1+

Substituting Eq (4.4.25) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

VI31(xt) = 180 2’ =36,°d°5 +18d°5” +36,°d” £18d°1°/6 + 1° 6 F185d° 1”6 ¥3d 51’ /6
S <1006 o6 + 6ud

—(+46d° uJ6 F 442d*\J6 - 2d 11> + 46ud* - 257 —12,uzd3)

i3y52d2\/g$53d3\/g}+L(
Y7

(d+H)" +%(i2,u2d3\/6$25,ud4 6+ 4" +.5°d* 200"+ 64°0* ) (d + H) (i)

2¥Y

- (Ja Jo
o ) Ja C, s1nh[2\11§]+c2 cosh(me

where, H = [—j =t
’ G) 2¥ 2¥
C, coshL;/g §J +C, sinh {Jﬁ &
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1f C, =0 but C, #0, then the above equation ( xiii ) becomes:

180 1 —36220%5 +181d’5% +36,°d° £18d°1° V6 + 12 \J6 F185d° 1> \J6 F3d 51> 6
+1°J6 Fdo/6 +6ud
135026 06 2‘P(i45d3,u\/€$4,u2d2\/g—2d,u2+45,ud2—252d3—12y2d3)

u {2d‘1’+y+«/§coth(\/§§]}
2¥
4y? (J_rz;ﬂd%/h 28ud*\J6 + 17d* +5°d* —25d3y+6p2d4)
2
1w {2d‘1’+,u+\/500th(\2/§§]}

1f C, #0 but C, =0 then,

VI3 1, (x,t)=

18d g’ —3627d%85 +18ud’S% +36,°d° £18d° 17 \6 + 17 /6 F185d° 12 /6 F 3d 51> 6
i,u3\/g$dé\/g+6yd
B3usd 6T Ao 2W (#450° N6 F 4420”6 - 2d pr” + 4ud” —25°d ~124°d” )
+

0w {2d‘1’+,u+\/5tanh(\/5§]}
2¥
42 (i2,u2d3\/g$25,ud4\/g+ 22d +5%d* —25d3/1+6ﬂ2d4)
2
0w {2d‘1’+,u+«/5tanh[\2/§§j}

Substituting Eq (4.4.26) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

V131, (x,t)

following travelling wave solutions,

d(12,u3—36y2d5i18dy3i\/€$186d2,u2i\/8+18,ud2§2i25y2i«/€—36y3d2—?3y52di\/€
sv14(xt)=
(1) +1°\J6 Fd5J6 +6ud

+5°d%i6

}+{i2(2dy2 —45ud® F 45d° ui6 + 41°d %16 +25°d° —12/ﬁd3)}(d +H)"
)7

+{i2(i2ud45i\/5¢ 242d%I6 — p2d? — 57d* +25d3ﬂ+6ﬂ2d4)}(d +H)T (xiv)
U

(V@ Jo
G'j . +\/5Clsmh[2\P§]+C2cosh[2T§
G

where, H =(— =-— J
’ ¥ 2¥
C, cosh @5 +C, sinh @f
2¥ 2¥
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1f C, =0 but C, #0, then the above equation ( xiv ) becomes:

d (12;13 —364°dS +18d 1016 F185d° 1%iN6 +181d 6% + 251716 —36,4.°d* F3u52di6
+1°J6 Fds/6 +6.ud
+5di6 2‘P(2dy2 —45ud” 7 45d° N6 £ 4,°d%i6 +25°d° —12y2d3)

e {2d‘P+,u+«/5coth[\/5§J}
29
4> (iZyd45i\/g$2y2d3i«/g—y2d2 ~5%d* +25d3/¢+6y2d4)
2
e {2d?+y+@coth(£fj}

1f C, #0 but C, =0 then,

V141, (x,t) =

d (12;13 —36°d5 +18d £71N6 F185d° 1216 +181d 5% + 281716 —36,4°d* F3us>di6
+1°\6 Fdo6 +6ud
+5°d%iE 2\1!(2d/ﬁ —45ud” F 45d° 1iN6 + 41216 +252d° —12,uzd3)

uw {2d?+y+@tanh(@§j}
2¥
4> (izyd45iJ€¢2y2d3iJ€—y2d2 ~5%d* +2§d3y+6y2d4)

i {2d‘1’+y+x/§t&1ﬂh(£§]}

Substituting Eq (4.4.27) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

V141, (x,t)=

following travelling wave solutions,

1 2484 4° 14447 pd 28838’

.'.v151(x,t):W[/1 d?+ 7 —12A%17d* + 2407 B + 24 2 upd F N 7 +1448%u
442 3 _ 1 1223ﬁ—72/1,8/12 2 3 4 2 02 4
+364'd” ~14447°d B) BT [i 7 ¥ T +12uBA% — 12817 +d At —12d A2 1% +36u dj
1 2 2)? 2
(d+H)+9622ﬁ2(/1 —6,u)(d+H) (xv)

NG JQ
. &Y u \/acls1nh(2\yfj+czcosh(2\yfj
where, _(EJ_EJFTP [\/5 J . [\/5 j
C,cosh| —¢& [+C,sinh| —¢&

2¥ 2¥
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If C1 =0 but C2 # 0, then the above equation ( xv ) becomes,

2 2
14407 5d | 88UB" |y oo
J6 J6

+12upA° =721 +d At —12d A% +36,u4dJ

3
vis1, (x,t)= ! {ﬂdziz‘wd’l 1222122 + 2422 B2 + A2upd F

964 B’ J6

3
+3640d2 —144.4° dﬁ—[+12’1 B 3 120

Jo o o
2d‘P+y+«/§coth[\Z/§§j (,12_6y2)2[2d‘1’+ﬂ+\/5c0th(\2/§§]}

b 4y?

1f C, #0 but C, =0 then,

14442 pd , 288448’

NI

3
v1512(x,t)=;{zd 2y BB o 2402 A ppd T +144 8% 11

964°5° J6

3
+36u°d* —144,°d g [ uﬂ 2061 +12yﬂ/12—72ﬂy3+d/14—12d/12y2+36y4dj
NN
2
\/_ 2 2\? \/5
AP -6 2d¥ Qtanh| ——
2d‘1’+y+\/—tanh[2\y ( ,u) +,u+\/_an 2‘{]5
+
¥ 4y?

Substituting Eq (4.4.28) into Eq (4.2.3), along with Eq (3.1.7) and simplifying, yields the

following travelling wave solutions,

N
1 - 24pd 20

—— | A% F
961 82 ( J6

2 H 2:
V16 (X 1) = 12222 £ T2 B - 2427 ufd T 144):78[30" + Zggjgﬂ ! 144520

+36u'd? —144,u3d,3)— 48/112,82 [1 12\/}%& ¥ 72:1/'%#2i —12uPA* =728’ +d A% +12d 2% 17 +36y4dj
1 2 2 .
(d+H) 561 (l +6,u)(d+H) (xvi)

h ] _(Ej " \/_C s1nh(\/5fj+c2 cosh(ﬁfj
’ © 21{1 ¥ C, cosh[\/5 §J+C2 sinh[\/afj
2¥ 2¥
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If C, =0 but C, #0, then the above equation ( xvi ) becomes:

_ 14402 pdi | 2880u%

N
vl6ll(x,t):96/112/32{A4d2$%2/“+12/12y2d2+7212/32—24/12;1,8d+ e e
3 o 2%
+36y4d2—144y3dﬂ—[$12j€ﬂ| :72’%“ I—IZyﬁ/lz—72ﬁy3+d/14+12d22y2+36y4d]
2
2d‘l’+,u+x/§coth(\2/§§j (12+6#2>2[2d‘{'+,u+\/§coth[\2/§§B
7 " e

If Cl # 0 but C2 =0 then,

14404 pdi | 2887u3%i
NN 3

2ﬂ3ﬂ| — 722/ﬂ/,12| 2 3 4 2 2 4
F —12upA” -T2 +dA*+12d A% u” +36,ud
7% 7% up. Pu u u

2
24W + u+0 tanh[z“f; 5] (22 +6u2) {2d‘1’+ e tanh(;g\; g]]

+ 2
b4 4¥

+144 824

N
V161, (x,t)= 96/112[32 {ﬂ“dz T 245? L 12220202 + 7222 8% — 2422 upd T
(_1

- F

+36p4d? —144,°d B

Trigonometric form of travelling wave solutions

Substituting Eq (4.4.13) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

/12

6Y 6Y*? A 1
d+H) +———
16\1«/8( M) 15369

.-.v12(x,t)=§$—(d H)+ gy

d+H)” (i
/1\/6 (+) (i)

-C, sin[m §J+C2 cos[\/zf fJ
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If C, =0 but C, #0, then the above equation ( i ) becomes:

3_3JQi {@(:J— 30 Cotz[@§J$ 2
8

vI2(xh=g% a6 | 2w 207 2¥ _ L,/_Q j
6Qicot| ———¢
29
/12
+
384Qi’ cot’ (_Q 5]
2¥
1f C, #0 but C, =0 then,
D e b
8V6Qi tan[ —Q 5]
29
22
+
38400 tan? (“_Q gj
2¥

Substituting Eq (4.4.14) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions:

5_ 6 6\’ 2 A G A B
V22 ,t:—_—d H ~— (d+H) + d+H d+H .e
V22060) 8+,1J€( H)+ (A H) 16‘1‘\/3( H) Hisepr 4T G
—C, sin ;Q.f +C, cos _Q§
G\ u -Q 2¥ 2¥
where, H = T

= +
A A 4 J- J=
C, cos 2 & |+C,sin Q2 &
2¥ 2¥
If Cl =0 but C2 # 0, then the above equation ( ii ) becomes:

V22, (X,t) =

5_ 3J_ Qi (J-Q 30 L(J-0Q p) A2
RPN A Tl REYER Rl o
8/6Qi co{ 2;1 §j 384Qi° cot’

Ia,
2¥
1f C, #0 but C, =0 then,
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. — 2 — 2
2,00 =555 Lo 20 | L fo s
8/602i cot {“2_\3 gJ 3840 cot? (“2_\1? g}

Substituting Eq (4.4.15) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

SV32(X,) = %(d +H)’ (iii )

G'j: ) m—Clsm[ oy §J+Czcos( Yy fj
§J+C2sin[\/2_lP_Q§]

+
¥ 2¥ J-0
C, cos
2¥

H=| —
where, [ G

If Cl =0 but C2 # 0, then the above equation ( iii ) becomes:

- (Ja )\
{m\w&m 6Qlcot(2qj§j}

v32,(X,t) = YPEE

1f C, #0 but C, =0 then,

- (Ja )\
{2d\PJ€i/1— 6Q|tan( Sy g}

v32,(X,t) = YFENTE

Substituting Eq (4.4.16) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

v42(x,t)=l—%(d +H)’ (iv)
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-C, sin[m f] +C, cos[mfj
2Y¥ 2¥

o Clcos[m§J+Czsin[m§j
2¥ 2Y¥

G’ NE9)
where, H =(Ej= £y

If Cl =0 but C2 # 0, then the above equation ( iv ) becomes:

{2d%/€ + i +/6Qi cot[w 5]}

v42 (x,t)=1-
(%) 24d*y?

1f C, #0 but C, =0 then,

{2d‘P\/gi/1l— 6Qltan[ v g}}

v42,(X,t)=1-
(%1 24d*y?

Substituting Eq (4.4.17) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

.'.v52(x,t)=1—§(d+H)+dl—2(d+H)2 (v)

—C, sin
where, |, :(g’j: o +«/_Q ! [ 2%
G 2¥Y 2Y¥ J-Q . (V-
C, cos & |+C,sin Sy é

If Cl =0 but C2 # 0, then the above equation ( v ) becomes:

2dW\6F A+ 6Qicot[\/2;l_Q§] {2d\PJ€H+ 6Qicot[\/2_\P_Q§]}

_|_

v52 (X,1)=1—
(%0 d¥/6 24d>y?
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1f C, #0 but C, =0 then,

2
2d¥/6 F A —/6Qi tan( V=02 gj {2d w6 F 1 -6 tan( V=0 gJ}
2¥ 2¥
+
dw/6 24d2y?

Substituting Eq (4.4.18) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

v52,(X,t)=1-

following travelling wave solutions,

.'.v62(x,t)=§(d+H)—d—12(d+H)2 (vi)

h ] (G'] ) m—clsm[zwf}gcos( p fj
where, A = ey

a2 C, cos(mé}rg sin(mfj
2¥ 2¥

If Cl =0 but C2 # 0, then the above equation ( vi ) becomes:

2d¥V6 F i+ 6Qic0t(\/2:P_Q§j {2d\PJ€mi+ 6Qico{\/2_\P_Q§J}

d¥/6 - 244>

V62, (X,t) =

If Cl # 0 but C2 =0 then,

2dW/6 F 1i - 6Qitan[‘/2jp_9§) {2d‘1&/3$/1i— 6Qitan[\/2:{l_Q§J}

d¥J6 - 24d7y?
Substituting Eq (4.4.19) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

V62, (X,t) =

following travelling wave solutions,

6P

Wo12dy?
urz (A4 H) (vil)

SVT2(X, 1) = JE JE

(d+H)+
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-C, sin[m f] +C, cos[mfj
2Y¥ 2¥
fJ +C, sin[\/z;l_Q 5}

¥ 2¥ J-0
C, cos
2¥

G’ V-Q
where, H =(Ej= Koy

1f C, =0 but C, #0, then the above equation ( vii ) becomes,

6”{20"”51“ 6Qi00{§§} {2d‘PJ€H+ 6Qicot[‘/2§g]}
60>

1
V72,(X,t) = rE +

2 Jg 4

1f C, #0 but C, =0 then,

6d‘P{2d‘P«/€¢/i— 6Qitan(“_9§]} {2d%/€m- 6Qitan(“_9.§j}
1 2 2
V72,(X,t) = —16d° P> — "

A2 J6 4

Substituting Eq (4.4.20) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

6d*¥? 12d¥° 6Y?
S V82(x,t) =1+ FERRNT (d+H)+ e

(d+H)’ ( viii)

e R )

here, H =| —
where, (G

2 2¥ Clcos(me , S [mfj
2Y 2Y

1f C, =0 but C, #0, then the above equation ( viii ) becomes,

’ 2
6”{2""}'%”” 69“0{ 2_;2 é‘} {2d‘l’«/€¢/1i+ 6Qicot[V2‘\If2 g]}

V821(><,t)=1+i2 6d°¥? — .
A

J6 4

1t C, #0 but C, =0 then,
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6d\P{2de”“ 69“311[\/2_\1,_951} {2d\P«/€$/1i— 6Qitan(\/2§§J}

Jo 4

v82,(x,t) = 1+% 6d°¥? -

Substituting Eq (4.4.21) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the
following travelling wave solutions,

12dA* _ 12dﬁ5 6w’

SV92(X,t) = ( J_ 7 6d2‘P2j+?

(d+H)

(ix)

—d‘sz(d+H)

—C, sin
oy o

H=|>
where, (Gj ¥ oy (
C. cos

E e
-0 ]+C2sin£m§]
2¥Y

If Cl =0 but C2 # 0, then the above equation ( ix ) becomes:

[i’w$ 124° —d‘{’z)£2d‘{’\/gi/1+ 6Qi cot(*/zfgjj

2 6 6
w02, (%t L) 1202 12048 e, N3

V=71 % % G

(2d%/€i 2 +6Qi cot(‘/zf gj]

4

+

1f C, #0 but C, =0 then,

( A0 L1227 4y, ZJ 20W6 + 4 6Qitan[V_Q§j
1| 12d42 _12d46 J6 2¥

V92, (x,t)=—1+ +6d°W? + \/_

PR N N 2¥6

(2d\W€ + - 6Qitan£\/2:y_Q§jJ

4

+
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Substituting Eq (4.4.22) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

2
6‘{: (d+H)2

(x)

12d A% _ 240 d‘PZJ 1( _122%

Sul02(x,t)=— (i 7 \/E T \/__d\y2j(d+|_|)+

5

where, H =

G

=
(G’]_L+ECISIH[2\P§j+CZCOS£ g é‘j
a2 Clcos(\/sz}kgsin(mfj

2¥Y

If Cl =0 but C2 # 0, then the above equation ( x ) becomes,

[i/wii 1247 —d‘PzJ[Zd‘P«/gi/li +/6Qi cot(ﬁﬁfj]

L) 12d 2% 2261 o NN
V102, (x,t)=—1% T +d¥ 4+
NN 2¢J6
2
{Zd‘P\/gi/IH 6Qicot£“_Q§JJ
29
+
4
1f C, #0 but C, =0 then,
[i’wi#u i—d‘sz(Zd‘P\/gi/ii— 6Qitan[“‘9 gjj
102 (xt):i L12d2% 2251 L, L V6 J6 2P
B 1T Ve e 2¥4/6
[Zd‘PJg + Ji — /6 tan[ “2:1? 5]}

+
4

Substituting Eq (4.4.23) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,
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2

.'.v112(x,t):(’uzdz+’62_2ﬂﬁd)(d+H)_2 (xi)
Y7,

) . [G'j ) m—Clsm[ oy §J+Czcos( Yy fj
where, H = ey =

+
¥ 2¥
C, cos 5

¥ §J+C2sm[2l}]§]

If Cl =0 but C2 # 0, then the above equation ( xi ) becomes:

4Y? (w’d* + B2 —2upd)

0 {Zd‘P + u++JQi cot(ﬁf}}

v112,(x,t) =

1f C, 20 but C, =0 then,

42 (pd’ + B2 - 2upd)

u {2d‘1—‘+,u—\/§i tan(\/z_\P_QfJ}

V112, (x,t)=

Substituting Eq (4.4.24) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

.'.v122(x,t):1+(2’u’6d_/“ljdz_’gzj(d+H)_2 (xii)
—C, sin mf +C, cos \/55
[G’j p  N-Q 29 29
where, H = S oy

+
¥ 2¥
C, cos 5

¥ §J+C2sm[2l}]§]
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1f C, =0 but C, #0, then the above equation ( xii ) becomes:

A? (2upd - 1’d> - )
u {2d‘1’ + u+~Qi cot{\/z_\y_Q 5]}

V122, (x,t)=1+

1f C, 20 but C, =0 then,

4V* (2upd - 1Pd’ - B*)
u {2d‘1’+,u—\/§i tan[\/z;_ggf}}

V122, (x,t)=1+

Substituting Eq (4.4.25) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

following travelling wave solutions,

I32(xt) = 184’ ~364°d”5 +18ud°5” +36,°d” £18d° 4’ V6 + ' 6 F185d° 1”6 F3d s’ 6
) , i,u3\/g¢d§\/€+6,ud

+ 242 - <343
H3uod’N6+od ‘/E}Jriz(ﬂadwﬁmyzdzﬁ—zdﬂz+45yd2—252d3—12y2d3)
U

(d+H)" +%(¢2ﬂ2d%¢ 20ud*6 + 120° + 8°0* 260w+ 64°0* (A +H)” (i

RS J-Q
N . w ) —-C, s1n[2\P §J+Cz cos( Yy fj
C, cos & |+C,sin &
2¥ 2¥

If Cl =0 but C2 # 0, then the above equation ( xiii ) becomes:

18d 4% —362°d°5 +18ud’5> +36,°d* +18d° 136 + 1° V6 F185d° 126 F3d 5’6

vi32 (x,t)=
(1) +4°J6 Tds/6 +6ud
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s d o Fod e 2 (H400 N6 F 44 d* o ~2d 1’ + doud” ~25°d* 124
u {2d‘1’+y+\/§i COtE_QgE]}
2y
4p° (J_r2,uzd3\/g$25yd4\/g+,u2d2 +5%d* —2§d3y+6,uzd4)

11 {2d‘l’+y+«/§i cot[\/z_ly_gf]}z

1f C, #0 but C, =0 then,

1848 —364°d25 +18ud’5> +36°d° +18d 12 N6 + 176 T185d° 126 F 3d 516
i,u3\/61 d5\/g+6,ud
3u5°d*J6F5°d° V6 2‘I’(i45d3y«/g$4,u2d2\/g—2dy2 +46ud? —25°d° —12,uzd3)

u {2d‘}’+,u—\/§itan[ —Q 5}
29
4‘P2(i2y2d3«/€$2§/,1d4\/€+,u2d2+52d4—2§d3/,1+6,u2d4)
2
s {2d‘1’+,u—\/5i tan[ 2;? fj}

Substituting Eq (4.4.26) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

V132, (x,t)

following travelling wave solutions,

d (12,u3 —364d5 +18d 1iNJ6 F185d2 %16 +181d 5> + 251716 —36,1°d* F3 us>diN6
i-,u3x/g¢ dé\/g+6,ud

v142(x,t)={
3425
1dIVE '*/g}+{l2(2dy2 —45ud? ¥ 450° N6 + 447 d%iN6 + 25°d° —12u2d3)}(d +H)”
U

+{L2<i2,ud45ix/g¢ 2,°d%6 — p2d? — 5%d* +25d3,u+6,u2d4)}(d +H )72 (xiv)
u

—-C, sin[m f] +C, cos[m (,‘J
_ M, 2¥ 2¥
o C COS[E§J+C2 sin[mgj
2¥ 2¥

G’ N-Q
where, H :(Ej_ a

If C] =0 but Cz # 0, then the above equation ( xiv ) becomes:
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d (12#3 —36.2d5 £18d 116 T185d° 12iN6 +18d%5% +2512IN6 —36,.°d> F3u5diN6
iuS\/gi d5\/€+6,ud
54’6 2\1!(2d,u2 —48ud> F45d° 1i6 + 44°d%iN6 +25°d° —12ﬂ2d3)

uw {2d‘P+,u+\/§i cot[_Qéj}
2%
42 (#2056 F24°d"i/6 — pd” - 57l +25d3,u+6y2d4)

w {2d‘¥’+y+\/5i Cot[ﬁfj}

V142, (x,t)=

1f C, #0 but C, =0 then,

d (12/f —364d5 £18d 1716 F185d% 12146 +18d 25> + 251716 —36,4°d> F3us5diN6
+1°6 Fd5J6 +6ud
+5°d%i6 2\}'(2dy2 —45ud> F45d° 4iN6 + 422d%i6 +25°d° —12,uzd3)

o {2d‘1’+,u—\/5i tan( — f]}
2¥
49> (ﬁ;@“&d@x 24°d%6 — 2d? - 52d* +25d3,u+6,u2d4)
2
s {2d‘~I/+,u—\/5i tan[ 2_\52 5]}

Substituting Eq (4.4.27) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the

V142, (x,t) =

following travelling wave solutions,

248d4° 144, | 2884148°

. _ 1 442 _ 2. 242 2 n2 2 _ 2 2
..v152(x,t)_—96/12ﬂ2 [/1 d>+ 7 12221202 + 2422 B + 24 22 upd F Tt e +144 8%
442 3 _ 1 1213ﬁ—72/1ﬂ,u2 2 3 4 2 2 4
+36u'd’ —1444°d B) Y (i G T 7 +12uBA> =728 +d A% —12d A% +36u dj
1 2 2
(d+H)+—9622ﬁ2 (/12—6;12) (d+H) (xv)
—C, sin 2 & |+C, cos < &
G’ u N-Q 2¥ 2¥
where, H = E =

= +
2¥Y 2% V- J=
C, cos 2 & |+C,sin {2 &
2¥ 2¥Y
If C] =0 but Cz # 0, then the above equation ( xv ) becomes:
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144 4° Bd N 288113

N

+12upA* =28 +d At -12d A% +36y4dj

3
V152, (x,t) =96—12{/14d2 s 2B 24 B A B +144 871

2B J6

+36u'd* —144°d B —[i 12\7%/3 ¥ 72:1/?‘2
20 + p+Qi cot[\/z_ly_ggj (,12 _6ﬂ2)2{2d‘l’+,u+\/§i COt[\/Z_\P_Qé:]J

+
¥ 49°

1f C, #0 but C, =0 then,

3 2 2
V152, (x,t)= L) a2+ 28892 100000 1 oap2 4 22 ypd 7 13445, 2882448
’ J6 J6

96,4° B J6
3 2
+36y4d2—144y3dﬂ—[+12/1'Bi’nﬂ"g'u +l2,uﬂﬂ,2—72,8y3+d/14—12d22,uz+36,u4d]

-~ V6 Jo
2d¥ + 1+ Qi tan[\/z_ffj (4 —6u2)2(2d‘P+,u+\/5i tan(fgn

+
b4 4y’

+144 81

Substituting Eq (4.4.28) into Eq (4.2.3), along with Eq (3.1.8) and simplifying, yields the
following travelling wave solutions,

1 14474 Bdi N 288 1up%

. _ 4 2—24ﬂdﬂ“3| 2. 242 2 2_ 2 —_ 2. 2
..v162(x,t)_—96/12ﬂ2 (l d +—J€ +122%1°d% + T2A° B =24 A2 uf3d 7 7 +1448°u
a2 siay. L (SR22B_T228u0 2 ; 4 2 2 s
+364°'d* ~144,°d B) Ve (+ T ¥ G 12uB2% =128 +dA* +12d A2 1* +36u d]

(d+H)+—12 2(/‘L2+6,L12)2(d+H)2 (xvi)
961"
—C, sin ;Q.f +C, cos _Qf
G’ U N-Q 2¥Y 2¥
where, H = N

—+
2¥Y 2% J-0
C, cos
2¥

(=
§J+C2sm( Y /fj

If Cl =0 but C2 # 0, then the above equation ( xvi ) becomes:
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o 3 14444 Bdi | 288"
Jo 6

—12uBA? —T2Bu +d At +12d.22 12 +36y4d]

3
V162, (X,t) = —5—5 ! {A“dz—z‘wo"1 +120% 122 + 7207 B2 — 2422 1Bd F +144 821

) =562 iz J6

N
+36,°d” —144,°d B — ( 1221 - 1224

NN
2
J-Q 2 N-Q
2d‘I’+y+«/—|cot( >y & (/I +6,u) 24 + u+/Qi cot 7 &
+
k4 4y?
1f C, #0 but C, =0 then,
_24Bd 2% 1444 Bdi | 2884 )
162, (x,t AP F 122°1°d* + 722 B* = 2427 upd F 144
V162, (X,t)= %ﬂzﬁz{ G + +721° B upd T N 7 +1448° 1
721ﬂ,u| 2 3 4 2,2 4
+36u%d* —144,°d B [ —12uPA" =721 +dA* +12d A" u” + 361 d]
o
2
209 + u— \/_ltan(‘ ] ,12+6Iu2)2[2d\11+,u—\/5itan( 2:}?5)}

492
Rational form travelling waves

Substituting Eq (4.4.13) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

6‘{’2 ) A2

6 - )
d+H drHY + -2 (d+H)® (i

SVI3(X ) == +—(d H)+—

8 A6

where, H =(EJ=L+L,
G) 2¥ C +C;¢

then the above equation (i) becomes,

6¥C, 6¥°C; - A(C, +CZ§) A*(C, +CZ§)
"6 (C 1 CE) 2(C+C¢)  16¥V6C,  1536W°C;
Substituting Eq (4.4.14) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

3
V13, (X,t)=—
(0= 2

following travelling wave solutions,
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6¥ 6\’ 2 A s B
v23xt_—+—d+H d+H) + d+H) +————(d+H ii
0= T I T R G B ) e (TR D)
where, H =(EJ:L+L,
G) 2¥ C+C/¢

then the above equation (ii) becomes,

6vC, . e¥’c;  AC+C9) . 22(C,+CE)
IN6(C +CE) 27(C +C,E) 16¥46C,  1536¥°C;

5
V23, (X,t)==+F
()8

Substituting Eq (4.4.15) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

SV33(x,t) = é(d THY (iii)

where, H Z(EJ=L+L,
G 2¥ C,+C¢

then the above equation (iii) becomes,

{2d¥V6(C, +C,£)£ A(C, +C, &)+ 296G, |

V33, (X,t) = - 5
24d°¥?(C, +C,¢)

Substituting Eq (4.4.16) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

v43(x,t)=1—d—12(d +H)’ (iv)

where, H =(EJ=L+L,
G 2¥ C,+C¢
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then the above equation (iv) becomes,

(2096 (C, +C,¢)£.i (C, +C.¢)+ 29VeC, |
24d°¥? (C, +C,&)’

va43, (1) =1-

Substituting Eq (4.4.17) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

.'.v53(x,t)=1—§(d+H)+$(d+H)2 (v)

where, H 2(9J=L+L,
G 2¥Y C +C¢

then the above equation (v) becomes,

2
2098 (C, +C.E) FA(C, +C,6) + 2446C, {2096 (C, +C,£)F 4(C, +C,¢)+ 296C, |
d¥V6(C, +C.¢) 24d°9?(C, +C,¢)
Substituting Eq (4.4.18) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

v53,(x,t) =1-

following travelling wave solutions,

.'.v63(x,t)=§(d+H)—dl—2(d+H)2 (vi)

where, H =(EJ=L+L,
G 2¥ C,+C¢

then the above equation (vi) becomes,

A 2
2P (C, +C,E)FAI(C, +C,E)+29V6C, |20¥6(C +C,)F i (C +C.¢) + 29T, |
d¥V6(C, +C,¢) 24d°¥? (C,+C,¢)’

Substituting Eq (4.4.19) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

V63, (X, t) =

following travelling wave solutions,
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6P’

6d*y?  12dV¥”
- S (d+H) (vil)

SVT3(X,10) = PE e

(d+H)+

where, H =(9J=L+L,
G 2¥ C +C)¢

then the above equation (vii) becomes,

I 60 {20'¥V/6(C, +C,&)F 4(C, +C,¢) +2¥eC, |
V73,(x,1) = —| 6d*¥* -
A J6(C,+C,¢)

{2d‘I’J€ (C,+C\&)FA(C,+C\é)+ 2‘P4302}2
4(C,+CeY

+

Substituting Eq (4.4.20) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

6d>¥?  12d¥’ 6’
VB =4 (d H )+ (d+H) ( viii )

where, H 2(9J=L+L,
G 2¥Y C +C¢

then the above equation (viii) becomes,

60 {20 W6 (C, +C,&)F i (C, +C.&)+ 2%6C, |
J6(C, +C.¢)

V83, (X,t) =1+% 6d°W? -

{2d‘PJ€ (C,+C,&)F Ai(C,+C,&)+ zxp\/gcz}z

+ 2
4(C,+C)¢)

Substituting Eq (4.4.21) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions
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(OI HY

(ix)

2 2
V93 (xt) == ( 12d 4 12d/15+6d2\P2j 1( LAS 122 _dlpzj(

NN NN

where, H :(EJ:L+L,
G) 2¥ C+C¢

then the above equation (ix) becomes,

12dA° _ 12d/15 A5 _124°

V93, (x,t) = 2{_ \/. I —=+6d’¥’ + ( \/E:L\/g—d\lﬂj

20%6(C, +C.8) +A(C, +C,6)+29V6C, | (2096(C, +C,£) £ 4(C, +C,£) + 2¥EC, )
2¥6(C, +C,¢) 4(C,+C,¢)’

Substituting Eq (4.4.22) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions

2= - - 2-
12d A% _ 245 le2)+i2( ASi _122%

1
~v103(x,t) = —| + Eidiad

where, H 2(9J=L+L,
G 2¥Y C +C¢

then the above equation (x) becomes,

25 2:
V103, (x,1) = /12{ 12d 2% _ 226 d\y2+[ ASi _122% _d\Pj

RGN AR

206 (C, +C,£)£4i (C, +C,¢)+2¥6C, | (20wV6 (C, +C,8) £ Ai(C, +C2§)+2‘P\/302)2
2¥6(C, +C,¢) 4(C +CeY

Substituting Eq (4.4.23) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

2

.'.v113(x,t):(’u2d2+ﬂ2_2'u’8dJ(d+H)_2 (xi)
7]

where, H =(EJ=L+L,
G 2¥ C +C¢

106



then the above equation (xi) becomes,

492 (1°d” + B> = 24pd )(C, +C,¢)°

V113, (x,t)= - 2
7 {2dW(C, +C,&)+ u(C, +C,&) +2%C, |

Substituting Eq (4.4.24) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

2

.'.v123(x,t)=1+(2ﬂ’8d_ﬂzdz_’BZJ(d+H)2 ( xii )
M

where, H =(EJ=L+L,
G 2¥ C,+C¢

then the above equation (xii) becomes,

492 (2upd - 1°d” - B*)(C, +C,&)’

ul23,(x,t) =1+ - -
17 {2d¥ (C, +C,&) + u(C, +C,&) +2¥C, |

Substituting Eq (4.4.25) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

18d 1° —36,2d%5 +18d>S5> +36,°d° £18d% 17 \6 + 1°\J6 F185d° 126 F3d 512 6
+1°J6 Fd5/6 +6ud

.'.v133(x,t):{
i3,u52d2\/€$§3d3\/€}+i(

2

M

+45d° 136 F 412076 - 2d 11> + 4oud? - 25°d° —12y2d3)

(d+ H)f‘ +%(¢2#2d3£¢25ﬂd4 6+ pd” +57d* —25d3,u+6,uzd4)(d + H)’2 ( xiii )

where, H Z(EJ=L+L,
G 2¥ C,+C¢

then the above equation (x1ii) becomes,
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_18d4’ —364°d%0 +18ud*5” +36,,°d” +18d°1° /6 + 16 ¥185d° 1° /6 F 3d 5’ N6
+1°J6 Fds6 +6ud
386 TSP G 2 (44050 a6 F 41706 — 2 17 + 4oud” —25°d ~12,4°d° )
17 {2d¥ (C, +C,&)+ u(C, +C,&)+2%C, }
4‘112(12,uzd3«/€$25,ud4\/g+u2d2 +o%d* —25d3,u+6,u2d4)
12 {2d¥ (C, +C,&)+ u(C, +C,&)+2¥C, )
Substituting Eq (4.4.26) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

ul33,(x,t)

following travelling wave solutions,

d (12/ﬁ —36°d5 +18d 17iN6 F185d 2126 +18ud 5% +281%1N6 —361°d > F3 5 diN6
+1°\J6 FdS5J6 +6ud

.'.v143(x,t)={
3425
M}%%(zd;ﬁ —48ud® F45d° ui6 + 44°d%iN6 +25%d° —12/,!2d3)}(d +H)"
7]

+{i2(i2ud45i\/5¢ 24706 - p7d? - 5°d* +25d3ﬂ+6ﬂ2d4)}(d +H)T (xiv)
U

where, H =(9J=L+L,
G 2¥ C +C¢

then the above equation (xiv) becomes,

d (12;13 —3622d5 £18d 1716 F185d% 1216 +181d 5% +281%1N6 —36,°d* F3us>dinf6
i,uS\/g$d5\/g+6,ud
+5°d%6 ) 2‘{’(2dy2 —45ud> F45d° uiN6 + 442d%6 + 2570 —12y2d3)
17 {2d¥ (C, +C,&)+ 4(C, +C,&)+2%C, |
4y (J_r2yd4§i\/€$2y2d3i\/g—ﬂ2d2 =5°d* +20d" u+ 670" )
12 {29 (C, +C &)+ u(C, +C,¢) +2¥C, )
Substituting Eq (4.4.27) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

V143, (x,t) =

+

following travelling wave solutions,

1 24pdA° _ 1447 Bd | 2882up°
SVIS3(x,t)=———| A'd* + —124%4°d? + 2407 87 + 24 A upBd F + +144 3% 1/
(x.t) 96/1%2( 7 H s Hp 7 7 Bu
1 122°B _ 72281’
+36y4d2—144,u3dﬂ)—48/12ﬂ2 (i 7 F 7 +12uBA” =728 +dA* —12d A% ” +36,4°d
1 2 2
d+H)+——(A2*-64") (d+H XV
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where, H =(9J=L+L,
G 2¥ C,+C¢

then the above equation (xv) becomes,

14447 pd N 2884Au3°

NN

+12uBA* =121 +d At —12d % 1 +36,u4dj

3
V153, (x,t) = ! {1“d2iw—12)ﬁy2d2+24/12/32+24/12y/3dJ? +144 84

964 3° J6

3 2
+364d? —144,u3dﬂ—[+12/1 B 3 2APp

% %

209 (C, +C,&) + 1(C,+C,£)+2%C, | (4 =64 ) (20 (C,+C8)+ (G +C,6) +2%C, |
¥ (C,+C)¢) 497 (C,+C,¢)’

Substituting Eq (4.4.28) into Eq (4.2.3), along with Eq (3.1.9) and simplifying, yields the

following travelling wave solutions,

1 _24Bd A% _ 1447 pdi | 2884upi
V163(X,t)=———| A'd* F +122%2d% + 722 B> =24 A7 upd F + +144 8% 1
1 (122 Bi _ 1248445
+36,u4d2—144,u3dﬂ)—48&2ﬂ2 [+ 7 F 7 —12uBA* =121 +dA* +12d A% 1 + 36, d
1 2 2
d+H)+——(A7+64°) (d+H Xvi

G’ C
where, H =(—J:i+—2 ,

G) 2¥ C +C;¢
then the above equation (xvi) becomes,

1 _24Bd A% 14422 Bdi | 2882uB°
V163 (x,t) = ———J 2> F 228 11227 °d> + 242 87 — 2407 uBd F + +144 8248

+364'd> —144ﬂ3dﬁ—(¢ 12\//1%& T 72’}/%”2i
20 (C+C.6)+u(C +C.E)+2¥C, ) (41+ 612 ) {20¥(C,+C,€)+ u(C, +C,E)+2¥C, |’
¥(C, +C,¢) 497 (C,+C,¢)

—12upA> =728 +dA* +12d A% 1° +36y4d]

Hyperbolic form of travelling waves:

Substituting Eq (4.4.13) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,
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A A2

6¥Y -1 )
d+H) +—2(d+H '
16‘1'\/5( HH) e 4R ()

S VIA(X, t)_§+—(d +H)+

6

2
Y (d+HY T

\/_ C s1nh(\/Z §J+C2 cosh[\/l;: §]

where, H =(aj \ﬁ 7 N
C cosh( A §J+C2 sinh[Afj

v v

If Cl =0 and C2 # 0, then the above equation (i) becomes:

6[d‘P+\/Zcoth(\/‘§§B 6[d\y+\/Zcoth[‘§§Dz i

+ F

a6 A2

A

16\PJ€[d\If + \/Zcoth(\\/gfn

V14, (x,1) = ETL

AZ
1536(d‘P+\/Zcoth£\/\§§D

1f C, #0 and C, =0 then,

6(d‘P+«/Ztanh[\/\§§B 6(d‘P+«/Ktanh[\/§§H_ B

6 o 16‘1’\/5{d‘1‘+\/xtanh(\/§ D

+

vl4,(x,t) :gi

/12
+ 2
1536{d\1’ +\/Ztanh{\l/§§}}

Substituting Eq (4.4.14) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solution:

6y 2 A -1 A° )
d+H) + d+H) ' +—2(d+H i
— (d+H) 16\PJ8( +H) +1536‘P2( +H)® (i)

\/Z C s1nh(JZ§J+C2 cosh[@é]
where, H = (—J
© ¥ C cosh(\/Z§J+C2 sinh[\/zfj
b4 b

SV24(x,1) = 2 /16:/113

(d+H)+
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If C, =0 and C, #0, then the above equation (ii) becomes:

5 (d‘P+\/Zcoth(\/‘§§B 6(d‘1’+\/Zcoth[\/\§§B2 .

v24,(X,1) ==

A
+ T
8" A6 A

16‘P\/g{d‘1’+\/xcoth[\‘/§§D

/12

1536{d‘¥+\/Zcoth(‘/§§B

If C, #0 and C, =0 then,

6(d‘P+\/Ztanh(\/Z§j] 6{d‘P+\/Xtanh(\/Z§D
5_ ¥ ¥ 2
V242(X,t) = §+ +

6 4 : 16¥+/6 [d‘P+«/Z tanh[\géﬁ

+

12
+ 2
1536(d‘1’+«/§tanh(§§j}

Substituting Eq (4.4.15) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

S V34(X, t)_ (d+H) (iiii)

where, H = ( j \/Z - ( v 9&] - COSh[\{PK é]
’ G
|

Y
C, cosh \/Zf +C, sinh Qé
Y b4
If Cl =0 and C2 # 0, then the above equation (iii) becomes,

{d‘{’ +\/KCOth[\\/PK§]J2

d*y?

v34,(x,t) =

If Cl * 0 and Cz = 0 then,
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{d‘l’ +\/Ztanh(\/§§nz

V34, (x,t) = T

Substituting Eq (4.4.16) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

v44(x,t)=1—%(d +H) (iv)

C, sinh (JZ 9&] +C, cosh [\/K &
b4 b4

C, cosh (\/\ﬁ_ fJ +C, sinh[\/l{i: 5]

G:

0.8
vV

where, H =(

If Cl =0 and C2 # 0, then the above equation (iv) becomes:

[d\PwZ coth[\\/g gj]z

v44,(x,t) =1~ e

1f C, #0 and C, =0 then,

(d‘{’ + \/Ztanh(\/qu 5]]2

v44,(x,t) =1~ e

Substituting Eq (4.4.17) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

.'.v54(x,t):1—§(d+H)+diz(d+H)2 (v)
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(VA JA
where, H = (Ej = A - Smh(qjgj - COSh[\P é]
¥ ¢ cosh (“A §J+ C, sinh[“A gj

v v

G

1f C, =0 and C, #0, then the above equation (v) becomes:

2(d‘l’ +\/ZCOth(\/§ 5]} (d‘P +\/Kc0th£\/\§§D2

+
d¥ d*y?

v54,(X,t)=1-

1f C, #0 and C, =0 then,

2(d\P +\/Ztanh(*§§j] [d‘P+\/Ktanh(\/\§§B

v54 (x,t)=1- +
(6D dy d2y?

Substituting Eq (4.4.18) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

.'.v64(x,t)=§(d+H)—d—12(d+H)2 (vi)

where, H :(Ej _VA - Sinh[\/‘gé]wz COSh[\/\E & %

"ol yefrcon]
C,cosh| —¢& [+C,sinh| —¢&

<[5
<[5

If C] =0 and C2 # 0, then the above equation (vi) becomes,

Z(d‘I’ +\/Zcoth[\{§ §D (d‘l’ +\/Zcoth(\{§ f}jz

V64, (X,t) = e - e
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If Cl * O and C2 = 0 then,

2{d‘1’ +\/Ztanh(\/§§D (d‘l’ + \/Ztanh(\/\;: §D2

V64, (X, 1) = 7 - FEVTE

Substituting Eq (4.4.19) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

6d*¥? 12d‘P2 6P’

VT4(X,1) = IE IE (d+H)+——(d+H) (vii)
C 51nh(\/K§J+C2 cosh[\/xf]
where, H = ( j VA hi
G ¥ C cosh£@§]+C2sinh[\/Z§}
b4 b d

If Cl =0 and C2 # 0, then the above equation (vii) becomes:

V74, (X,t) = {6d p 12d‘P[d‘{’+\/Zcoth(£§D+6[d‘P+x/Zcoth(£§J]}

If C, #0 and C, =0 then,

V74, (X,t) = {6d ‘Pz—12d‘P[d‘P+«/_tanh[£§D+6{d‘l’+«/_tanh[£§n}

Substituting Eq (4.4.20) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

2 2 2
V84X, ) =1+ 6d/1\P 123\11 (d H) oF

—(d+HY’ ( viii )
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JA

C s1nh(

\/_ §]+C2 cosh[\/\géj

where, H = (Ej \ﬁ s s
C cosh( A §J+C2 sinh[A(fj

v v

If Cl =0 and C2 # 0, then the above equation (viii) becomes,
2
V84, (X,t) = 1+ PE 6d*¥* — 12d‘P(d‘P+«/Zcoth{igf}]—%[d‘{%«/Zcoth££§n If

C, #0 and C, =0 then,

v84,(x,1) =1+% 6d 2 P> _12d‘1’[d‘P+\/Ztanh(g§D+6[d‘P+«/Ztanh£g§j]

Substituting Eq (4.4.21) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

2
6l}2’ (d+H)2

(ix)

NN

12dA% _ 1245 6d2‘1’2j 1[ A8 1222

V94 (x,t) = ( N

—d‘sz(d+H)+

\/_ C smh(\/xfjnLCz cosh[\/écf]
where, H = ( j A
G b d .
C cosh( §J+C2 s1nh[lP§}

If Cl =0 and C2 # 0, then the above equation (ix) becomes

/15+’1_d‘P2J[d‘P+\/Zcoth[\/\§§U

+ =
> ( 6 6
1), 12d2° 12448 oy, NN

1% v

<5 <
5

vo4, (X,t) =
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2
+6(d‘{’+\/Zcoth[g§D
If Cl #0 and C2 =0 then,

A8 1202 JA

+ 2037 _dw? || dW + /A tanh| Y2
L1242 12425 6d2‘P2+( NN j{ FNAtan [‘I’(’EJJ
i VARG ¥

+6(d‘P+\/Ztanh(€§D }

Substituting Eq (4.4.22) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

1
Vo4, (x,t) =
,(X,1) =

following travelling wave solutions,

2
6\12 (d+H)2

(x)

12d A% _ 2400 d‘PZJ 1[ _12A4%

V104(X t)——( \/g \/g T \/_ _d\p2j(d+H)+

C s1nh(\/Z§]+C2 cosh[\/zéj

R 7
whnere, G lP ( J . [ A ]
C, cosh & [+C, sinh ?5

If Cl =0 and C2 # 0, then the above equation (x) becomes:

2 (+M 1277 —d‘PZJKd‘P+\/Zcoth(\/§§J]

124 2% 2481 oo J6

NN 57

<[5 <
=

él

1
v104,(X,t) :? +

\/Z 2
+6(d‘P+\/Zcoth(?§J] }

1f C, #0 and C, =0 then,
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: .
) | (i A8i 122 |_d‘{ﬂ]£d\l’+x/xtanh(\/\§§n
L2027 2281 e

NN ¥

1
v104,(x,t) = pE

+6{d‘P+\/Ztanh(£§H}
v

Substituting Eq (4.4.23) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

2

.'.v114(x,t):(’u2d2+’82_2’uﬁdj(d+H)_2 (xi)
Y7,

C, sinh(é] +C, cosh[ &

C, cosh (A 5} +C, sinh[A (fj

G’ A
where, H = (Ej = \/‘P_

SRS
<5 <5

1f C, =0 and C2 # 0, then the above equation (xi) becomes:

‘Pz(,uzderﬂz—Z,uﬂd)

1 {d\l’ ++/A coth [\/\Ef]}

vl14,(x,t) =

If Cl * O and C2 = O then,

W (7d” + B - 2upd)
u {d‘P+\/Ztanh(\{PZ§]}

vi14,(x,t)=

Substituting Eq (4.4.24) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,
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2

v124(xt)_1+(2’u’6d —pd - j(d+H) ( xii)
y7i

&\ & C, sinh(g§]+C2 cosh[@é]
where, H = (—J =
6 ¥ C, cosh(\/ZfJ+C2 sinh[\/zfj
b d b4

If Cl =0 and C2 # 0, then the above equation (xii) becomes:

W (2upd - P’ - )
u {d‘l’ +x/Zcoth(\/\§ fJ}

V124, (x,t) =1+

If C] * O and C2 = 0 then,

W2 (2upd - p’d* - 57
w0 {d‘P +\/Ztanh(\\/§ f]}

V124, (x,t) =1+

Substituting Eq (4.4.25) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

134(x,t) = {134 230,070 + 180’5 +36,°d +18d° V6 £ 1 V6 T185d° 1”6 T3d 5’6
) , i,u3\/g¢d§\/€+6,ud

242 3
+3us°d*V6 F5°d */_} (+4§d N6 F 447076 - 2d 12 + 40ud? - 252d° —12,°d° )
u

(d+H)" +%(i2,u2d3\/6$25,ud4 6+ 4" +.5°d* 200"+ 64°0* ) (d + H) (i)

\/_C s1nh(\/Z§]+C2 cosh[\/l;:gZ
where, H = (GJ A

oo e
C, cosh & |+C,sinh| —¢&
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1f C, =0 and C, #0, then the above equation (xiii) becomes:

18d g’ —3622d25 +18ud’5 +364°d° +18d° 176 + 176 F185d° 117 /6 F3d 5”6
+1°\6 Fd5J6 +6ud
i3,u§2d2\/67r53d3\/g ‘P(i45d3,u\/g$4,u2d2«/g—2d,u2+45,ud2—2§2d3—12,u2d3)
+

i {d“P-F\/ZCOth(\{PZ(:J}

‘Pz(i2y2d3\/g$ 28ud* 6 + 12d* +5°d* —25d3,u+6,u2d4)

1 {d‘P+\/Kcoth[\l/§§]}

V134 (x,t)

J’_

1f C, #0 and C, =0 then,

Vi34, (xt) = 180 1° — 36,425 +181d*6% +36,°d° +18d° 126 £ 126 F185d° 1> 6 F3d 51> 6
o +1°\J6 Fd5/6 +6ud

135°0° V6 T 5°0°V6 ‘P(J_r4§d3,u\/3$4y2d2\/€—2d,u2+45/4d2—252d3—12/12d3)

u {d‘P+\/Ztanh(\{PZ§]}
P (J_r2,u2d3\/€¢26yd4\/€+y2d2 +5%d* —25d3,u+6y2d4)
2
0w {d‘PJr\/Ztanh(\/\ﬁ_ﬁJ}

Substituting Eq (4.4.26) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions

d(12,u3—36,uzd5i18d,u3i«/g$185d2,u2i«/g+18,ud252J_r25,u2i«/g—36u3d2¢3,u52di\/g
svld4(x,t) =
(xt) +1°J6 Fd5V6 +6ud

3.42;
M}+{L2(zdy2 —45ud* F45d° uiN6 + 442d%iV6 + 25%d° —12y2d3)}(d +H)"
U

+{i2(i2yd45i\/€$ 247 diN6 - 1°d” - 5°d* +25d3u+6u2d4)}(d +H)T (xiv)
U

C, sinh (\/K §J +C, cosh[\/Z &
b4 Y

C, cosh [\/\E RfJ +C, sinh (\/5 §]
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1f C, =0 and C, #0, then the above equation (xiv) becomes,

d (12/13 —362°dS +18d ' i/6 F1850° 1216 + 1810257 + 281716 —361°d* T3 15°diN6
+1° V6 FdS/6 +6ud
+5°0%i6 ‘P(2dy2 —45ud> F45d° 1iN6 + 412d%IV6 +25°d° —12ﬂ2d3)

e {d‘P+«/Zcoth£\/\§§]}
W2 (+2ud*0iN6 F 24°0iN6 - p°d” - 57" + 250+ 6407

s {d\P + \/Zcoth(\/l;:éj}

1f C, #0 and C, =0 then,

V144, (x,t)=

+

d (12;3 —364°d5 +18d 1216 F1850° %16 +181d >8> + 2851716 — 36 2> F3us5diN6
J_r,u3\/g-T—d5\/g+6,ud
r5dlie (2047 —4oud’ F 45 uiN6 + 447 diN6 +25°d° ~ 1247

uw {d‘P + \/Ztanh(\l/}’xé‘j}

vi44, (x,t)=

+

W (£2ud*8iN6 F 24°diN6 - 1’d” - 57 +25d3,u+6y2d4)

uw {d‘{’ + ﬁtanh(@f]}

Substituting Eq (4.4.27) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solution,

244dA° _ 14447 Bd | 2884up3°
S V154(x,t) = AP 12%0°d7 + 2407 B2 4 24 27 upd F—E - £ T 1144 878
1 122°B _ 72281’
+36y4d2—144,u3dﬂ)—48/12ﬂ2 (i 7 F 7 +12uBA” =728 +dA* —12d A% ” +36,4°d
1 2 2
d+H)+———(A"-64") (d+H XV
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JA

C smh(

JA
j \/X §]+C2 cosh[\{jf

¥ JA NSV
C cosh( v {SJ+C2 s1nh[‘{,§j

here, H = —
where, (G

1f C, =0 and C, #0, then the above equation (xv) becomes

248d 1} 14447 d | 28844p°

A4d? + —122%17d* +242° 37 + 2427 uBd F + +144 8% 17
154, (x,t) = V6 8 / “ J6 J6 Fu
v I(X’ )_ 96/12ﬂ2
1213,3 721,3!1 2 3 4 2 2 4
+12uBA° =72 +dA*—12dA°u” +36u°d
+36u°d> —144,°d B [ J6 J6 Hb Pu a a
48¥A° B
2
{d‘P+\/Zc0th(\‘/§§B (,12_6lu2)2[d‘{’+\/xcoth(\{§§]]
+
96W¥’1* B’

1f C, #0 and C, =0 then,

14442 pd | 2884u°

VAR

7+ 24pdA°

v154,(x,t)= Jo

—122°1°d% + 2447 B + 2447 upd F +1448° 17

9612 5

12/13[} 72781’
+36u'd’ —144,°dp " 6 J6

+12uBA* =721 +d A% —12d A% 1 +36,u4dJ

48¥ 1 B°
(d‘P—i-\/Ktanh[\/KfB (/12—6;12)2 {d‘P-i-x/Ztanh[\/Zng
¥ ¥
’ 96> 1’ B

Substituting Eq (4.4.28) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

144240 pdi | 288208°

NN

+1448° 17

3
.',V164(X,t)=W(ﬂ4d2$24§%ﬂ 1212ﬂ2d2+7212ﬁ —24 12 ﬂd+
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3 o 2
+36,u4d2—144,u3dﬁ)— ! [¢12/1 ﬂ'¢72’w“'—12yﬂ/12—72ﬁy3+d/14+12d/12y2+36y4dJ

825 e J6
1 2 2\? 2
/12,32(/1 +6,u) (d+H) (xvi)

d+H
(d+H)+50

C, sinh (\{PK §J +C, cosh[ &

C, cosh [A RfJ +C, sinh (A §]

G’ A
where, H = (Ej = \/;

<|&
R

If Cl =0 and C2 # 0, then the above equation (xvi) becomes,

248d A’ 14400 pdi | 28824p°i

A2 F +122%047d* + 7222 37 = 24207 upBd ¥ +1448° 1/
e i) N3 u B up NG NG Bu
V164, (x.t) = 9612 4°
_1213ﬂ|_72/1ﬂ/,l2| 2 3 4 2 2 4
¥ F —12uBA1" =72 +dA*+12dA° " +361°d
+36,u4d2—144y3dﬂ_( J6 J6 Hp pu o
48%W 12 B
2
(dwacoth[‘ggj] (/12+6y2)2(d\y+\/Zcoth(‘§§J]
_l’_
96¥> 125>

If C, #0 and C, =0 then,

proces 24Bd A%

V164, (x,t)= Jo

14474 Bdi N 288 up3%

NN

+122°4°d° + 7227 B2 = 2427 ufd F +1448° 1

961°f*
- 124° Bi - 7228’
+36u'd’ —1444°d B J6 J6

—12uBA7 =121 +d A +12d A% ° +36y4dj

48¥YA° B

o D)) (v (o o B

+

96V 1>
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Trigonometric form of travelling waves

Substituting Eq (4.4.13) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

“VI5(% t)—§+%(d+H) O (d+H) F—(d+ )-1+153’1W(d+H)-2 (i)
—C s1n£M§]+C cos { J

where, H :(Gj_\/ly_ C COS[\/_ ]J’C sin [\/_ j

If C1 =0 and C2 # 0, then the above equation (i) becomes,

6[d‘l’+«/Zi Cot(\/‘;?fjj 6[d‘l’+«/Zi cot(giﬁ )

NG yh

A
T

16‘P«/€(d‘1’+x/§icot(\/§

vi5,(x,t) ==+

J

/12
1536[d‘P+\/Zi co{‘/\;_Agj]

1f C, #0 and C, =0 then,

+

), .

16‘P\/€[d‘1’—\/xitan[

§j] 6[d‘1’—\/zi tan(\/;?

6(d‘P—\/Zi tan(\/l;_A
a6 ’ A

v15,(x,t) = %J?

5

J

12
1536[d\P—JZi tan[\/\;_A g]}

Substituting Eq (4.4.14) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

v 2, A G A
d+H) + deH) '+~

.-.v25(x,t)=§¢ﬂ(d+H)+ (ii)

6

e (d+H)
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_(N-A J-A
where, H =(9’j= V—A _Clsn{ b §}+CZCOS{ b ‘};]
’ G ¥ C, cos [“Agjm sin[“_AgJ
y ? y

If C, =0 and C, #0, then the above equation (ii) becomes:

6[d‘P+«/Zi cot(‘/\;_Agjj 6{d‘P+«/Zi cot{gij}

A

v25,(x,t)==7F +
]( ) //i\/g ﬁ/z
12
+ 2
1536[d‘P+JZi cot[ “\;A gn

If C] * O and C2 = 0 then,

6(d‘P—\/Zi tan(\/;? D 6(d‘P—\/Zi tan[J\;_A (SDZ

_16\PJ8[dW+JZi cot[*/\;_AgD

A

v252(x,t)=§$ +

a6 2

22

1536(d\P—\/Zi tan(‘/\?gn

_16\1’\/8{(1\}'—\/& tan{“/?(gﬁ

Substituting Eq (4.4.15) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

S V35(X, t)_ (d +H)

[>

{5

—C.si
- H:(gjzﬂ (LP
G ¥ C, cos [ j+C2sin(\/l;_A§]

b3

l>

If Cl =0 and C2 # 0, then the above equation (iii) becomes:
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(d‘l‘ +«/Zi cot(«/?gj]z

V35,(X,t) = VT

If Cl * O and C2 = 0 then,

{d‘P—\/Zi tan(\/\;_A §D2

d?y?

v35,(x,t) =

Substituting Eq (4.4.16) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

.:V45(XJ)=1—~£;(d4—H)2

] (G’] = —Clsm( \;A §}+Czcos[\;A 5]
where, 0 = — |= —

© ¥ Clcos(_A§]+C2sin£_A§J
v v

If Cl =0 and C2 # 0, then the above equation (iv) becomes:

(d\P +/Ai cot[géﬁz

v45,(X,t)=1- e

If Cl * O and C2 = O then,

(d‘{’—\/Zi tan[\/gfj]

d2y?

v45,(X,t)=1-
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Substituting Eq (4.4.17) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

.-.v55(x,t)=1—§(d+H)+$(d+H)2 (v)
here, H (G,]—\/_ACISIH(\/\;_AQZ]JrCzCOS[\/\;_Af]
where, 2=
© ¥ Clcos(_A§]+C2sin£\/z§J
Y Y

If Cl =0 and C2 # 0, then the above equation (v) becomes,

2(d‘P+\/Kicot£\/§§D (d?+ﬂicot£€§}]

v55,(x,t)=1- +
(D dwy d2y?

1f C, #0 and C, =0 then,

2[d‘P—JZi tan(\/l;_Afj] (d‘P—\/Zi tan[?f]]

v55,(x,t)=1- +
(%D dy d2y?

Substituting Eq (4.4.18) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

.-.v65(x,t):§(o|+|—|)—$(o|+|—|)2 (vi)
[G'j M—Clsm[géj+czcos[ﬁfj
where, H = r3n
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If C, =0 and C, #0, then the above equation (vi) becomes:

2(d‘P+\/Kicot(\/\;_A.§J] [dw+ﬂicot£€§D

dv - d2y>

V65, (X,t) =

If C, #0 and C, =0 then,

2£dw—ﬂitan(‘/§§j] Ld\P—JZitan(EfD

V65, (X,t) = v e

Substituting Eq (4.4.19) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

" VT5(xX t)—6dT 12d%¥ (d+H)+ oF (d+H) (vii)
A7 e
—C s1n[J_A§J+C cos[\/_fj
J-A
where, H = (Ej

Y J- J=A
C cos[ A §]+C sm[é‘}
Y
If Cl =0 and C2 # 0, then the above equation (vii) becomes:

V75, () = {6d ‘P2—12d‘P(d‘P+x/_|cot(£§}}+6£d‘}’+\/_lcot(%in}

1f C, #0 and C, =0 then,

V75,(X,t) = = {6d p2_ 12d‘P(d‘P \/_utan(ggnm[d\y \/_ItanL

=)
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Substituting Eq (4.4.20) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

6d>y? 12d‘P2 6P’

S V85(x,t) =1+ e Ve (d+H)+

—(d+H)’ ( viii )

Gysin Y2 £ |1, cos| YA
L s

1f C, =0 and C2 # 0, then the above equation (viii) becomes:

V85, (X,t) :1+% 6d 2y _12d‘P{d‘P+«/Zi co{%i}]+6£d‘{’+\/§i Co{%gn

If C, #0 and C, =0 then,

V852(X,t)=1+% 6d2‘P2—12d\P(d\P—\/Zitan[€§]J+6[dw—ﬂitan£‘/§éﬁ

Substituting Eq (4.4.21) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

2

SV95(x,t) = 2(_12\7_/12 12\7&5 6d2‘P2j+%(ii—z‘$l\2//g—d‘sz(d+H)+ \I; (d+H)2
(ix)
here, H :(EJZM_Q i V‘P_Aéjw Cos[ggj
G ¥ C, cos [\/_Afj+cz sin(ﬂfj
Y g

If Cl =0 and C2 # 0, then the above equation (ix) becomes:
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( A0 12/12—d‘P2J[d‘P+\/Zicot(\/\;_A j]

2
L1200 12445 o N

_J€+J€ v

+6(d‘P+«/Zi cot(gfn }

If C, #0 and C, =0 then,

V951(X,t) = 2

2 ’
(+/15+12/1 —d‘sz d‘I’—\/Zitan(_Ach
L1202 12428 o N ¥
+ +6d°¥" +
NN v

+6{dxpmtan[g‘fnz}

Substituting Eq (4.4.22) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

V95, (X,t) = /11

following travelling wave solutions,

12d A% _ 2ﬂ,5l 1 AS1 _12%
d‘sz (

- V105(X, t)——(_ 5 T

—C, sin(
G') v-A
where, H = (—j =

If C1 =0 and C2 # 0, then the above equation (x) becomes:

ASi_122% . - (JA
AN L 2AT e || gy YA cot| YA
12d2% 2461 o0 [ J6 j{ +\/_ICO{ ¥ gj}

+dW¥ +

NN ¥

&

1
v105,(x,t) = PE +
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+6(d‘{’+\/Zi cot(%gnz}

If Cl * O and C2 = O then,

.. .
12427 2481 oo

L
[i’w':m '—d‘PZJ(d‘P—\/Zi tan{

-A

v

1
v105,(X,t) = PE +

NN

+6(d‘P—\/Zi tan[t_%m

b4

Substituting Eq (4.4.23) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

242 2
.'.v115(x,t):(’Ud 8 =289 ) g ny?
y7i

where, H = (9’] - H - Sin(J\;_A §]+ oo [\/\;_A é]

If Cl =0 and C2 # 0, then the above equation (xi) becomes:

p? (,uzd2 +ﬂ2—2,u,6’d)

i {d‘l’ +/Ai cot(\/;l_Af)}

v115,(x,t)=

1f C, #0 and C, =0 then,
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P (,uzd2+ﬂ2 —2,u,8d)

u {d‘{’ —JAi tan[\/;?f)}

V115, (x,t)=

Substituting Eq (4.4.24) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,

2

.'.v125(x,t):1+[2ﬂ’6d_’uzdz_ﬁzj(d+H)_2 (xii)
Y7,

If Cl =0 and C2 # 0, then the above equation (xii) becomes:

W2 (2upd - pPd> - 57
0w {d‘P +/Ai cot(\/? 5}}

If C, #0 and C, =0 then,

V125, (x,t) =1+

W2 (2upd - p7d* - B*)

e {d‘P—x/Zi tan(\/\;_Afj}

V125, (x,t)=1+

Substituting Eq (4.4.25) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,

135(xt) = 18d 4" —364°d6 +18d’5” +36,°d” £18d°4° V6 + 1 N6 T185d° 1”6 F3d o’ /6
) ’ +17°J6 F A6 + 64
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+450° 136 F 412076 —2d 12 + 4ud? —25°d* —1242d° )

+3u5°d°6 7 5°d° J’} (
u

(d+H)" +i(i2luzd3\/g$25,ud4 6+ pd’ +67d* 200"+ 6°d* )(d + H)” (i)

—C, sin v-A +C, 08 Y
wre, H=( &) 42 : [(\/_;]C [{F 5]

If Cl =0 and C2 # 0, then the above equation (xiii) becomes:

3_364°d2%5 +18ud°5% +36,4.°d° £18d% 17 V6 + 126 F185d° 12 J6 F3d 5’ J6
iy3x/g-_|-d5\/g+6,ud
B eF 5o (400 u6 F 4 d V6 - 2d 1’ + 4oud” ~25°d° ~124°d°

0w {d‘P+\/Zi cot[;lAéJ}
P (ﬁ;ﬁd%/h 28ud* 6 + 12d? + 5d* —25d3,u+6,u2d4)

0w {d‘l’+\/Zi cot(gf}}

V135, (x,t) = 18du

If Cl #0 and C2 =0 then,

18d 1% —36°d%5 +18d>5 +36,°d° £18d %16 + 16 F185d° 12 \J6 F3d 51° 6
i,u3\/g$d5\/g+6,ud
136702 V6 F 56 ‘I—’(i45d3,u\/g¢4,u2d2\/g—2d,u2+45,ud2—252d3—12,uzd3)

,uz{d‘l’—«/xitan( \;A 5)}
\P2(izy2d3J€¢25yd4 6+y2d2+52d4—25d3,u+6y2d4)
2
,uz{d‘l’—\/Zitan( \;A f]}

Substituting Eq (4.4.26) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

V135, (x,t) =

following travelling wave solutions,

d (12;13 —36,2d5 +18d 1%iN6 18502 17iN/6 +181ud 5% +28171N6 —361°d> F3u5>diN6
v145(x,t) ——
+u J6F d5\/g+6/.ld
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342
MF{%(%M —45ud” F45d° iJ6 + 412d%IV6 + 25°d° —12,uzd3)}(d +H)"
Y7

+{L2(i2ﬂd45i¢g¢ 2,°0%I6 — 12d> — 57d* +25d3,u+6,u2d4)}(d +H)  (xiv)
u

G [” §]+c cos[rgj
S5 CCOS[FSZ}C sm[rgj

here, H = —
where, (G

If Cl =0 and C2 # 0, then the above equation (xiv) becomes:

1247 —36,4°d5 +18d 176 F185d2 1216 +18110>5> + 281716 —361°d* F3us>di6
i,u3«/g$ d5«/€+6yd
1506 ‘P(2dy2 —45ud> T 45d° 1iN6 £ 4,2d%1V6 +25°d° —12,u2d3)

0 {d‘P ++/Ai cot(?éj}
2 (i2,ud45i\/g¢2,u2d3i\/g—,u2d2 ~5d* +25d3,u+6y2d4)
2
0 {d‘P ++/Aicot {\;Afl}

If Cl #0 and C2 =0 then,

a
V145, (x,t)=

+

d (12;13 —364°d5 +18d 1716 F185d° 1716 + 18 1d >8> + 251716 — 36 4°d* F3us52diN6
+1°J6 FdsV6 +6.ud
w5'dlie (2047 —4oud’ F 450 uin6 + 447 d%iN6 +25°d° —12y2d3)

uw {d‘P—«/Zi tan( ;}A fj}
@2 (J_rzyd45iJ€¢ 20°d%IN6 — 17d? - 5d* +25d3,u+6y2d4)

yz{d\P—JZi tan[‘/;?z:]}z

SV145, (x,t) =

+

Substituting Eq (4.4.27) into Eq (4.2.3), along with Eq (3.1.11) and simplifying, yields the

following travelling wave solutions,
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1 442 24,3di3 2. 242 2 144,“ pd 288&Uﬁ 2.2
SVIS5(x,t) = 61 [ﬂ. d’+ NG —122°1°d% + 2447 B2 + 24 A7 upBd F 7 7c +1448°u
442 3 _ 1 12/13ﬁ 72/1ﬂ,u 2 3 4 2 2 4
+36,'d” ~14447°d B) PrYeE (+ 7 T +12uBA% =728 +d At —12d %% +36u dj
1 2 2 2
(d+H)+ 6/12,82(1 —6,u)(d+H) (xv)
—C, sin —Af +C, cos ;Aé
(g G
where, 0 =| — =
G b A . [N-A
C,cos| —¢& |+C,sin| ——¢&
Y Y
If Cl =0 and C2 # 0, then the above equation (xv) becomes:
242+ 2B 1000 pqr e oapt g 2an upd 7 1AL L 28BABT g
V155, (x,t)= Jo Jo Jo
I\ ) 2 02
961213
G2AL LTV 50t 7 gt +d A 12008 + 3644
+36u°d> —144,°d B [ J6 J6 Hlauf P+ pornH
48¥A° B?
2
{d‘P+«/Kicot(\/§§D (/12—6y2)2[d‘P+«/Zicot(\/‘;_A§D
" 962123

1f C, #0 and C, =0 then,

ﬂdzizwd/f

V155, (x,t)= Jo

14417 Bd . 288 up3°

N

—122%17d% + 2427 B7 + 2427 upd ¥ +144 8% 1°

961’ B
228 _T22p
+36u'd’ —144,°dp " 6 J6

+12uBA* =728 +d A% —12d A% 1 +36,u4dj

48¥A° B

Ld\y_\/&tan(g‘fn (’12_6ﬂ2)2(d‘1’—\/zitan£\/§§jj

+

96¥’ A f’
Substituting Eq (4.4.28) into Eq (4.2.3), along with Eq (3.1.10) and simplifying, yields the

following travelling wave solutions,
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1 _24pd A% _ 14477 Bdi | 288Aup% -
vl t)=——— | Ad* F S 124%2d% + 7242 87 — 24 27 pp3d + 144
v165(x,t) 96/12,6’2( T 7 + wd? +724° B upd ¥ 7 + N3 +1448°
1 (12281 _12A84%
442 1445 _ 12 2798, 4 12d A2 00 4
+3644d 1'd B) 48&2ﬂ2(+ 7 ¥ 7 wPA: =128 +d At +12d A% 1% + 3644
1 2 2 2 2 .
(d+H)+96/12,6’2 (}L +6u ) (d+H) (xvi)
—C, sin ;A.f +C, cos ;Aé
R e
where, M =| — |=
G b -A . [N-A
C,cos| ——¢& |+C,sin| ——¢&
Y g
If Cl =0 and C2 # 0, then the above equation (xvi) becomes:
3z 2 . 2.
aid? F 294N o a0 8 —0ap2 ypd § 1AAMLAAL 28BABT g
V65, (%,t) = Jo 6 J6

961> 3°
- 122° i - 12215
+36u'd’ —144,°dp 6 J6

—12uBA* =728 +d A% +12d A% 1 +36u4dJ

48W 125
(dl}l""/xi Co{\/?ffjj (/12+6y2)2(d‘1’+\/Zi CO{\/‘;_AQED
" 96W° A B

If C, #0 and C, =0 then,

24pd A% 1440 pdi | 288Aup3°

J6 J6

AP F F124%1°d> + 1247 57 2427 upd +144 8% 1

V165, (x,t) = 9617

L122061 T2
+36u'd’ —1447dp 6 J6

—12uBA — 12810 +d At +12d A2 +36/¢4d]

48¥A°p°
[d‘P—«/Zitan[\/zéj]] (ﬂ2+6y2)2[d‘P—«/Zitan(ﬂ§D
b4 b4
" 96’1’ B’
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4.6 Graphical representation of Fisher Equation: With the help of computational software,
Maple, we have plotted some of the obtained solutions for both non-travelling and travelling

wave solutions in below.

4.6.1 Graphs of non-travelling wave solutions:

Fig-I: Periodic Solution Fig-1I: Periodic Solution

Eq-ul1,, for =20, ©=30,6=6,8=2,b,=17 Eq-u73,, for1=0.597, u=1256,4=2,d =1,C, =
and x =-100..300, t =-100..250 0.85,C, =1.25 and x=-100..200, t =—500..400

4.6.2 Graphs of travelling wave solutions:

Fig-II1: Soliton Fig-IV: Soliton

Eq-v7l,, for =8, u=3,6=24, 8=2d=17, Eqg-vs2,for 2=0.1, u=0.7,6 =0.04, B =8,

W= S and x =—-100..100, t =-100..200 W = 3 and x =-100..100, t =-100..200

% %
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Fig-V: Solitons
Eq-v72, for A=9, u=3,6=24,8=-2,

W=-——".d=17andx= ~100..100, t = —500..500

NG
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CHAPTER 5

CONCLUSION

5.1 Conclusion:

In this thesis, we have found both travelling and non travelling wave solutions for the Fisher
equation by using the further extension of the generalized and the improved (G’ / G) -

expansion method. The auxiliary equation used in the method, which involves many arbitrary
parameters can take any real values and then the NLODE produces many new solutions. By
using this method we have successfully found five types of solutions in terms of hyperbolic,
trigonometric and rational functions. Through this method the solutions can be investigated
with the help of symbolic computational software like the Maple or Matlab to facilitate the

computation of the complex systems of algebraic equations.

In conclusion we can say that the new extension of the generalized and the improved

(G'/ G) - expansion method has been applied successfully in the Fisher’s equation and based

on the solutions and graphs we can conclude that this method is a powerful method for
obtaining various types of wave solutions of the NLEEs that arises in every application of

mathematical field.
5.2 Future work:

The method that has been used in this thesis has great advantages, as it provides many new
and more abundant general and explicit travelling wave solutions along with non travelling
wave solutions, with many real parameters, which are straightforward and precise. At the
same time it also discloses more of the vital insight mechanism of the complex physical

phenomena of NLEEs. Therefore this method can be used to solve different and all sorts of
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NLPDE:s that arises continually in engineering sciences, mathematical physics and in many
scientific real time application fields. Moreover the solutions that we have found from the
given results can be used for solving purpose in the application of chemistry, biology,

population dynamics and medicine where nonlinear evolution problems involve.
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