Simple Quantum Algorithms for k-mismatch Problem

by

Ruhan Habib
20141048

Thesis submitted to the Department of Mathematics and Natural Sciences
in partial fulfillment of the requirements for the degree of
B.Sc. in Computer Science and Mathematics

Department of Mathematics and Natural Sciences
Brac University
April 2025

© 2025. Brac University
All rights reserved.



Declaration
It is hereby declared that

1. The thesis submitted is my/our own original work while completing degree at
Brac University.

2. The thesis does not contain material previously published or written by a
third party, except where this is appropriately cited through full and accurate
referencing.

3. The thesis does not contain material which has been accepted, or submitted,
for any other degree or diploma at a university or other institution.

4. We have acknowledged all main sources of help.

Student’s Full Name & Signature:

®

Ruhan Habib
20141048



Approval

The thesis titled “ Simple Quantum Algorithms for k-mismatch problems” submitted
by

1. Ruhan Habib(20141048)

Of Spring, 2025 has been accepted as satisfactory in partial fulfillment of the re-
quirement for the degree of B.Sc. in Computer Science and Mathematics on April
28, 2025.

Examining Committee:

Supervisor:
(Member)

Dr. Syed Hasibul Hassan Chowdhury
Professor
Department of Mathematics and Natural Sciences
Brac University

Co-Supervisor:
(Member)

Shadman Shahriar
Lecturer
Department of Computer Science and Engineering
Brac University

Head of Department:
(Chair)

i



Md. Firoze H. Haque, PhD
Chairperson and Associate Professor
Department of Mathematics and Natural Sciences
Brac University

1ii



Abstract

For many problems, quantum computation has significant advantage compared to
classical computers. One of the most surprising example of this is the Grover Search
Algorithm, which can search through any unstructured data structure of size n
with O (y/n) queries. This algorithm gives quadratic speed-up to many search-
based problems. Another important example is the Shor’s factorization algorithm,
which solves the factorizatio problem with O (n?) operations. No polynomial-time
classical algorithm for factorization is known to this date. In particular, quantum
computing has given significant speed-ups to many string-based problems. String
processing is an active and interesting field, with many applications in fields such as
bioinformatics. It is also of significant theoretical interest: a subquadratic classical
solution (or lack thereof) to string problems such as can shed light to the existence
(or lack) of solutions to quite a few problems. If SETH (Strong Exponential Time
Hypothesis) is true, string problems such as LCS do not have strongly subquadratic
time (O (n*™¢) for some € > 0) classical solutions. However, we can use quantum
computing to get faster solutions to these problems: LCS has a quantum algorithm
with O (n*?) [13] query complexity in contrast to the classical known best of O (n?).
In this thesis, we work on the k-mismatch problem. Here, given a pattern and a
text, we have to find if the text has a substring with a Hamming distance of at
most k from the pattern. This is a “fault-tolerant” version of the well-known string
search problem. This important problem has been extensively studied in classical
setting but had not been studied through quantum computation until 2022 by Jin
and Nogler [16]. In that paper, they provided an O (ky/n)-time quantum algorithm

and showed that the problem has a quantum query lower-bound of (2 (\/ﬁ) They
posed the question of whether there is a quantum algorithm with better query
complexity than O (k*4n!/2+°(M))  In 2024, Kociumaka, Nogler, and Wellnitz [18]
found an algorithm with optimal query complexity O(\/ﬁ) and time complexity
O (\/n/_m(\/% + /4:2)) This thesis provides simple quantum algorithms for two
variants of the k-mismatch problems. The first is when r = m — k is small. For this
case, we have a O(y/rmn)-time quantum algorithm. The second algorithm solves
the problem in an approximate manner, given a parameter ¢ > 0. It returns an

occurrence as a match only if it is a (1 + €)k-mismatch. If it does not return any
occurrence, then there is no k-mismatch. This algorithm has a time complexity of

O(e'\/mn/k).

Keywords: Quantum Computation; String Algorithms; Hamming Distance; k-
Matching Problem
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Chapter 1

Introduction

String algorithms are of fundamental importance to Computer Science both from a
theoretical and practical point-of-views. They have numerous applications in bio-
informatics, data-mining and so on. They are connected to both classical [10] and
quantum fine-grained complexity theory [13], [17].

In this thesis, we show simple quantum algorithms for two variants of the k-mismatch
problem.

1.1 Notations and Basic Definitions

We define N to be the set of positive integers. We define Z, R, and C as usual: set
of integers, set of reals, and set of complex numbers. R, denotes the set of positive
real numbers. We define B = {0,1} and B = C?. Given vector space V, L(V) is
the set of linear operators acting on V. Given Hilbert space V', U(V) is the set of
unitary operators acting on V. Unless explicitly stated otherwise, all vector spaces
are finite-dimensional.

Given z,y € B, we define x @y = (z +y) mod 2. Given x = (zg,...,Tp_1),y =
(Yo, -+ Yn—1) € B", we define x ®y as z = (xo D Yo, - -, Tn-1 D Yn—1)-

Definition 1 (Intervals). Given two integers L < R, we define
[L.Rj={re€Z:L<z<R}
[L..R) = [L..R] \ {R}
(L.R| =[L.R]\ {L}
(L..R) =[L..R]\ {L, R}

Given two real numbers L < R, we define

[L,R|={ze€R:L<z<R}

[L7R) = [Lv R] \ {R}
(L, R] = [L, R]\ {L}
(LvR) = [L’ R] \ {L’ R}

Given any real number x € R,
|z] =max{ke€Z:k <z}
[z] =min{k € Z: k >z}

1



Definition 2 (Big-O and Soft-O notation (O and O)). Given functions f : R? x
N™ — Ry, and g : R} x N™ — Ry, we say that f(x1,..., 20, k1,... kn) =
O(g(z1, ... xn, k1, .. km)) if there exists ¢ > 0, 1,...,6, >0, and ry,..., 7y €N
such that v1 < eg AN---Nx, <€, and ky > ri N--- Ak, > 1, implies that

f(xla"'uxnakla"wkm) ch<x17"‘)xn7kl7"'7km>
We say that f(xy, ..., 20, k1, ... kn) :é(g(xl,...,xn,kl,...,xm)) if

flzr, o xn, koo k) = O (g(:z:l,...,xn,kl,..., H log x;)P’ H logkj)‘b)
Jj=1 J

=1

for some p1,. .., Dnyq1s - qm € NU{0}.

Our definition of Big-O and Soft-O notation may not be conventional. The intuition
here is that for real parameters like error and failure probability, we want to know
a function’s behavior as they go to 0. For integer paraemeters like input length, we
want to a function’s behavior as they grow to infinity. The Soft-O (0) notation is
used to hide and avoid logarithmic factors.

Definition 3 (0 and 6). Given functions f : R xN™ — R, and g : R xN™ — R, ,
we say that f(xy,...,xp, k1, ... k) = o(g(x1,. .., Zn, k1, ..., km)) if for all ¢ > 0,
there exists e1,...,6, >0, and r1,...,r, € N such that xt1 < e, N--- Nz, <€, and
ki >ri N Ak > 1., implies that

flzr, o xn ke k) <cg(xr, ..o xn, ki, k)
We say that f(xy, ..., 20, k1, ... km) =0(9(x1, ..., Tp, k1, Tm)) if

flzr, o xn, ki, k) =0 (g(xl,...,:cn,kl,...,km)H(long )P H log k;)* >
j=1 j=1

for some p1,. .. D1, -5 qm € NU{0}.

Definition 4 (Q and Q). Given functions f : R? x N™ — Ry, and g : R} x
N™ — Ry, we say that f(z1,..., %0, k1, km) = Qg(x1, ..., 20, k1, ... k) if
(@1, Tk, km) = O(f (21, T ke K)).

We say that f(z1, ..., o, k1, oo k) = Qg(my, .o n by b)) if (@, - s by

O(f(l'l, vy Iy, kl, ey kn))

Definition 5 (w and @). Given functions f : R} x N® — R, and g : R} x
N — Ry, we say that f(xy,...,¢n, k1, ... kyn) = w(g(xr, ..., xn, k1, .. km)) if
g(xy, .oy ko k) = o(f(x, o T ke k)

We say that f(x1, ..., xp k1, .. ky) = 0(g(x1, .o 2p, koo k) if g(z, .o 2, K, -

5(f(.l’1, N ) k?l, ey kn))



The following are a few examples of the notaion above:

3
5nlogn~|—n = O (nlogn)

gnlogn =0 (n)

n = o(nlogn)

nlogn # o(nlogn)

nlogn = Q(n)

nlogn = w(n)

— =)
logn

Note that the definition is somewhat redundant: for any pair of functions f : N — R
and g : N = R, f(n) = O(g(n)) if and only if f(n) = o(g(n)); f(n) = Q(g(n)) if
and only if f(n) = Q(g(n)).

Definition 6 (Strings). Let X be a finite set. Define ¥* = |J,—,X". Note that
X0 = 1. Given any A € X%, we say that A is a string with alphabet ¥. We define
the length of A as the unique integer n > 0 such that A € ¥". We let |A| denote the
length of A. Given any j € [0..|A]), we define A; and A[j] to be the j-th component

OfA [fA = (CL(), N ,CL|A|,1), then Aj = A[]] = a;.

We often place letters from the alphabet side by side to represent a string. Formally,
given an alphabet ¥ and sq,...,s,-1 € 3, Sg...S,_1 represents (Sg,...,S,_1) € L".
Also, we often deal with binary strings: they are strings with alphabet B. Examples
of binary strings include: “” (the empty binary string), “0”, “010101011".

Definition 7 (Hamming Distance). Given two strings A, B € 3* for some alphabet
Y, we define 0 (A, B) as follows:

o) = (NG € 0140 AL £ B 141 = |B]

o 4] # B
Definition 8 (Quantum Oracle). Let n be a positive integer. Given a boolean
function F : B" — B™, we say that a unitary U € U (B®("+m)) is an oracle for F' if,
for all x € B” and y € B™, we have U|z,y) = |z,y @ F(z)). Here, |0),...,]2" — 1)
form an orthonormal basis for B®™ and |0),...,|2™ — 1) form an orthonormal basis
for B®™. We say that we have oracle access to F if we have access to U.

1.2 Problem Statement

Definition 9 (k-mismatch Problem). An algorithm decides the k-mismatch match-
ing problem if, given oracle access a text string T of length n, a pattern string P of
length m, and a positive integer k, the algorithm reports the existence of i € [0..n—m)]
such that 0y (T[i.i+m), P) < k. A quantum algorithm decides the problem if, given
T, P, and k as defined above, it outputs a correct result (upon measurement) with
probability of at least 2/3.



There may be slight variation to the definition depending on the paper. Some papers
may define this problem by requiring the output of a list dy, ..., d,_1 of n integers,
where d; = min (k + 1,04 (T[i..i + m — 1], P)) for i € [0..n).

Unless otherwise stated, we assume that the alphabet size |X| is polynomially
bounded above by n.

1.3 Our Contribution

The following are the two main results of this thesis:

Theorem (Theorem 10). There ezists a quantum algorithm that, given oracle access
to a pattern P of length m and a text T of length n, and an integer threshold
r > 0, reports the existence of i € [0..n — m] such that og(T[i..i +m), P) < m —r.
Furthermore, this algorithm has time complezity O(\/rmn).

Theorem (Theorem 11). There exists a quantum algorithm that, given oracle access
to a pattern P of length m and a text T of length n, an integer threshold k > 0, and
e € (0,1], such that:

o if there exists an j € [0..n —m] such that y(T[j..7 + m), P) < k, then the
algorithm, upon measurement, outputs (j', 1) for some 5 € [0..n—m]| satisfying
Ou(T[j'..j" +m), P) < (1 + e)k with a probability of at least 9/10;

o if, for all j € [0..n — m], we have 6g(T[j..7 + m),P) > (1 + €)k, then the
algorithm, upon measurement, outputs (j',0) for some j' € [0..2n — 1] with
probability of at least 9/10.

This algorithm has time complexity O (, /%) (assuming that P and T can be accessed
in O (1) time).

An overview of the two theorems is provided in section 1.7. The theorems are
actually proved in sections 3.2 and 3.3 respectively.

1.4 Classical Computation

First, we provide (very) brief overview of classical computation.
The exposition of this section is based on [5] and [§].

1.4.1 Turing Machines

First, we shall introduce Turing machines, which encapsulate what we mean by
algorithms.

Definition 10 (Turing machine). A Turing Machine (TM) M is a tuple (S, 1, A, @, qo, )
where 1€ S, ACS\{U}, g €Q, andd: QxS —Q xS x{-1,0,+1}.

o S is a finite set and is called the alphabet of M.
o A is a finite set and is called the external alphabet of M.

e LUl s called the blank symbol of M.



o () is another finite set, elements of which are called states of M.

e 0 is called the transition state of M.

Note that this is not the only definition of a Turing machine (or even algorithms).
There are other equivalent notions of computations: equivalent in the sense that any
any algorithm in the first model can be simulated in the other. This is the informal
assertion the “Church-Turing Thesis”: that Turing Machines encapsulate the idea
of algorithms.

Now, we describe how a Turing Machine M “computes”.

Formally, we can describe the configuration of a TM at any step of the computation
as a 3-tuple (o,p,q) € S x (NU{—1,0}) x Q). Here, S is defined as the set of all
sequences (sj);’io. We say that o is the content of the tape of the Turing machine; p
is the position of the head of the Turing machine, and; ¢ is the state of the Turing
machine. We say that the cell j (integer j > 0) of the tape contains s; if the tape
content is o = (s;);—,. We can refer to cell j as 0; as well.

The tape of the Turing Machine M is initially in the state o = wq... w,_1 UU. ..,
where wy, ..., w,_1 € A. More precisely, for j € [0..n — 1], the cell j of the tape is
given by w;. For integer j > n, the cell j is given by U. Here, w = wy ... w,_1 is
called the input string of the Turing Machine. Initially, there is a head (or pointer)
on cell 0. The state of the TM is initially ¢o. The initial configuration of the TM is
thus Cy = (0,0, qo).

If, at any point, we have p = —1, the computation halts. We shall describe what
this formally means later.

At every step of the “computation”, the transition function § determines the next
setup. Let C; = (o, p, q) be a valid configuration. If p = —1, then there is no next
step. Otherwise, let (¢',s',A,) = d(q,0,). Define o' by letting o = o; if j # p
and o} = s" if j = p. The configuration of the TM in the next step is precisely
Cy=(0',q,p+A,). We say that the configuration C} yields the configuration Cs.
Informally, the transition function rewrites cell j, updates the state, and moves the
head (left, right, or not at all).

The starting configuration Cy of M with input w is the configuration (o, 0, o) where

o=wy... w,_1UL.... Avalid ending configuration of M is a configuration (o, p, q)
where p = —1.

We say that the Turing machine M outputs s = sq...s,,_1 € A* on input w if there
is a sequence of configurations Cy, ..., C} such that

o () is the starting configuration of M with input w;
e Cy = (0,p,q) is a valid ending configuration of M with o = s¢... 8,1 UL...;
 for each j € [0..k — 1], C; yields Cj4;.

Such sequence, if it exists, must be unique.

Definition 11 (Computability). Let 3 be some alphabet (that is, a finite set). We
say that a function f : ¥* — ¥* is a computable function if there exists a Turing
machine M which outputs f(w) on input w for every w € ¥*. We say that M
computes f.



Definition 12 (Time Complexity of a Turing Machine). Suppose that a TM M
computes a function f : X* — X*. We define the time complexity of M as the
function T : NU {0} — N such that T'(n) is the mazimum number of steps that M
uses on any input of length n. We say that M uses t steps on input x if the unique
sequence of configuration Cy,...,Cy for output f(z) given input x satisfies k = t.
We say that M computes f in time T(n).

If M computes f(z) for an input = in ¢ steps, we can also say that M computes
f(z) in time t.

Definition 13 (Space Complexity of a Turing Machine). Suppose that a TM M
computes a function f : X" — ¥*. We define the space complexity of M as the
function f : NU {0} — N such that f(n) is the mazimum number of space that
M wuses on any input of length n. We say that M uses s space on input x if the
mazximum of |x| and the mazimum value of p+ 1 (the position of the head) is s.

Informally, the space complexity of a TM M tells us the maximum amount of the
tape that has actually been used.

1.4.2 RAM Turing Machines

Informally speaking, a RAM Turing Machine is a Turing Machine with random
access: we can read from and write to any cell j of the TM’s tape. We shall
formalize this as follows|7].

Definition 14 (RAM Turing machine). A RAM Turing Machine (RAM TM) M is
a tuple M = (S,U, R,W, A, Q, qo, Qaccess, 0) where LI, R W € S, A C S\ {U,R, W},
HU, R, W3 =3, qo # Qaceess € @, and § : Q x S* — Q x S? x {—1,0,+1}2. The

S, A,Q, qo are defined in the same manner as Turing machines.

Formally, we can describe the configuration of a RAM TM at any step of the compu-
tation as a 4-tuple (o, 0, p,p', q) € (S*))* x (NU {—1,0})* x Q. Here, S is defined
as the set of all sequences (5j>;.0:0' We say that o is the content of the main tape
of the RAM Turing machine; ¢’ is the content of the address tape; p is the position
of the head of the main tape of the RAM Turing machine; p’ is the position of the
head of the address tape, and; q is the state of the RAM Turing machine. We say
that the cell j (integer j > 0) of the main tape contains s; if the main tape content
is o = (sj)‘;io. Similarly, we say that the cell j of the address tape contains s; if the
address tape content is o’ = (Sj);io- We can refer to cell j of the main tape as o;
and cell j of the address tape as o’ as well.

The main tape of the RAM Turing Machine M is initially in the state 0 = wy . . . w,,_1U
U..., where wy,...,w, 1 € A. More precisely, for j € [0..n—1], the cell j of the tape
is given by w;. For integer j > n, the cell j is given by U. Here, w = wy ... w,_ is
called the input string of the Turing Machine. The address tape is intially o’ = LI .. ..
Initially, there is a head (or pointer) on cell 0 of the main tape and the address tape.
The state of the TM is initially gg. The initial configuration of the TM is thus
Co = (0,0",0,0,q)-

If, at any point, we have p = —1 or p’ = —1, the computation halts. We shall
describe what this formally means later.

At every step of the “computation”, the transition function ¢ determines the next
setup. Let Cy = (o,0',p,p,q) be a valid configuration. If p = —1 or p/ = —1,

6



then there is no next step. Otherwise, let (¢, s',w’, Ay, Ay) = 6(q, 0p, 07,). Define
c©® and o as follows If ¢ = access and o’ is of the form (j)R, where (j) is a
representation of the non-negative integer j, then ¢ = ¢ and ¢V = (j)Roj. If
¢ = Qaccess and o’ is of the form (j)W e where (j) is a representation of a non-negative
integer j and ¢ € S, then a,io) = o for all j # k, and O'J(»O) =c¢, and oM =o', If
none of the previous two cases hold, then ¢(® = ¢ and o) = ¢’.

Define o® by letting 0'](-2) = O'](-O) if j # p and 0'](-2) — s if j = p. Similarly define ¢®
by letting a§3) = aj(-l) if j # p’ and a§3) = w' if j = p. The configuration of the RAM
TM in the next step is precisely Co = (6, 0® ¢, p+ A,,p' + A,). We say that
the configuration C yields the configuration Cs.

For the sake of clarity, let us informally redescribe a step of computation in RAM

TM (how Cj yields C}):
o First, we handle the address tape

— If the state is in @aecess and the address tape is of the form (j) R, then the
content of main tape’s cell j is placed to the right of R.

— If the state is in @access and the address tape is of the form (j)We, then
the content of main tape’s cell j is set to c.

— If neither of the two cases mentioned above is satisfied, then do nothing.

o We use the transition function ¢ to determine the next state, cell contents of
cells the heads are on, and whether to move the head (for the main tape and
the address tape) to the left, right, or keep it in place. This step is essentially
the same as that for a Turing machine.

The starting configuration Cy of M with input w is the configuration (o, 0’,0,0, q)
where 0 = wg ... w,_1UU... and ¢/ =U.... A valid ending configuration of M is
a configuration (o, 0’,p,p’, q) where p = —1 or p/ = —1.

We say that the Turing machine M outputs s = sg...$s,,_1 € A* on input w if there
is a sequence of configurations Cy, ..., C} such that

o () is the starting configuration of M with input w;

o Oy =(0,0,p,7,q) is avalid ending configuration of M with o = sqg... 8,1 U
L. ..;

o for each j € [0..k — 1], C; yields Cj4;.

Such sequence, if it exists, must be unique.

1.4.3 Boolean circuits

Boolean circuits are another model of computation.
A Boolean function is defined to be a function f : B” — B, where n > 1 is an

integer.

Let A be some fixed set of Boolean functions. We shall call A a basis and its elements
gates. A circuit C' over A has n input variables xg,...,z,_1, m auxiliary variables
Yo - - -, Ym—1, and m assignments of the form y; := f;(u1,...,u,) for j € [0.m — 1]

(done in ordered manner with assignment of y; done before y; if and only if j < j'),

7



where f; € A and each of uy,...,u, is either an input variable or an auxiliary
variable y with k& < j.

We can select 1 < 0o < m of the auxiliary variables as output variables. Then the
values of those auxiliary variable is the result of the computation. A circuit with n
input variables and o output variables computes a function F': B" — B°.

For example, the following is a circuit over A = {A,@®}: input variables xg, z1, za,
auxiliary variables yg, y1, Yo := To D 21, Y1 := Yo D 22, and output variable y;. Note
that A represents multiplication modulo 2 and @ represents addition modulo 2. This
circuit computes the parity of a length 3 Boolean string. If the input is 011, then
ro=0,x1=20=1,90=08d1=1,y; =1 1 =0, and thus the output is 0.

We shall use the basis A = {—,V, A, ®} for our Boolean circuits, though any com-
plete basis will do. A basis A is complete if, for any Boolean function f, there is a
circuit over A that computes f. The boolean functions in A are defined as follows:
for z,y € B,

-z =(l4+2z) mod 2
TNANY =2y
zVy=-(-zA-y)

S= Ay V(zAy)

Note that — has higher operator precedence than other Boolean functions (i.e.
AV, B). So Ay =x A (—y).

Theorem 1. The basis {—, A} is complete.

Proof. Note that V can be realized using A and — gates.
Let f : B™ — B be a Boolean function. Let X be the set of subsets of [0..n — 1]. Let
I:B" — X and J : B" — X be defined as follows: given xg,...,z, 1 € B,

I(«r07-.-7xn—1) == {j - [On_ 1] . I‘J = 1}
J(zo, ..., 00 1) ={j €0.n—1]:2; =0}
. Then, for xg,...,z,_1 € B,

flzo, ..., xpq) = \/ /\ zj | A /\ -z,

uef~1({1}) JE€l(u) J€J (u)
Clearly, {—, A} is a complete basis. ]

The number of assignments m in a circuit C' is called its size.

From the proof of the preceding theorem, we see that any Boolean valued function
F :B"™ — B can be computed using a O(n2")-size circuit over the basis {—, A}.
Given any complete bases A and A’ and a circuit C of size m over A, there is a
circuit C” of size O(m) over A’ that computes the same function F' : B" — B°. This
is because for any Boolean function f € A, there is a Boolean circuit C” over A that
computes f. Since A is finite, the size of these circuits is bounded by a constant.
So we can replace every assignment in C' with their corresponding Boolean circuits
over A’ to get a circuit over A’ that computes the same function F' with at most a
constant scaling in the size of the circuit.

This is why the exact basis is not important, as long as it is complete.

Next we show that any Turing Machine can be simulated by a sequence of Boolean
circuits.



Theorem 2. Let M = (S,U, A, Q,qo,d) be a TM that computes F : A* — A* in
time upper bounded by T'(n) and space upper bounded by s(n) on input size n. Then
there is a sequence of Boolean circuits (Cy,)22, of size O(T(n)s(n)) such that the
output of the Boolean circuit for input (which is a binary representation of v € A*)
is a binary representation of F(x).

Proof. Let n € N We shall construct the Boolean circuit C,.

We can represent the configuration I'y of M at step ¢ using (mg + mg)(s(n) +
1) Booleans, where mg = [log, |S|] and mg = [log, (|Q| + 1)]. Let us partition
and name this Booleans as Iy, ..., 4u). For each j € [0..s(n)], I';; is a binary
representation of S x ({A} U @), where A & Q.

For j > 1, the first mg bits (Booleans) of I'; ; to represent the content of the cell
j — 1. The next my bits represent the state if the head is in cell 7 — 1 and otherwise
represent A. The first mg bits of I'; ¢ represent LI, while the next mg bits represent
the state if the head has gone to the left of cell 0 (that is, p = —1) and otherwise
those bits represent A. Since the space used is upper bounded by s(n), we thus need
(ms + mg)(s(n) + 1) bits to represent T';.

Now, we observe that given ¢ € [0..7(n)) and j € [0..s(n)], I't41,; only depends on
Iy jo1, 'y, and I’y j1; if they are well-defined. This is because at each step, the head
of a TM can only change its position by at most 1, and at most one cell’s value
can change. Suppose that at step t, the head of the TM is at cell j — 1. Then the
previous head must be at cell j —1—1, j—1or j+1—1. Then I';; ; will depend
on either I'y ;_1, I'y;, or I'y j41. If the value of cell j — 1 changes from step ¢ to step
t + 1, then the head must have been on I'; ; and thus I';;; ; depends on I'; ;. If cell
J — 1 has not changed and is not the current head position, then I'y; ; = 1" ;.

Of course, we need to handle j = 0 specially: if the head is in I'; g, then I';1; =T%.
In other words, given ¢t € [0..7(n)) and j € (0..s(n)), ['y1; € BT is a function
of at most 3(mg + mg) Boolean variables. Thus there is a constant size Boolean
circuit (that is, the size does not depend on n) that computes I';y1 ;. Using s(n) of
these circuits, we can compute Iy, from I'; for any t € [0..7(n)).

We can compute I'y from the mg - n-bit representation of the input = € B" very
easily. For each j € [0..n — 1], the first mg bits of I'g ;41 are copied from jmg-th
through (j + 1)mg — 1-th bits of the input. For j € [0..s(n)] \ [1..n], set the first
mg bits of I'y ; to the binary representation of L. Set the last mg bits of I'g; to the
binary representation of go. For j € [0..s(n)] \ {1}, set the last mg bits of I';; to
the binary representation of A. This computation can be done using an O(n)-sized
Boolean circuit.

Since we can compute I'g and T';;; from T, for ¢ € [0..T(n)), we can compute T'(n)
using an O(T'(n)s(n)) sized circuit.

Denote the first mq bits of each of I'r(ny 1, ..., 'rn),s(n) as output variables. O

This proof uses the fact that computation (via Turing Machines) is “local”. The
content of a cell at any steps depends only on the state of the TM and the cell’s
immediate neighbors.

We define the fan-out of a Boolean circuit as the number of times an input variable
or an auxiliary variable is used. We shall assume henceforth that the fan-out is
bounded by some constant.

We shall now give a brief example of Boolean circuits:



Lemma 1. There is a sequence C,, of Boolean circuits such that for n € N, C,, has
size O(n) and compares two n-bit non-negative integers.

Proof. Let xq,...,2,—1 and yo,...,Yn—1 be the input variables. Let x = 2z, +
v+ 207 g and y = 2%0 + - + 2771y, 1. We wish to compute (f,g), where
x = y implies that f = 1, x < y implies that f = 0 A g = 0, and x > y implies
that f = 0A g = 1. Let ag,...,a, and bg,...,b, denote auxiliary variables. Let
a, =b, =1. For j € [0.n — 1],

(@11, bj01) a; =0
(@j,bj) o (170) Tj =1Yj
(0,0) zj < Y
(0,1) Tj > Y

Let f := ag and g := by. Thus, we have our Boolean circuit. If x = y, then we get
f = g = 1. Otherwise, letting j be the largest such that z; # y;, we have a;;; =1
but a; = 0and b; =0 & z; < y;. Soif z # y, we also get the correct result. Clearly,
we have an O(n) size circuit for comparing two n-bit numbers. ]

We shall now discuss reversible boolean circuits.

Definition 15. Let k and n be integers such that k < mn. Let A = {ag,...,ar-1} C
[0.n — 1] be an ordered set and let G : B¥ — B* be bijective. We define G[A],
as a bijective function G[A], : B — B" such that given (xo,...,z,—1) € B" and
(yo, cee 7yn—1) = G[A]n(l'o, e ;xn—l);

(yam cee 7y/€—1) =G (maov s 7xak_1>
Yi = Vi¢A

For example, let G : B? — B? be defined as G(z,y) = (z,y @ x) for all (z,y) € B
Then G[{2,1}]3(z,y,2) = (z,y @ 2, 2) for all (z,y, z) € B>.
Now, let us define reversible Boolean ciruits.

Definition 16 (Reversible Boolean Circuits). Let A be a set of bijective functions
of the form G : B¥ — BE, where k is not fized (different elements of A may be
permutations on B* for different values of k). A reversible classical circuit over
the basis A is a sequence of permutations Go[Aoln, ..., Gi—1[Ai—1], where G; € A
and A; C [0.n — 1] for all j € [0..1 —1]. Of course, we must have n > k; for all
j € [0..l—1] as well, where k; is the integer such that G; is a permutation of B*. We
say that this reversible circuit realizes the permutation G = Gi_1[A;_1] - - - Go[Ao]n-

Definition 17 (Reversible Circuit using Ancillas). Suppose that we have a re-
versible circuit GolAo|n,...,Gi—1[Ai—1]n. This circuits realizes the permutation
W = Gi1[Ai-1)n - GolAoln.  We say that this circuit realizes a permutation
G : B" — B" using ancillas if N > n and W(z,0,...,0) = (Gz,0,...,0) for
all z € B™.

While reversible Boolean circuits may feel more restrictive than Boolean circuits as
reversible circuits only compute permutations, any Boolean circuit has an “equiv-
alent” reversible Boolean circuits. We shall express this “equivalence” in Lemma
2.
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First, note that for any function F' : B" — B™, there exists a permutation Fj :
B*t™ — B"™™ defined by Fg(z,y) = (z,y @ F(x)) for all z € B" and y €
B™.  Here, (Yo,---sYm-1) D Wos---s Y1) = Yo & Yos-- - Ym—1 ® yl,_;) for all
(Yoy -y Ym—1), (Yo - -+, Y1) € B™. This definition is convenient, because then we
have F(x,0) = (z, F(x)) for all x € B".

Lemma 2. Suppose that the function F : B" — B™ is realized by a Boolean circuit
of size L over some basis A. Then we can realize Fg by a reversible circuit of
size O(L +n + m) using ancillas over the basis Ag. The basis Ag is defined as
Ao ={fe: f € A} U Iy, where I : B — B is the identity function.

Proof. First, we shall build a reversible circuit C' that computes F' along with ad-
ditional “garbage”. More precisely, C' realizes a permutation that maps (z,0)
(F(z), G(z)),

where G is the “garbage” that we shall later remove.

Let Cy be the Boolean circuit that computes F'. Let xzq,...,x,_1 be the input

variables and let x,,..., 2,11 be the auxiliary variables (including the output
variables). We construct a reversible circuit C” by replacing, for each j € [0..L — 1],
the assignment z,; = fj(xkj’o,xk].,lj) with @45 == Tpyj @ fi(Th, - - ’xkj,l]-)' So

the reversible circuit C’ is given by

(fo)el{koo,--- kot + 0 nsr, -\ (fr—1)al{kr-10, s k=10, -+ L1}|ntr

On input (z,0), the variables z,, ..., z,y1_1 are initially 0 and thus their final value
in C" is the same as that of Cj.

We note that we can swap two variables using the function () : B> — B? defined
by (+)(a,b) = (b,a) for all (a,b) € B?. We can realize (++) as follows:

(¢2) = 1s[{0, 1}]215 [{1, 0}]2 1 [{0, 1}]
This can be seen by direct application: given (a,b) € B,

(<2)(a,b) = I5[{0,1}215[{1, 0}]215[{0, 1}]2(a, b)

= Is[{0, 1}]216[{1,0}]2(a, b ® a)

=I5[{0,1}2(a ® (b B a),bd a)

= I[{0,1}]2(b,b ® a)

=(b,(bda)®Db)

= (b> a)
Thus, using at most L application of (++) at the end of C’, we can bring the output
variables to the first m bits of the result. We thus have our circuit C' which realizes

the map of the form (z,0) — (F(z),G(z)) for all z € B".
For any f : B*¥ — B", fg is its own inverse: given x € B* and y € B,

fe(fe(z,9)) = fo(x,y © f(x)) = (z,(y @ f(2)) @ f(2)) = (2,9)

Therefore, we can construct the inverse circuit C~! of C' by simply applying the
gates applied in C' in reverse order.

We know construct reversible circuit C' that realizes, with ancillas, the map (r,y) —
(x,y ® F(x)) for € B",y € B™. More precisely, the circuit realizes a permutation
F’" on B""+™ guch that F'(z,0,y) = (z,0,y & F(z)) for all z € B" and y € B™.
The circuit works as follows:
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o Apply C{0,...,n—1,n,...,n+ L —1}].
o Apply I[{0,n+ L}],....Ig[{m —1,n+ L+m— 1}].
o Apply C7'[{0,....,n—1,n,....,n+ L —1}].

We are applying C, “copying” over its results, and finally applying C~!. The com-
putation can be seen as the following sequence of maps:

(z,0,y) = (F(z),G(x),y) = (F(z),G(z), F(z) ®y) = (2,0, F(r) © y)
O

Lemma 3. Let F' : B" — B" be a permutation. Suppose that there exists Boolean
circuits C' and C' over basis A that computes F and F~1 such that the size of C
and C" are both at most L. Then F can be realized by a reversible Boolean circuit
of size O(L + n) using ancillas.

Proof. By Lemma 2, there exists reversible circuits Cy and Cy of size O(L + n) over
Ag realizing F' and F~! using ancillas. Suppose that Cj uses mg ancillas and C}
using m; ancillas.

We shall use the first n bits for the input and output. We shall also use n+mg+my
ancilliary bits (which are initially 0). Then our circuit works as follows:

o Apply Cy[{0,....,n—1,2n,....2n4+mg—1,n,...,2n — 1}].
o Apply I5[{0,n}], .., Ig[{n —1,2n — 1}].
o Apply C4[{0,...,n—1,2n+mg,...,2n+mo+my — 1,n,...,2n — 1}].
The computation can be seen as the following sequence of maps:
(2,0,0,0) = (z, F(z),0,0) = (F(x),7,0,0) = (F(z),z ® F~'(F(z)),0,0) = (F(z),0,0,0)
O
Lastly, we want to show that {—, Ag} form a complete basis for reversible circuits.

Lemma 4. The basis {—, Ag} forms a complete basis for reversible Boolean circuits.
That s, for any permutation F : B™ — B™, there exists a reversible circuit over the
basis {—, Aa} that realizes F' with ancillas.

Proof. Let I : B — B denote the identity function. Ig can be realized with ancillas
by the circuit —=[{2}] Ag [{0,2,1}]-[{2}]. To see this, we apply the given circuit on
(z,9,0), where z,y € B™:

—[{2} Ae [{0,2, 1}]-[{2}(z,y,0) = =[{2}] As [{0,2,1}](2, y, 1)
=-[{2H(z,y @ (z-1),1)
= (z,y ® z,0)
Also, for x,y € B,

~[{0}[{0, 1}]={0}](z,y) = =[{0}]/s[{0, 1}](=z, y)
= ~[{0}(=z,y ® (—z))
= (2,9 @ (-x))

12



Therefore, every permutation in {—g, Ag, [s} can be realized with ancillas over the
basis {—, Ag }.

Since {—, A} form a complete basis for Boolean circuits, there are Boolean circuits
Co and C) of size O(n?2") that realize F' and F~! respectively. By Lemma 3, there
exists reversible Boolean circuits Cy of size O(n2") over the basis {—g, Ag, I3} that
realizes F' using ancillas. Since each of {—g, Ag, I} can be realized over the basis
{=, Aa}, there exists a reversible Boolean circuit Cy of size O(n?2") over the basis
{—, Ag} that computes F' using ancillas. O

1.4.4 Probabilistic algorithms

Randomized algorithms are simply algorithms that are also given a sequence of
random Booleans.

Definition 18 (Randomized Algorithm). Let F': A* — A* be computable function.
For m € N, let W, be a uniformly random binary string of length m. We say that
a randomized algorithm computes F in time T'(n) (where n represents the size of
the input) if it describes a Turing Machine M such that M computes a function
G : A* x B* — A* in time T'(n), where

and

Vn €N

Wl N

p(n) >

The function p : B — [0, 1] is any such that for n € N, p(n) gives a lower bound on
the probability of success of the algorithm for inputs of length n.

So for an input of size n, given uniformly random binary string, a randomized algo-
rithm has a probability of at least p(n) of outputting correct result. We can easily
amplify (or boost) p(n) as well. The following lemma shows that for randomized
algorithms that compute Boolean functions.

Lemma 5. Suppose that we have a randomized algorithm A that computes a Boolean
function F' : B* — B with success probability of at least 2/3. Furthermore, A has time
complezity of O(T'(n)), where T : N — N is some computable function. Let ¢ > 1
be some integer. Then there exists a randomized algorithm with time complexity
O(T(n)logn) that computes F with success probability of at least 1 — n™¢, where n
is the size of the input.

Proof. The algorithm required is Algorithm 1.
For any given input z, the success probability of A is given by p = 2/3 + €, where
e € [0,1/3]. Then 1 —p = 1/3 — e < p. Therefore, the success probability ¢ of
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Algorithm 1 Success_Boosting(A, ¢, z)

e e e T e T T e S =G
e L A T vl

Set n «+ |z|.

if n <1 then
Set y + A(z).
return y.

end if

Set m <« (l;gl?g/’;)].

Set ¢; « 0.

for j € [0..2m — 1] do
Set y + A(z).
if y =1 then

Set cp+c+ 1.

end if

. end for
. if ¢y > m then

return 1.

: else

return 0.

. end if

Algorithm 1 is given by

(-
5 (-
5 ()
o - p>>mji0 ()
(1 —p))mi (")




Thus, g > 1—n"¢. [

1.5 Quantum Computation

Unless explicitly cited (or stated otherwise), the contents of this section are from [3]
or [5].

1.5.1 In Praise of Quantum Computation

There is a limit to what classical computers can achieve. For example, many classical
cryptographic systems rely on the fact that there is no (as far we know) polynomial-
time classical algorithm to factorise large integers. To solve problems untenable
by classical computing, we need new forms of computing devices. Unfortunately,
classical physics can be simulated by classical computers in polynomial time. This
means that classical physics can not give us computing devices that can quickly
solve problems that require exponential time in classical computing.

However, classical computers seem to be need exponential time to simulate quantum
mechanics. This is because the spin-state of an n-particle system needs 2" complex
numbers to be expressed and we need to compute multiplication by a 2™ x 2" matrix
to compute the change of state over some interval of time. But a quantum system can
simulate itself efficiently and thus seem to be more powerful than classical computers.
[5]

Clearly, quantum computers can be used to efficiently simulate quantum systems
that classical computers have been unable to.

Shor’s celebrated O (n?)-time quantum algorithm for factorisation is a celebrated
example of the power of quantum computing. It can break cryptosystems such as
RSA.

Another crucial example is the Grover search algorithm and its many variants.
Through the Grover Search algorithm, we can find an element among n elements in
O (y/n) queries. This leads to powerful results such as algorithms for string matching
in O (y/n) and 3SUM in O (n). The fastest classical algorithms for these problems
work in O (n 4+ m) and O (n?) time respectively (the second one is conditional on
SETH) [14], [15]. The Grover can also be used to speed up matrix multiplication
over semirings to O (n*%) which finds application in getting graph problems as shown
in [6], [9]. Grover may also be used to optimise classical Dynamic Programming al-
gorithms.

There also has been a significant body of work on Quantum Machine Learning, such
as Quantum Convolutional Neural Networks [12].

1.5.2 Some Quantum Mechanics

To begin, we need the following axioms of quantum mechanics:

1. A quantum system is completely specified by a unit vector [¢)) € H, where
‘H is a complex Hilbert-space. For our purposes, we can assume that H is
isomorphic to B®™ for some n € N. In other words, H = C?".

2. Every observable (energy, momentum, etc.) is a Hermitian operator which
acts on H. We can only "observe” the eigenvalues of these operators. After
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the “observation”, the state collapses to an eigenvector corresponding to the
observed eigenvalue. The state becomes “classical”. This means that measure-
ment of a quantum system alters it.

3. If |¢) is a unit eigenvector of some observable then the probability of the state
1) collapsing to it upon measurement is given by |(1)]@)|>.

4. A closed quantum system evolves unitarily. In other words, the new state |¢)
from state [¢) in a closed system is given by |¢) = Uly) for some unitary
operator U. Since unitary matrices are invertible, this means that much of
quantum computation (the part before measurement) has to be invertible.

5. If we have two quantum systems with states |¢)) € H; and |¢) € H,, then the
state of the combined system is given by [) ® |¢) € Hi @ Has.

It should be noted that classical computers can solve any problem that quantum
computers can and vice-versa. A classical computer can simulate an n-qubit quan-
tum computer using O (2") memory and time. Similarly, any classical algorithm has
a sequence of Boolean circuits, which can be converted into a sequence of reversible
Boolean circuits, which in turn can be converted into a sequence of quantum circuits.
In other words, in terms of computability, both classical and quantum computers
have the same power. [5]

1.5.3 Qubits

Classical computers (and Boolean circuits) uses bits, where a bit is represented
by x € B (B = {0,1}), On the other hand, quantum computers (and quantum
circuits) uses quantum bits. A quantum bit (aka qubit) is represented by a unit
vector |¢) € B = C?. We call some orthonormal pair of vectors |0),|1) € B the
computational basis. A qubit |¢) can be |0), |1), or a superposition of both (such
as \/Li(|0) +[1))). When measuring, however, we typically have to let go of the
superposition.

Another difference is that in classical computers, n bits are represented by a bi-
nary string xizs ...z, of length n. So any n-bit classical system can be repre-

sented by x = (x1,22,...,2,) € B". An n-qubit quantum system, on the other
hand, is represented by |¢) € B® ... ® B = B®", where |¢) = > g Co|2) =
S orones Corran |71, - @) and 1 = [[[@)[|> = 3, pu le”. . For example, the

state of a 1-qubit system is given by |@) = ¢o|0) 4 ¢1|1) where |co|” + |e1]* = 1. And
the state of a 2-qubit system is given by |p) = coo|00) + c01]/01) + ¢10]/10) + ¢11]11)
where |coo|” + |cot|* + |er0]” + |en|* = 1.

Another thing to note is that the computatonal basis of an n-qubit system is given
by 0)1 ® - ®]0)1,[0)1 @ -+ @ |[1)1,...,|1)1 ® -+ - ® |1)1, where [0)y,|1); € B. We
may also refer to the basis elements as |0), [1),]2),...,[2" — 1) € B®". For example,
in a 4-qubit system, |10) = |1); ® [0); ® |1); x |0); because 10 is given by 1010 in
binary).

1.5.4 Quantum Circuits

A quantum system changes through unitary transformations and measurements. We
can define a quantum algorithm as a sequence of unitary transformations possibly
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followed by a measurement operator. Even if we have measurements in between
unitary transformations, we can always defer said measurements to the end without
affecting the outcome of the computation, as we shall show in Theorem 4. [3].
Quantum circuits are defined in a similar manner to reversible Boolean circuits.
We can define quantum circuits over a fixed gate set A of unitary operators of
bounded input size. That is, there exists an integer n such that A € A implies that
AecU (B®k) for some integer k < n.

The size of the quantum circuit is defined as the number of basis gates used in the
circuit.

Definition 19. Let k and n be integers such that k < mn. Let A ={ag,..., a1} C
[0..n — 1] be an ordered set and let U € U (B®¥) be an unitary transformation. Let
P € U (B*") be a unitary defined by

v () (@) e
(20, sTn—1)EB™ J=0 JEA

Let I,,_, € U (B‘X’(”_k)) be the identity unitary transformation.
We define U[A],, as a unitary transformation U[A], € U (B®") given by U[A],, =
P\U® I, ;)P.

To put it simply, U[A],, is a unitary that “acts” on the qubits ay, ..., ar_1.
For example, if U : B®? — B®? is defined by Ul|zg, x1) = |ro®z1, 1P1) for (zg,71) €
182, then U[{l, 3}]|£130,.T1, x2,$3> = |£L’0, T (&) T3, X9, T3 ) 1> fOl" (1’0, Xy, .%27.173) € B4.

Definition 20 (Quantum Circuit). A quantum circuit over a basis A is a sequence
Uo[Aoln, - -, Ur—1[AL_1], where, forallj € [0..L—1], U; € Aand A; C [0..n—1] is an
ordered set. This quantum ciruit realizes the unitary operator U = U [Ag] ... Ui[A4].

Of course, we can use additional qubits (more than the input size n) as well to help
the computation.

Definition 21 (Quantum Circuits using ancillas). We say that a unitary U €
U (B®™) is realized by a quantum circuit Up[Ao|n, ..., Ur—1[Ar—1]n (N > n) using
ancillas if we have

W (&) ® [0Y™) = (U]e)) ® [0V )
for any [€) € (B)".

Note that the notation |0V ~") means a tensor product of N — n of |0).
We now note that quantum computers are able to perform classical computations.
In particular, any reversible classical circuits has its corresponding quantum circuits.

~

Let G : B* — B* be a permutation. It corresponds to a unitary operator G €
U (B®) defined by G|z) = |G(z)) for all € B¥. The unitarity of G can be seen
by noting that for z,y € BF, <(?\|x)|(?\|y>> = (G(z)|G(y)). Since G is bijective,
z #y < G(z) # G(y) and thus (G|)|Gly)) = (z]y).

For our purposes, we shall define our basis A as the set of all one and two qubit
unitary operators. That is, A = U (B%') U U (B%?). We shall show that this basis
is complete in the sense that any unitary U € U (B®") can be realized by this basis.
First, we shall prove a useful lemma.
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Definition 22. Let N be a subspace of the Hilbert space M. Let N\ denote the
orthogonal complement of N. So M = N @& N,. Let U € UM). We say that
U acts on the subspace N if there exists V€ U(N) such that U =V @ I, where
I € UN)) is an identity map.

Lemma 6. LetU € U (CM), where M > 2 is a positive integer. Let |1),... |M—1)
be an orthonormal basis of CM. There exists a finite sequence of unitary operators

(U(j’k)) such that

jel..M—1],ke[j..M—1]

U = yM-1,M-1) (U(M—Z,M—Q)U(M—Q,M—l)) o (U(1,1) o U(1,M—1))

and for each j € [1.M — 1],k € [j..M — 1], the unitary operator UK € U (CM)
acts on the subspace C(|s),|s + 1)).

Proof. First, suppose that we have ¢q,co € C. We claim that there exists a unitary

operator V' € U(B)
v [Cl} _ {\/ |c1]? + |eaf?
Co O

If ¢; = ¢o = 0 then any unitary operator V' € U(B) satisfies our requirement.
Otherwise, let |€) € B be a unit vector orthogonal to (¢1,¢3) € B. Therefore,
In) = m(cl,cg) and |£) form an orthonormal basis for B. Therefore, there

exists a unitary operator V' that maps |) to (1,0) and |€) to (0,1). By computation,
we see that V satisfies our requirement.

Now, suppose that we have a unit vector |£) = Z]M=1 a;j|j) € CM. We shall induc-
tively define |€1),...,[&y) and V1, ... VM1 Define |¢5) = |€). Suppose that
s € [1..M — 1]. Suppose that we have defined |£;,1) such that |£5,1) is a unit vec-
tor, ij‘i;_lw 1(j€s41) > = 0, and (j|€s41) = a; for all j € [1..s]. As we have already
shown, there exists a unitary V) such that (s+1|V®)|&,,,) = 0 and (j|V®|E,) = q;
for j € [1..s — 1]. Define |&) = V®)|&,,4).

Now, suppose that have a M x M matrix representing U~! in the basis |1),...,|M).
We shall, again, use induction. Let j € [1..M — 1] be given. Assume that we have a
unitary matrix V that satisfies the following for all r, ¢ € [1..M] with r < j Ve < j:

1 r=c
‘/r,c =
0 r#c
As we have already shown, there exists UU7) .. UGM=1 gych that V/ = U@ ... yGM-Dy
is a unitary matrix such that the column j of V' is a column vector with 0 in columns

j+1,..., M. This finite sequence of matrices act on |j),...,|M) and V,.. = 0 when
c < jAr >j, wehave V!, =V,  forall » < jVec < j Furthermore, since
Viy=Viji ==V, =Vj;1 =0, we must have V;; = 1 (as V' is a unitary
matrix).

Thus, we have operators UM—LM=1) y(M=2.M=2) py(M=2.M=1) gy M=1)
such that

U(M—I,M—l) (U(M—Q,M—Q)U(M—Q,M—l)) . (U(Ll) . U(l,M—l)) U—l =7
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, where I is the identity operator on C¥.
In other words,

U = U(M—LM—I) (U(M—2,M—2)U(M—2,M—1)) . (U(l,l) . U(I,M—l)) U—l
OJ
Definition 23. Let U € U (B®"). Then, for any integer k > 1, A*(U) € U (B®"+5))
is defined by, for (xo,...,Tx_1) € B* and |£) € B®",
|$0,...,{Ek_1>®(U|€>) $0:...$k_1:1
[Z0, s Th—1) @ [€)

. Also, define A(U) = AY(U). Given a complex number z with |z| = 1, we define
Ak(2) € B®F by letting, for (zo, ..., x5 1) € BF,

AU (2o, -, ) @ 1€)) = {

Z’I’Q,...,l’k,ﬁ LL'O:...l'k,l:l

’Q?O, e ,xk,1>

Ak<z)|x0, S axk71> = {

Finally, define A(z) = A'(z).
We also define o = [1)(0] + |0)(1 € U (B*!). Clearly, 0* = 5, A(o”) = I, and
A2(0®) = //\E\B. Here, I : B — B denotes the identity mapping on a single Boolean.

Theorem 3. The basis A = U (B®')UU (B*?) consisting of the set of all one-qubit
and two-qubit unitary operators allow the realization of an arbitrary U € U (B®").

Proof. First, we show that Ag = A%(0®) can be realized using ancillas. Let X,Y €
U(B) be defined by

=l
LY

Through computation, we see that iXY X 1Y ~! =¢
The following quantum circuit realizes Ag:

A2(@)[{0, THAX) {1, 2HA(Y)[{0, 2} A (X {1, 2} A ) [{0, 2}
Let U denote the unitary operator realized by the circuit above. To see that the
circuit actually realizes Ag, we select a,b,c € B. If a = b =1, then
Ula,b, ) = A*()[{0, LHAO[{L, 2}AX)[{0, 2} AX ) [{L, 2} A ) [{0, 2}][a, b, )
= A*())[{0, AX) {1, 2HAY)[{0, 2HAX {1, 2}] (la, b) @ (Y c)))
= A*(0)[{0, LHAO) {1, 2}A(Y)[{0,2}] (|a, b) @ (XY )
= A [{0, HAX){L, 2}] (o, b) ® (VXY He)))
= A*()[{0,1}] (Ja,b) ® (XY X ™'Y c)))
=la,b) ® (XY X 'Y )
= la,b) ® (0"|c))
=la,b) ® |c® 1)
= la, b, c @ ab)
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Ula, b, c) = A*()[{0, BJA(X)[{L, 2A(Y)[{0, AKX {1, 2}]A(Y ) [{0,2}]]a, b, )

= A*(0)[{0, LHAX){L, 2AY)[{0, AKX {1, 2}] (Ja, b) @ (|e)))
= A*(0)[{0, LHAX)[{L, 2HA(Y)[{0,2}] (Ja, b) ® (X ']e)))
= A(0)[{0, LHAX){L, 2}] (|a. b) ® (X))
= A*(D)[{0,1}] (la, b) @ (XX |c)))

= [a,b) ® |c)

=la,b) ®|c®0)

= |a,b,c @ ab)

Ifb =0,

Ula,b, ) = A*(0)[{0, A(X)[{1, 2}]A(Y)[{0, ZJA(X D [{L, 2HA(Y ) [{0,2}]]a, b, )

= AY)[{0, 2}]A(Y ) [{0,2}]]a, b, c)

= la, b, c)

=la,b) ®|c®0)

= |a,b,c @ ab)
So we can realize A*(0?).
Now, we shall show that we can realize A*(U) for any U € U (B).
Let F : B*¥ — B be defined by F(xg,...,74_1) = 29 A -+ A xp_;. Clearly, there
exists an O(k) size Boolean circuit P’ over the basis {—, A} that realizes F. So
there exists a reversible Boolean circuit P of size O(k) over the basis {—, Ag} that
reahzes F5 using ancillas. Since all one-qubit and two-qubit gates are in 4 and
Ae can_be realized, we have a quantum circuit P of size O(k) over A that re-
alizes F@. Suppose that P uses m ancillas and maps |zo,...,Tk-1,9,0,...,0) to

|zo, .., Tp1,y B F(xo,...,25-1),0,...,0) for all zg,..., 251,y € B. Then the fol-
lowing circuit realizes A*(U) using ancillas:

PO, ... k+myAW)[{k, k +m+ 1} P[0, ... k+m}]
Let g, ...,zx—1 € B. Also let |£) € B. Then

PO, .k +mYAU)[{k k+m+ 1}PH0,... .k +m}] (|20, ..., 2%-1,0,0,...,0) @ [€))
= P70, k+mMAO){k.k+m+ 1z, .-, 261, (o A .. 25-1),0,...,0) ®|E))
P70, .. k+mY] (|zos -, &po1, @0 A . 21,0, ..., 0) ® (U™ "*1]0)))

= |20, .., @-1,0,0,...,0) @ (U™""""1|0))

So we see that the circuit above realizes A*(U) using ancillas. The circuit’s size is

O(k).

Note that A*(U) acts on the subspace C(|1,...,1,0),]1,...,1,1)).

Now, let x = (zg,...,2n-1),¥y = (Yo,---,Yn_1) € B", & # y. Suppose that we wish

to realize the unitary V' € U (B®") that acts on the subspace C(|z), |y)). Let U be

a unitary matrix that describes V|c(qy,y)) on basis |x), |y). Let Uy € U(B) denote
the unitary operator defined by U on the basis |0), |1) € B. That is, for all p,q € C,

JHRINE
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gives V(pla)-+aly)) = rla)+sly), Us(pl0)-+a[1)) = r/0)+s]1), and AC=D(Up)(p[1, .., 1,0)+
gll,...,1,1)) =r[l,...,1,0) +s|1,...,1,1).

Let f : B — B" be any permutation such that f(z) = (1,...,1,0) and f(y) =
(1,...,1,1). Clearly, V = f_lA(”_l)(Uo)]?.

Since there exists a O(n?2")-size reversible Boolean circuit that realizes f with
ancillas, there exists a quantum circuit over A of size O(n?2") that realizes ]?using
ancillas. And since we can also realize A™~Y(U,) using a quantum circuit of size
O(n) , we can thus realize V using a quantum circuit of size O(n?2").

Finally for any U € U (B®"), we use Lemma 6 to get U as a composition of (27)% =
22" unitary operators that act on subspaces of the form C(|z), |y)), where z # y €
B". Since each of these operators can be realized using quantum circuits of size
O(n?*2"), the operator U can be realized by a quantum circuit of size O(n?2%"). [

1.5.5 Density Matrices and Measurements

To discuss measurement, we need to introduce density matrices.

Definition 24 (Density Matrix). Let N be a Hilbert space. A den51ty matrix
p € LIN) = N ®@N* is a linear transformation of the form p = 377", i€ (&
where po, . .., Pm_1 are non-negative real numbers satisfying po+ -+ + pm-1 = 1 and

S0} - -+ [Gm—1) €N

Suppose that we have a density matrix p = > "pil&)(&]. Then this density
matrix represents a quantum system where its state is |£;) with probability p;.
Given an arbitrary subspace M of N, we define the probability P(|¥), M) of “col-
lapsing” to an element of M is given by

P}, M) = ([T h)

where 1Ty € L(N) is the projection onto M.
So, for a system represented by p, the probability P(p, M) of the system “collapsing”
to an element of M is

M) =" pP(&), M
3=0

m—1

= > pi{&ImlE)
5=0
m—1

= 3 T ()&M)

J=0

= 3 T (6 )

= Tr (pIlu)

Given two density matrices p; = Z;:o p;l&i) (€] € L(Ny) and ps = Z?;& q;|n;)(n;l €
L(N3), we see that p; ® p; € L(N}) ® L(N3) = L(N; ® Ns) is given by

m—1n—1 m—1n—1
P @pr= > Y pial&) (&1 ® nk)n Pia|&5 ) (€55
§=0 k=0 §=0 k=0
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It is clear that p; ® py represents the combined system of p; and ps.
Definition 25 (Partial Trace). The partial trace is a transformation Try;, : L(N; ®
No) — L(NY) defined by, for all p® p' € LN; @ N>), as

Trn, (p® p) = pTr(p')

Suppose that we have a density matrix p € L(N; ® N2) and a subspace M; of Nj.
Then p = Z;:ol A;®Bj for some Ay, ..., Ap—1 € L(N;) and By, ..., By, € L(N:).
Therefore,

P(p, Ml X NQ) = Tr<pHM1®N2>

m—1
=Tr (Z(Aj ® BJ)HM1®/\/2>

J=0

m—1
0

j=

[y

3

Tr ((A;1lum,) ® Bj)

T
gt

Tr(A;Ium, ) Tr(B;))

STE'
Lo

Tr(A 1Ly, Tr(B;))

<.
Il
o

Tr (mz_l AjHMlTI'(Bj)>

=0
=Tr (TrNQ (p>HM1>
= P(TrN2p7 H/\/h)

Furthermore, suppose that we have U @ Y € U(N; ® N3). Then,

Trn, (U®Y)p(URY)) =Ty, (WLZ(UAJ-UT) ® (YBjYT)> (1.1)
= m_l(UAjUT)Tr(YBjYT) (1.2)

= m_l(UAjUT)Tr(B») (1.3)

= (8,40 (1.4)

=U <m_ Tr(Bj)Aj> Ut (1.5)

= UTrN;(,o)UT (1.6

(1.7
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For any subspace M of N;, regardless of the unitary Y applied on the second
subsystem, we have

P(UY)p(URY),MN) =P (Trp, (UY)p(U®Y)"), M)
=P (UTtp, (p)UT, M)

This means that we can discard or forget the second system of p by taking partial
trace. That is, p’ = Trp,p gives a density matrix representing the first system.

Let U € U(N) be a unitary operator. Suppose that we apply U to the system
represented by p. For each j € [0..m — 1], since the system has state |{;) with
probability p;, then the new state is U|¢;) with probability p;. In other words, the
density matrix p’ representing the system after U is applied is given by

3

|U§J> <U€]| = UPUT

>
I

I

(=)

J

Now, let us discuss measurement. Suppose that we wish to measure some state |¢) =
Y wemn Gz|T) € BE™ in the computational basis. The density matrix p representing
the state 1 is

)Wl = (Z ax!fc)) (Z a:@!) =D lal ) el + Y awdjlz){yl

reB” B rEB™ rF#yEBn

Now, the probability of getting x € B™ when measuring [¢)) in the computational
basis is given by |az]2. In other words, the density matrix p’ representing the system
after the measurement must be ) g, |ag)” |z) (z].

So, we define measurement superoperator My : L(N) — L(WN) (N = B®") as
follows: given x,y € B,

0 T Fy

For a density matrix p = 7", "pilENE ] € LN) (M = B®"), where & =
ZzEB" Clj7x|l’>, Pl — M/\fp is given by

M) o] = {!x><y| iy

p'= Myp

m—1

= piMylé;)
j:()

= Zpg > lajal®

= zeBn”

s (zpj |aj,x|2) ) o

zeBn \ j=0

Clearly, p’ represents a system which is |x) € B™ with probability > " im0 pj |am|2,
which is exactly the probability of state of p being |{;) and then collapsing to |x).
So our definition of M makes sense.

Now, we shall show that we do not need our defintion of M.
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Theorem 4 (Measurement Deferral). Let N' = Ny = B®". There is a unitary
circuit of size n that realizes a unitary U € U (N @ N7) such that for any density
matriz p € L(N), we have

o = Myp = Ten, (U(p® [0){0)U")

In other words, we can replace measurement by applying U with n ancillas and then
forgetting about the n ancillas.

Proof. Let [Y) =3 pnazlz) € Nand p = [¢)(¢]. Thenp' = Mp=73" _p. lag)” ) (z].
Let X = A(c®). Our circuit is then given by X[{0,n}],..., X[{n —1,2n — 1}]. So
U= X[{0,n}]--- X[{n — 1,2n — 1}] is the unitary realized by the circuit. Given
x,y € B", we have

Ule)ly) = |2)ly @ x)

Now,

p=3 lallo)(zl+ Y acalle)yl

zeB™ r#YyEB™

Up@ |0)0) Ut = lasl’la, o)z 2l + ) apaplz,z)(y.y]

TEB™ rFAYyEB™

Tew, (U (p@ [0)(0) UT) = > JauPla)(@|Tr (Ja)(2]) + Y away|z) (| Tr (|2)(y])
zEB” rF#yeBn

=D laflz){e

zeBn
/
=p
[

Note that in unitary circuits, we do not actually discard any of the qubits. So
rather than discarding the n ancilliary qubits, we ignore them (pretend they do not
exist). This means that our unitary circuits may still use “measurements” in the
computational basis. The circuit size increases by at most a constant factor through
this approach.

1.5.6 Quantum Algorithm

Now, suppose that we want to compute the function F': B" — B™. We say that the
circuit U = Uy, - - - U; computes F' with ancillas if we have

ST [(F(@), 2|Uz, 0V > 2/3 Vi € B

2€BN-—m

Just as for randomized algorithms, the number 2/3 is somewhat arbitrary. We can
use a quantum circuit version of Success_Boosting.

Finally, we formally define a quantum algorithm. A quantum algorithm that com-
putes a function F': B* — B* is a classical algorithm (Turing machine) that, given
input x, computes the description of a quantum circuit C, which computes F'(x) on

24



an empty input. The language defined by function F' : B* — B is said to belong to
BQP if there is a quantum algorithm that computes F' in polynomial time [5].
The query complexity of a quantum algorithm with oracle access to some quantum
oracles is a function (depending on parameters such as input length) giving the
maximum number of times the oracles are queried or used.

The time complexity of a quantum algorithm is given by a function (depending on
parameters such as input length) giving the maximum size of the quantum circuit
for given inputs. It is assumed that oracles can be accessed by a O (1)-sized circuit.
We also assume that the time complexity of the algorithm (implemented via RAM
TM) is at most a constant (or logarithmic, when we are working with O (-) notation)
factor of the size of the circuit. This is necessary for the circuit to make sense for
non-oracle problems, as otherwise the classical algorithm might take exponential
time to compute the result and just output a quantum algorithm that outputs the
result; this would mean that all non-oracle computable problems have a constant
time complexity quantum algorithm. Note that this is may not be a standard
definition.

1.6 Related Works

In this section, we shall give a brief history of works related to the k-mismatch
problem. Let T denote the text string of length n > 1, P denote the pattern string
of length 1 < m < n, and let k be a positive integer such that 1 < k < m.

In 1986 [2], Landau and Vishkin gave a O (k(mlogm + n))-time and O (nk)-space
classical algorithm for the k-mismatch problem. The algorithm also reported all
occurences of substrings 7" of T such that 0y (7", P) < k. This paper mentions
another paper which solves the problem in O (f(k)(n + m)), where f(k) > 2* for all
integer k > 1.

In the paper [1] from 1986, Galil and Giancarlo present a “compact version” of
Landau and Vishkin’s algorithm [2]. This algorithm uses O (m) space, unlike its
predecessor with O (nk) space complexity. Its time complexity is O (mlogm + kn)
for general alphabets and O (m + kn) for fixed alphabets.

The paper [20] from 2016 presents multiple results related to the k-mismatch prob-
lem.

The first is a deterministic O (nk?log (k)/m)-time offline algorithm, which is a k-
factor improvement of some other papers from SODA 2000. In the same year, a
@) (n\/k log k‘) time algorithm was published.

The authors then present a randomised and online algorithm that uses O (k?) extra
space and has the same time complexity (as the deterministic O(nk?log (k)/m)-time
offline algorithm). In this problem, the text of length n is streamed in one symbol
at a time. The probability of error is very small as well: at most m 2.

Then the authors solve an approximate version of the streaming k-mismatch prob-
lem. In this version, there is no length limit n to the text. The (1 + €)-approximate
k-mismatch problem is defined as follows. Let 7" be an m-length substring of T
let = be the algorithms output; and let y = §5 (7", P). Then algorithm must satisfy
y < x < (1+ €)y with high probability or report that = > k when y > k with high
probability. Here, y = dy (71", P). The algorithm presented by this paper’s authors
solves this in randomised O (k*polylog m/e?) space and O (polylogm/e?) worst-case
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time per arriving symbol (this is a streaming problem). The probability of error is
ony 1/m? at most.

The final result of this paper is an algorithm for the streaming k-mismatch problem,
where the streaming text arrives on symbol at a time without any limit on the
text’s final length. The algorithm is a randomised one with O (k*polylogm) space

complexity and worst-case O (\/E log k + polylog m) time per arriving symbol. The

probability of error, like for the previous two algorithms, is at most 1/m?.

In the paper [11] from 2018, Gawrychowski and Uznanski exhibit an O (n + nk/\/m)
time algorithm for the k-mismatch problem. This variation is almost the same as
the previous one: if (7", P) > k then the algorithm should report co. The paper
mentions Abrahamson’s contribution of O (n\/ m log m) time algorithm to the text-
to-pattern Hamming distance problem (k-mismatch problem where k& = m). The
authors also mention the work of Porat and Kopelowitz, where they solve the (1+¢)-
approximate text-to-pattern Hamming distance problem in O (e ~'nlogn log m) time
complexity.

This paper’s main contribution for the k-mismatch problem is a deterministic algo-
rithm with time-complexity O ((mlog? mlog |Z| + kyv/mlogm) - n/m).

The authors also show that unless the combinatorial matrix multiplication conjec-
ture fails, for any €,a,x > 0 such that /2 < kK < a < 1, there is no combi-
natorial algorithm solving pattern matching with £ = © (n") mismatches in time
O ((ky/m)'=¢-n/m) for a text of length n and pattern of length m = © (n%). Es-
sentially, the algorithm presented in this paper is optimal up to logarithmic factors.
In the paper [19] from 2019, the authors find a pseudolinear algorithm for the k-
mismatch problem. For small k£ and text compressed by a Straight Line Path (SLP)
of size n with pattern of length m, the authors contribute an O ((n +m)k®) time
algorithm, where ¢ > 0 is some fixed constant.

Before the paper [16] from 2022, the k-mismatch problem had not been studied from
a quantum computational perspective. In this paper (and ours), the k-mismatch
problem asks us to find an algorithm that can locate any (if it exists) k-mismatch
of PinT.

The authors contributed a quantum algorithm with O (ky/n) time complexity and
O (K*/*n*/?m°W) query complexity.

The latest relevant paper [18] is from 2024. This paper published a quantum algo-

rithm with O(\/ kn) query complexity and O (\/% (\/ km + k:2>> time complexity.

1.7 Overview of Our Main Results

The pseudocodes for the algorithms and their proof of correctness (and time com-
plexity) are presented in Sections 3.2 and 3.3 respectively.

1.7.1 Bounded Hamming Distance Pattern Matching with
Large Bound

The algorithm for Theorem 10 is very simple. We use a modification of Amplitude

Amplification [4], [18] (via Theorem 6) along with quantum counting [4] (via Corol-

lary 2, which in turn is a combination of Theorem 9 and Theorem 8). Theorem
6 is used to search for j € [0..n — m] such that dy(T[j..7 + m — 1], P) < m —r.
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We can check a candidate j € [0..n — m] by using Theorem 9 or by directly using
Theorem 8 depending on a certain corner case (r = 1). Since verifying a candidate j
takes O(M) time and queries, the overall time complexity and query complexity
becomes O(y/rmn).

Compared to [18] and [16]’s algorithms, this is faster when r = o(m).

Let k=m —r.

When we consider their time complexity upper bounds, it is faster than [16]’s quan-

tum algorithm by a factor of f(r,m,n) that satisfies f(r,m,n) = Q <§T—\Q—"n> and

thus f(r,m,n) = Q <\/ m/r —\/r/m ) If » = o(m), then our algorithm is faster
than [16] by a factor of Q (\/m/r>.

Again, when we assume that » = o(m) and consider their time complexity upper
bounds, it is faster than [18]’s quantum algorithm by a factor of f(r,m,n) that
satisfies

f(rym,n) —
ﬂmmmzﬁ<£;+ é)
onn=a(is)

However, we are not claiming that Theorem 10’s quantum algorithm is better than
the ones cited. Just as this algorithm is faster when r = o(m), theirs are better
when k = o(m).

1.7.2 Approximate Bounded Hamming Distance Pattern Match-
ing
The algorithm for Theorem 11 is also quite simple. Just as before, we use a modifica-

tion of Amplitude Amplification [4], [18] (via Theorem 6) to search for j € [0..n—m]
such that 6y (T[j..7 +m — 1], P) < k. We check a candidate j using the quantum

algorithm provided by Theorem 9, which takes O (\/m/ k;> time and queries. So
the overall time complexity and query complexity becomes O(y/mn/k).

Theorem 9 is a simple adaptation of Lemma 3.12 from [18]. We state the theorem
here for convenience:

Theorem (Theorem 9). There is a quantum algorithm that, given oracle access to
two strings X andY of equal length | X| = |Y'| = m, an integer threshold k > 0, and
€ (0,1], outputs YES (1) or NO (0) so that

o Ifou(X,Y) <k, then the algorithm outputs YES with probability of at least
9/10.
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o Ifou(X,Y) > (14 €)k, then the algorithm outputs NO with probability of at
least 9/10.

This algorithm takes O (6_1 m/k) quantum time.

Let f(e,k,m,n) denote the ratio (disregarding polylogarithmic factors) between
the upper bound of the algorithm from [16] and the algorithm from Theorem 9.
Let g(¢, k, m,n) denote the ratio (disregarding polylogarithmic factors) between the
upper bound of the algorithm from [18] and the algorithm from Theorem 9.
Suppose that k = w(m?3¢=2/3). Then k*? = w(me™!) and

~ E*Vk
gle, k,m,n) =Q ‘ \/—>
m
~ kvk -k
gle, k,m,n) =Q VRN vk )
m

gle. kym,n) = w (M)

gle, k,m,n) =w (k)

Thus, the algorithm from Theorem 11 is faster than that of [16] and [18] when
k=& (m2/3e*2/3).

In particular, suppose that p € (0,1) and € € (0, 1) are fixed parameters and further
suppose that the parameter £ is given by k = pm. In this case, the time complexity

becomes O (e’l n/p) =0 (v/n).
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Chapter 2

Important Quantum Algorithms

The content of this chapter is based on [4].

2.1 Quantum Amplitude Amplification

Let H = (C?)®". Let y : B" — B be a Boolean function.

We say that x € B" is good if and only if x(z) = 1. Otherwise, we say that z is bad.
The subspace of H spanned by the set of all |z) € H where x € B™ is good is
called the good subspace of H. Similarly, the subspace of H spanned by the set of
all |z) € H where x € B™ is bad is called the bad subspace.

Given A € U ((C2)®n), we define,

Q (A, x) = —ASpA™'S,

where Sy and S, are defined as follows: for all z € B",

[ @ =1

Sy|z) {|x> ) = 0 (2.1)
) =lx) =0

Solz) = {!x> .20 (2.2)

Clearly, Q(.A, x) is unitary. Furthermore, if we are given unitary circuits for A and
S,, then we can compose them to get a unitary circuit for Q(A, x).

Let |¥) = A|0), let |¥;) and |¥y) be the projection of |¥) on the good and bad
subspaces of H respectively. Let a = (U|U).

For the rest of this paper, we shall abuse notation to write Q to denote Q(.A, x).

Lemma 7.

Q[T,) = (1 - 2a)|¥,) — 2a|Wy)
Q[Wo) = 2(1 —a)|¥1) + (1 — 2a)[¥y)

Proof. First, note that Sg = I — 2|0)(0]. So,
ASo AT = ATA™ — 2A410)(0) A7 =T — 2|T) (V|

Here, I is the identity transformation acting on H.
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Since |Wy) is the projection of |¥) on the good subspace, S, |¥;) = —|¥;). Similarly,
since |Wy) is the projection of |¥) on the bad subspace, S, |¥,) = [¥(). Therefore,
Q[W1) = ASp A~ W1) = (I = 2/ W)(V]) [T1) = (1 - 2a)[P1) — 2a| Vo)
Q[Wo) = —ASgA™ W) = — (I = 2[¥)(¥|) [Yo) = 2(1 — a)[P1) + (1 — 2a)[ o)
[

Let Hy be the subspace of H spanned by |[¥;) and |[¥g). It is clear that Q maps
Hy to itself.

Ifa=0o0ra=1, then Hy is 1 dimensional. Otherwise, Hy is 2 dimensional.
Assuming that 0 < a < 1, Q has the following eigenvectors in Hyg, along with the
following eigenvalues:

) = 5 (e + Fw)
o) = 5 (e - <))
p———
>\7 — 67729&

where i = y/—1, and 6, € [0,7/2] is such that (sinf,)? = a
To see this, we simply apply Q to get

Q|Vy)

=5 (= =)

:\/LQ_a(u_za)yw—zawo \/ﬁ (1= a)|[y) + (1 — 2)| W)

_ (7%“ +iy/2(1— a)) 0,) & ( (12(12_a)z) ;@) |Wo)

:\/%_a (1-203 4a(1—a)> |\If1>iﬁ (1- 20+ iv/4a(l = a)) |%0)
= (1-20+ivIa(T=a)) - ( \/—I‘I’o>>

VRS

1 — 2(sin6,)? £ i\/4(sin 0,)2(1 — (m@@?))) <7|\Ifl> \/1T|%>)
(1 — 2(sin6,)? £ i2sind, cosﬁa) (%Nﬁ) \/1T|\IIO>)

= (cos 20, & isin 26,) (%\\IJQ \/1T‘%>)

_ Ei2a (\/_|\1; )+ \/_|\I’o))

- (fmw i)
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Lemma 8. Let j be a non-negative integer. Then, if 0 < a < 1,

Q| = \_/_% (@D |y — =+ Difl ) _))

1
= % sin ((2] + 1>9a)“1;1> +
Proof. Since |V,) € Hy and |V_) € Hy are eigenvectors with distinct eigenvalues
of the unitary Q, they form an orthonormal basis for Hy (assuming that 0 < a < 1).
So we can express |U) in terms of ¥, ). More precisely, we have

— cos ((27 + 1)6,)| %)

Q

?

i , . i0a —if i . b

cheeina -3 (G- (e ) )
1 ei9a _ e—iea 1 eiea + e—iHa

- (S s (S

1
cos 0,|W¥
m | 0>

L.
= %smﬁaﬂfﬁ +
= [¥1) + [Wo)
=)

Note that we have sinf, = y/a and cosf, = /1 —a because (sinf,)?> = a and
0<6,<m/2.

We already know that the statement is true for 7 = 0. Assume that j > 1 and that
the statement is true for j — 1. Then,

Q'[T) = QQ|¥)
N o
_ Q <_ (e(ijl)z9a|\Ij+> . 67(2.]71)290,‘\1!7))
V2
= L (@Y — o= 2itDit g _Y)
e+ D)ia o= (2j+1)ifa w4 ie(2i+1)iba . je—(20+1)iba o)
Vva Va ! vV1—a vV1—a 0

o5+ D)iba _ p—(2j+1)iba )+ 1 ci(2i+1)0a 1 o—(2j+1)ib %)
2 VT A —a 2 0

cos (25 + 1)0,|¥o)

sin (27 4 1), 1) +

1—

Q

O]

Corollary 1. For any integer m > 0, if we compute Q™|W) and then measure it,
the probability of getting a good state is (sin ((2m + 1)6,))°.

Proof. 1f 0 < a < 1, then Lemma 8 shows that

Q") = %sin (2m + 1)0,|V4) +

. Clearly, noting that |||¥1)|| = v/a, the probability of measuring a good state is
(sin ((2m + 1)8,))*.

cos (2m + 1)0,|¥)
1l—a



If a =0, then |¥) = |¥y) and Q|¥) = Q|¥y) = |¥y) (by Lemma 7). In this case,
we have sinf, = 0, 6, = 0 and thus the probability of measuring a good state is
0= (sin0)* = (sin ((2j +1) - 0))*.

If @ =1, then |¥) = |¥;) and Q|¥) = Q|V;) = |V;) by Lemma 7. In this case,
we have sinf, = 1, 0, = 7/2, and thus the probability of measuring a good state is
1= (sinZ)” = (sin (2 +1)- %)™ O

Finally, we arrive at the first theorem of this chapter: Quadratic speedup without
knowing a [4]. Our presentation of the theorem is slightly different from [4] to
correspond with our definition of quantum algorithms. More precisely, while their
quantum algorithm has guaranteed success but random (and unbounded) amount
of application of A and A~!, the presentation here gives a quantum algorithm with
finite applications of A and A~! but only a guaranteed 2/3 probability of success.
While the two are essentially the same, this difference is to account for our quantum
circuit model, where the size of the circuit is fixed.

Theorem 5 (Quadratic speedup without knowing a [4]). There exists a quantum
algorith QSearch with the following property. Let A be any quantum algorithm
(that uses no measurements), and let x : B™ — B be a Boolean computable function.
Also suppose that we are given oracle access or a quantum circuit for computing x.
Let a denote the success probability of A. Let T be a positive parameter such that
a=0orT>1/a. If a =0 then QSearch reports no answer. Otherwise, QSearch
reports an answer in O(\/T) applications of A and A~'. with probability greater
than or equal to 2/3.

Proof. First, note the pseudocode of the algorithm 2, where o and C' are some fixed
constants to be determined later.

Note that using principle of deferred measurement, we can postpone the measure-
ments to the end of the algorithm and then ignore them.

Since y is computed deterministically, if we measure f and get 1, then o is guaranteed
to be a good solution.

Let t; be a random variable representing the final value of ¢ if we ignore the | < L
condition in line 3. Also let [; be a random variable representing the final value of
[ if we ignore the [ < L condition. So, ignore this condition (I < L) for now.

At the Ith iteration of the outerloop, ¢ increases by at most 1 + [c¢!] < 2 + .
Therefore, if a > 3/4, then

Elt;] < i (' +2) G)H

=1
0 I e’} 1 !
:4;@ *8;(1)
< 0

In other words, if @ > 3/4, E[t/] is bounded above by a constant C'//3. And obviously,
Iy <ty and thus E[l;] < C/3. So P[l; > C] < 3 and P[l; < C] > 2/3.
Now, suppose that 0 < a < 3/4.
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Algorithm 2 QSearch(A, yx,T)
1: Set [ < 0,t <0, f < 0,0 < 0 and let ¢ be any constant such that 1 < ¢ < 2.
2: Set constant L < max (C’, [log (4a\/T)/log c-‘ >

3: whilel/ < L and f =0 do
4: Set [ <1+ 1 and set M <« [c!].

5: Set t —t+1.

6: Apply A on the intial state of appropriate size |0).

7: Measure the system, let |z) denote the outcome of the register on which A
acts.

8: if x(z) = 1 then

9: Set o <~ zand f « 1

10: else

11: Initialize a register of appropriate size to |¥) = A|0).

12: Pick an integer j between 1 and M uniformly at random.

13: Set ¢ < ¢+ j.

14: Apply Q(A, x)’ to the register.

15: Measure the register, let |z) denote the outcome.

16: if x(z) =1 then

17: Set 0 <— z and f < 1.

18: end if

19: end if

20: end while
21: return (o, f).

Then 1 >1—a>1/4and 1 < —-— < 2. Also, 0 < 0, < arcsin/3/4 = 7/3 and

1—a

thus 0 < 26, < 27/3. So sin 26, > 0. Furthermore, for any M > 0, we have

M
2sin 26, Z cos ((27 +1)26,) =

Jj=1 J

2cos ((27 + 1)26,) sin 26,

M-

1

sin ((27 + 1)26, + 26,) — sin (25 - 26,,)

.

1

J

sin ((2(5 + 1) - 260,)) —sin (25 - 26,)

7j=1
=sin (2(M + 1) - 20,) —sin (2 - 26,)
sin (2(M + 1) - 26,) — sin (2 - 26,)
2sin 26,

Zcos (27 +1)20,) =

j=1

Now, at each iteration, the probabilty pys of getting x(z) = 1 at line 16 satisfies the
following
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(sin (2] + 1)6a))*

3

S

|
Sk

<
Il
—

1 —cos(2(25 + 1)0,)
2

I
Sk

7j=1

11 &
=5~ 97 ;cos (25 +1)26,)
11 [sin(4(M +1)f,) — sin (46,)
2 2M 2sin 26,

1 1 1
> _
2 2M (st@a)
11 1
2 2M \ 2sind, cosb,
11 1

2 2M \ 2\/a(1 —a)

1 1 2
> —_— —-

2 2M2/a
11
2 2M.+/a

Let ¢o > 0 be such that ¢ = 2(1 — ¢y) and let My = 1/(co\/a). Since 1 < ¢ < 2, we
have 1 < 2(1 —¢p) < 2 and thus 0 < ¢y < 1/2. We have E[t;] < T} + 15, where 77 is
the maximum number value of ¢t while M < M, and T is the expected increase of

Let Ly denote L%J. We must have [ < Ly while M < M,. So,

Now, M > M, implies that —1/M > —1/My > coy/a and thus py > %(1 — o).
Therefore, the probability of x(z) = 0 at line 16 when M > M, is at most gy =
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1—2(1—co) = 2(1+ o). Thus,

| |
M
§

+
DO
L[]
58

—0(1/va)

Note that Z?’;O(cqo)j and Z?io qg are some finite and well-defined constants because
0<g<land0<cg=2(1-co) 2(1+c)=1*-c <1

Therefore, E[tf] < Ty + Ty = O(1/4/a). So there exists a constant § > 0 such that
Efts] < B/+/a. Using Markov’s inequality, we see that

4p
Pty > —| <-
27l =
So by letting a = 48 and assuming that T > 1/a, we have P[t; < a/T] > 3/4.
This means that if our algorithm is restricted to av/T applications of A and A1,
the algorithm succeeds with probability of at least 3/4.
Again, ignoring the | < L condition, we know that P[t; > «o/y/a] < 1/4. So,

3

1
4~ log ¢ 4

> eie/vB)

- log ¢

> Plt; > o/va] > P [l > log(w/ﬁ)} :

W =

Since L = [log (4aﬁ>/log c-‘ > log (4a/+/a)/log ¢, we have a success rate of at

least 2/3.
Let A and B denote the size of the circuit for A and y respectively. Then the size

of the circuit for QSearch must be O (ZzL:1 (A + B)) =0 (c*A+ LB).

So, the final size of the circuit becomes

O (c*A+LB) =0 (VT A+ BlogVT)

with the circuit for A and A~! being used O (\/T > times. O

The next result is from [18], though our presentation may differ.

Theorem 6. Let n > 1 be an integer and let N = 2". Let F': [0..N — 1] — {0, 1,2}
be a function. Let D be a quantum circuit such that for any j € [0..N — 1], if
F(j)=0 or F(j) =1 then

(5, F(5),0°[Dl35,0,0%)| = 2/3.
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Here, x refers to the number of auxiliary qubits used by D. Then there is a quantum
circuit B such that F~1({1}) = @ or

[GVR )

> 16,1,078]0,0,0%)* >

JEFT1({1,2})
In any case,

S 16 1,0%B]0,0,01) <

jEF-1({0})

W =

Here, y is the number of auxiliary qubits used by B. Furthermore, B queries D at
most O (\/N) times. And B increases the circuit size of D by a factor of O (\/N)

Proof. First, we define the QSearch’ (Algorithm 3), which is a slight variation if Al-
gorithm 2 where everytime we check x(z) = 1, we also check if Success_Boosting(D, 4, ).
outputs 1. Note that C' and « are as defined in Algorithm 2.

Algorithm 3 QSearch’(A, D, x,T)
1: Set [ < 0,t < 0, f + 0,0+« 0 and let ¢ be any constant such that 1 < ¢ < 2.

2: Set constant L <— max <C', [log (4aﬁ>/log c—‘ >
3: while !l < L and f =0 do

4: Set [ < 1+ 1 and set M <« [c!].

5: Set t — ¢+ 1.

6: Apply A on the intial state of appropriate size |0).

7: Measure the system, let |z, b) denote the outcome of the register on which

A acts.

8: if x(z,b) = 1 AD(z) then

9: Set 0 < (z,b) and f « 1

10: else

11: Initialize a register of appropriate size to |[¥) = A|0).
12: Pick an integer j between 1 and M uniformly at random.
13: Set t «+t+ 7.

14: Apply Q(A, x)? to the register.

15: Measure the register, let |z) denote the outcome.

16: if x(2) =1 AD(z) then

17: Set 0 < (z,b) and f + 1.

18: end if

19: end if

20: end while
21: return (o, f).

We then define algorithm A as in Algorithm 4.

Note that we are using principle of deferred measurement on Algorithm 4 to postpone
any measurement and then ignore the measurement. So A outputs a superposition
of states |7)|b) for j € [0..N — 1] and b € B.

For n € N, let N = 2" and define xy : [0.N — 1] x B — B by

x(5,0) =b Vj e [0.N —1],b € B.
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Algorithm 4 Weak Search_Auxiliary(D, N)

Require: N = 2" for some integer n > 1.
1: Sample j uniformly randomly from [0..N — 1].
2: Set b <— Success_Boosting(D, 4, j).
3: return (j,b).

Algorithm 5 Weak Search(D, N)

Require: N = 2" for some integer n > 1.
1: Let A denote Weak Search Auxiliary.
2: Let D' denote Success_Boosting
Let v € N be a fixed constant such that QSearch’ uses at most vv/N applica-
tions of A(D, N).
Let A > 4 be a fixed integer such that 472_’”% <
for t € [0..1] do
Set ((4,b), f) < QSearch’ (A(D,N),D'(D,\, ), xn,2N).
if f =1 then
return (j, f).
end if
10: end for
11: return (0,0).

@

1
5

Let B, N, F be given.

Let L be the constant defined in line 2 of Algorithm 3. Let Zj,...,Z4;_1 and
By, ..., Byr—1 be random variables for each measured z,b (line 7 and 15). Note
that there are 2 - 2L indices for the random variables, because we are computing
QSearch’ twice.

Let F’ and J’ be the random variable for the final output of Weak_Search. Then,

W~
h
—_

PF' = 1AF(J)=01< S PF(Z)=0AB; =1]

J

4L—-1
< ) PIF(Z;) # Bj]
7=0
4L—-1
<) N
7=0
= (4L - 1)NA

To simplify calculation, we use the fact that L < vv/N For large enough N > 2, we
have

P[F' =1 A F(J') = 0] <4LN™ < 44N < 492723 <

Nel o

In other words, we have shown that

S 16 1.07BJ0,0,0) <

jeF-1({0})

<

O
W =
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Now, suppose that F~'({1}) # @. Let J and B be random variables denoting the
j and b from Algorithm 4. Then

P[B=1>P[F(J)=1AB=1]
—P[F(J) =1]-P[B = 1|F(J) = 1]

(1N

==

For N >2, N-* < N~* < - and thus

1 15 1
PE=12 5 (=N 20 2 0y

In other words, the a for Weak Search Auxiliary is bounded below by ﬁ (when

N > 2). Since we are repeating QSearch’ twice, we have P[F/ =1] >1—3 -3 =3

379
For any j € [0..4L — 1],
PIF(Z;) = 0N By = 1] = PF(Z;) = 0] - P[B; = 1|F(Z;) = 0]
<1-NA
=N
Using the fact that P[F' =1 A F(J') = 0] < §, we get
S <EF=1]
=P[F=1ANF(J)=0+P[F =1AF(J) e {1,2}]
1
< §+IP’[F’: LAF(J) e{1,2}]
7
B <PF' =1AF(J)e{1,2}]
In other words, if F~ ({1}) # @, then
T2
> 6. L07Bl0,0.0)f 2 5> o
jeF—t({1,2}H
]

The function F' in Theorem 6 partitions [0..N — 1] into 3 sets: [18] notes them as
good (I = F1({1})), bad (I~ = F~'({0})), and neutral (I~ = F~'({2})). They
named this “Quantum Search on Bounded-Error Inputs and Neutral Inputs”, while
we are calling this “Weak Search” because the presence of the neutral elements make
the search less “predictable”. This is because there is no restriction on how likely it
is for D to accept or reject neutral elements: an element may very well have exactly
1/2 chance of being accepted by D. Our algorithm is unlikely (with less than 1/3
chance) to report a bad element. If a good element exists, then the algorithm is
guaranteed (with at least 2/3 chance) to report a good or a neutral element. If no
good element exists, but there are neutral elements, the algorithm may or may not
report one of the neutral elements. At least, it will not report any bad element (with
at least 2/3 chance).
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2.2 Quantum Amplitude Estimation

First, we establish a circuit for quantum Fourier Transform. Given an integer N > 1,
the Quantum Fourier Transform (QFT) Fy € U ((CN ) is defined by, for all x €
[0..N — 1],

N-1

Fula) = = 3 exp (2rizy/N)ly)

Here, we're assuming that |0),...,|N — 1) form a basis for CV.

Lemma 9. Given N = 2", where n > 1. There is a O(n?) size quantum circuit that
computes Fy.

Proof. This proof (and the circuit) is from [3]. Any integer x,y € [0..2" — 1] can be
represented in binary by xg...2,_1 and yg...Yn_1, Where = 2, 12" 1 + -+ + 29
and y =y, 12" L+ -+ + .

Now, given x € [0..N — 1],

Fylxg...xp_1) = exp (2mizy/N)|y)

Z [exp (2m':cyk2k/N) ’yk”

y:O k=
n—1

1
VN
1
Vi
_ \/LN ® [10) + exp (2miz2"/N)|1)]
b
VN
b
N

[en]

[10) + exp (2miz2"*)|1)]

~ @ [10) + exp (2miz27")|1)]

2mik

Now, note that e“™" = 1 for any integer k. Therefore,

1 n ]

1 4
Fylz) = Wi ® |0) + exp (277@' E :cj2jl> 1)
I=n L i

=0

1 1 B -1 T
=— ) |10) +exp <2mzxj2”> 1)
\/N I=n L j=0 i

Define, for all positive integers k,
Ry, = |0){0] + exp (2mi/2%) 1) (1]

Applying H (Hadamard) to j-th qubit produces \% (]0) + exp (2miz;271)|1)) because
exp (2mix;271) is —1 when z; = 1 and 1 when z; = 0. We then apply R, .., Rj:1
gates on the jth qubit, conditioned on 7 — 1,...,0-th qubits respectively.

Since we apply at most n gates to each qubit, the total size of the circuit becomes
O(n?). O
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In the Quantum Amplitude Estimation problem, given A and y as before, we need
to estimate a, the probability of getting a good solution. To do so, we find an
estimate for 0,, where 6, was defined as the real number satisfying 0 < 0, < 7/2
and a = (sin «9(1)2. We first show that an estimation of 0, gives an estimation for a.
It is more precisely stated in the next lemma.

N2 N
Lemma 10. Let a = (sin Ha)Q and a = (sin 9a> , with 0 < 04,60, <27 then, for any
€ such that 0 < e < /2,

ea_ ~a

a(l —a) + €
Proof. For any § such that 0 < § < /2,

(sin (A, + 6))* — (sin (0,))* = (sin 6, cos § + cos B, sin §)* — a
(\/Ecosé +v1— asin5)2 —
a

a(l —a)sin20 + (1 — 2a) (sin 6)”
Va(l = a)sin 26 + (sin §)?
—v/a(l —a)sin26 + (2a — 1) (sin §)?
—v/a(1 — a)sin 26 — (sin )”
(sinf,)* — (sin (A, — 8))*> = a — (sin B, cos & — cos B, sin §)
a— (\/acosé — \/msiné)2

IA

— (sin (0, + 0))* + (sin (6,))*

Y]

(cosd)” + /a(l —a) - 2cosdsind + (1 —a) (sind)* —a
a (1 — (sind) ) —a+(1—a)(sind)’ ++/a(l —a)-sin26

—aq— (a(cos§ m )-2cosdsind + (1 — )(Sin5)2>

Va(l —a)sin26 + (2a — 1) (sin §)?
a(l —a)sin26 + (21— 1) (sind)”
a(l — a)sin 20 + (sin 6)”

— (sinf,)” + (sin (8, — 6))* = —\/a(1 — a)sin 26 + (1 — 2a) (sin §)?

—\/MSin 26 — (sin6?)

For all > 0, we have sinz < x. This is because 0 — sin0 = 0 and 4 (¢ —sint) =
1 —cost > 0. So,

|(sin (6, +6))% — (sin ( 2! Va(l —a)sin26 + (sind)® < 26+v/a(l — a) + 6*
‘(sm@a) (sin ( 2| Va(l —a)sin20 + (sind)* < 20+/a(l — a) + 62

If |6,
So,éa:9a+5or9~ =0, — 0 and thus,

la —a| <26v/a(l —a) + 6% < 2ev/a(l —a) + €

IA A

v
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This means that an estimation for 6, with a maximum error of ¢ will give an esti-
mation for a with a maximum error of € + €2 (note that a(1 — a) is maximised when

a=1/2).
Since AL = e

+1420

« are the eigenvalues of Q, it is enough to estimate the eigenvalues

of Q to get an estimate for 6, and thus a.

For any positive integer M and any unitary operator U, we define Ay (U) by

Au(U)5)Ny) =

Definition 26. For any integer M > 0 and a real number 0 < w < 1, define

So for all integers = € [0..M — 1], we have Fj|z) =

|Sarlw))

17) (U7]y))

0<j<M

\/— Z exp (2miwy)|y)

| S (/M)).

Definition 27. For any two real numbers wy,w; € R, define

Lemma 11. Letwg,w; € [0,1) and A = ds(wy,w1). IfA = 0 we have |(Sar(wo)|Sar(wr))|?

1. Otherwise,

Proof.

|@MW®WMWQ|-”<

[(Snr(wo) Sar (W) =

1

ds(wo,wr)

E

y=0

= min {[z + wy — wol}

Now, for any integer z € Z, we have e*"
exp (27?2(w1 — wp)y) = exp (:I:27rzyA).
If exp (2mi(w; — wp)) = exp (—2miyA), then

1

M—-1

y=0

e Z exp (2mi(w; — wo)y)

2
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(sin (M7A))?

| M-l
— Z exp (—2miwoy){ > (
y=0

— Z exp (2mi(wy — wp)y)

= 1. So, for any integer y € [0..M — 1],

M2 (sin (7A))?

M-1

i)—‘

Y=
2

Z exp (2miwoy)|y)

)

2



So, assuming A # 0,

2
M-1
1

[(Sulwo) S = 75 | 3 exp (2midy)

1 |e27AM _ q
M2 | eizrd _q

1 eiWAM (eiWAM

2

2
— €

M2 | ¢imA (¢ith — o—imd)

it AM —imtAM
1 PITAM-1) € —€
eiTrA _ efiTrA

—iWAM)

2

1 (eiﬂ'AM o e—iWAM) /2Z 2

M?2 (eiﬂ'A — 6—i7rA) /Z’i

1 |sin (MAx)|”
M? | sin(Am)
_ (sin (M7A))?
M? (sin (7A))?

If A =0, then
2

M—-1 1
7‘[2

[(Sar(wo)[Sur(wn))]* = e > exp (2mily)

]

Lemma 12. Let w € [0, 1), let x € [0..M — 1] be an integer, and let X be a discrete
random variable corresponding to measuring Fy;*|Syr(w)) in the computational basis.
If Mw € Z then P[X = Mw] = 1. Else letting A = ds(w,x/M),

(sin (M7A))* < 1 .
M2 (sin (7A))? ~ (2MA)?

PX =z] =

For any integer k > 1, we also have

Plds(X/M,w) < k/M] > 1 — ﬁ
Proof.
PLX = || F3 [Sar ()|
= [(Fyz|Su ()
|

(Sar(w/M)|Snr(w )>|

If A =0, then x = Mw and thus we have shown that P[X = Mw] = 1.
Note that we must have A < 1/2. This is because if |wy —w;| > 1/2, then assuming
(without loss of generality) that wy —wp > 1/2 gives us 0 < 14wy —wy < 1/2.
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Furthermore, the function f : (0,7/2] — R defined by f(6) = 6/siné for all § €

(0, 7/2] has maximum value 7 /2. To see that, we calculate f'(6) = (sin 6 — 6 cos6) / (sin §)”
and £ (sinf —  cosf) = fsinf. Since 0sin0 = 0 and §sind > 0 for § € [0, 7/2], we

have f'(#) > 0 for all 8 € (0,7/2]. Since limg_,o f(€) = 1, this means that f is a
non-decreasing function. In other words, f(7/2) = 7/2 is its maximum value. Since

£(#) is non-negative on [0, 7/2], this means that (/ sin #)* has maximum value 72 /4

for 6 € [0, 7/2].

Assuming A # 0,

PIX = 4] = (sin (M7TA))2
M2 (sin (1A))?

X (sin (Mﬂ'A))2 1
We claim that M2(sin (7)) = (2MA)?

46% (sin (OM)\? 4 0\’ . 2
?( sin 0 ) :ﬁ(sin9> (sin (01))

. Let 8 = wA. Clearly, 0 < 0 < 7 /2. Then

4 72
-7 1
— 72 4
sin (6 M) 2< w2
sin 6 — 402

(sin (M7A))? < 1
M2 (sin (7A))* ~ (2MA)?

For any integer 7 > 1, noting that there are at most two = such that j/M <
ds(w,x/M) < (j+1)/M, we have

2 1

PLj/M < ds(X/M.) < (4 )/M] < i = 5

For any integer k > 1,
P [ds(X/M,w) < k/M] = 1~ P[ds(X/M,w) > k/M]

1= S PU/M < ds(X/M.) < (G + )/

=k
>1-3 s
=k <
21-3 [ g
j=k 7
*° 1
> 1—/ =
k—1 272
B 1
20— 1)
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Algorithm 6 Amplitude Estimation(A, x, M)

Let n > 1 be the smallest integer such that M < 2™ and let N = 2™.
Set x < |0™).

Set y + A|0™).

Apply Fy on the first n qubits (that is, on x).

Apply An(Q), where Q = —ASpA™'S,.

Apply Fy' on .

Measure the first register and denote the outcome |z).

Output & = (sin (7z/N))>.

Finally, we state the algorithm for estimating a.

The part before the measurement can be expressed as a unitary transformation
(Fy' @ 1) An(Q) (Fy ® 1)), on |0).4]0), where I refers an identity transformation

on U (C2)®m>, where m is the number of qubits that A acts on (in other words,
AecU ((@2>®m)).
Note that Ay(Q) can be implemented using controlled Q%,..., Q%" gates. In

other words, the algorithm queries A and y O(M) times (as 2° + --- 4+ 2771 =
on 1< 2M).

Theorem 7 (Amplitude Estimation [4]). For any positive integer k > 1, the algo-
rithm Amplitude Estimation(A, x, M) oulputs a) € [0, 1] such that

/(1 — o) 2
& —a| < QﬂkM 4 k27T_

M M?

with probability at least 1 — ﬁ

Proof. After line 3 from Algorithm 6, the state of the system is given by
0)A4]0) = —={0) (W) — e w_))
After line 4, we have (ignoring global phase)
I« 64 —ia
Wori jz_; ) (e[ Wy) — e P |W_))

where n and N are as defined in Algorithm 6.
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After line 5, we have (again ignoring global phase)

N-1
|]> <€i9a€2ij9a|\1,+> o e—ieae—Qijﬁa |\II_>)

04 N-—1 719 N-—1

R )= o I

pifa N1 o—ifa N1

— e2mi(0a/m) 3| 5\ |\ o2mid—2id0a | i\ |\
VN = )P EJZO P-)
eiea N-1 e—zea N-1

- GO )] ) —

62m(1_0a/7r)j|j>|\1/_>

5
5%

=Sy (Bu M)W — iy (1= /) )

Assuming j # 0, for any z € Z,

rlofo (- (1-2) - (-9))

If j = 0 then for any z € Z,

o (s (1) o)

In either case, we find that

Os J 0, (N—j) mod N

ds (22 L) —ag (122
s (7? ’ N) s ( T N

Therefore, for any j € [0..N — 1], the probability of measuring |j) given Fy'|Sy(1 —

0,/7)) is the same as the probability of measuring |(N—j) mod N) given Fy'|Sy(6,/7)).

For j € [1.N — 1],

(2 (- 2)) = (3)

If j =0, then (N —j) mod N =0.

Let X be the discrete random variable representing the measurement result |z).
Define Y to be the random variable with value 6,/ if the second register is |U, )
and value 1 — 6, /7 otherwise. Then, for positive integers k > 2,

PSR YY) = R = 0 (1 - ﬁ) t{=e) (1 - 2(k1— 1)) - Q(kl— )

This is due to lemma 12. 3
Now, if ds(X/M,Y) < k/M, we have an approximation 0,/x for 0,/ or 1 — 0, /m

satisfying ‘éa/ﬂ' - Ga/w‘ < k/M or |0,/n — 0. /| < k/M, where 0, = © — 6,. So,
we have 9~a — 0, < 537 or 6~a -0 < kﬁ” By lemma 10, this means that

3 a(l—a) a(l—a) ,m?

la — al §27TkT—|—k N2 SQWkT + kf— el
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Using Amplitude Estimation, we have the following algorithm.

Theorem 8 (Counting [4]). Suppose that we are given positive integers M and k,
and boolean (computable) function f : [0..N — 1] — B, where N = 2" for some
integer n > 1. There is a quantum algorithm Count(f, M) that outputs an estimate
t' tot=|f"Y1)| such that

t(N —t) N
[t —t| < 2mkY————= + WQkQW
with probability greater than 1 — m for k > 1. Furthermore, this algorithm uses

f ©(M) times.

Proof. Now, set A = Fy. Clearly, A maps |0) to «/LN Zé\fz_ol |7). We use the algorithm
from Theorem 7 with A, f, and M as parameters to get an estimation a for the
success probability a of A.

Since ¢ is the number of “good” solutions, the probability a of getting a good solution
is exactly t/N. That is, t = aN. Let ' = aN. So, with probabiliy of 1 — ﬁ, we
get t’ such that

it —t| = N|a—q

va(ll—a)
<N | 2rk—F+k"—
= ( ™ TV
N2?a(1 —a) 9.9 N
= 277']{3T Tk W
_27Tk\/(Na)(N_Na) 2k2£
M M?
tN—1) 50 N
= 277']{3 M + s l{? W
That the algorithm uses f ©(M) times is directly from theorem 7. 0
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Chapter 3

Main Theorems

3.1 Approximate Bounded Hamming Distance De-
cision
The following is a generalization of Lemma 3.12 from [18] and its proof

Theorem 9. There is a quantum algorithm that, given oracle access to two strings
X and Y of equal length | X| = |Y| = m, an integer threshold k > 0, and € € (0, 1],
outputs YES (1) or NO (0) so that

o Ifop(X,Y) < k, then the algorithm outputs YES with probability of at least
9/10.

o Ifop(X,Y) > (1+ €)k, then the algorithm outputs NO with probability of at
least 9/10.

This algorithm takes O <e‘1 m/ k) quantum time.

Proof. First, we present the quantum algorithm (Algorithm 7).

Algorithm 7 ApproxBoundedHammingDecider(X,Y,k,¢)

Set m <+ |X|.
Set N < min{2/ : j € NA2/ > m}.
procedure F(j)
return j <mA X, #Y].
end procedure

67/ N/k
if £ > m then

return 1

else
Set t' «+— Count(F, M).
return ¢’ < (1 + %) k.

. end if

— = =
o = O

If £ > m, then the algorithm correctly returns YES (or 1, to be precise). Otherwise,
the algorithm outputs YES if and only if ¢ < (1 + %) k.

47



For the rest of the proof, assume that k£ < m.
Instead of using Theorem 8 with parameters <{487r N/ kw ,6) as done in [18], we

(75t )

and with F' as the Boolean predicate.

Let = \/1+3¢/2—+/1+¢€and a = 67/8. Then our first parameter is M =

{a\/N / k:w Calculating, we get
3€
1425
+ 2

B+VI+e=
<5+\/1+6>2:1+%

B +28vT+e =3

use parameters

Let ¢ denote the actual number of mismatches and let ¢’ be a possible output by the

counting algorithm. By Theorem 8, we have
t(N —t VIN  36m*N
( ) 4 +

362N
<12
=T M2

it — | < 127 e
We shall show that if t < k thent’ < (1+¢€/2)k and ift > (1+€)k thent’ > (1+¢€/2)k.

First, suppose that ¢t < k. Then,

s N

+ 367 2
ES

B

' <t+127

==

a

+ 367 —5~
(%)

3

<t+4+ 127
k

==

«

<

+ (67/)?k

=k+ 127

=k + 28Vkt + 5%k
<(1+28+8%)k

— (1+28VT+ e+ g2 k—28 (VIite—1)k
< (1+28vTHe+ 5k

= (14+¢€/2)k

Q
=
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Now, suppose that ¢t > (1 + €)k. Then,

t'>t— | 127- tN + 367N
- M M?
VIN
>t— | 127 + 367> 3
N alN

/¥ :
VIN N

>t — | 12r—— + 3672

>t <2ﬁ\/H + 5%)

ZVE(\/%—w) ~ 3%

> \/M(\/l—ﬂ—Qﬁ) — Bk
(1+ )k —28kV1+ e — %k
(1+e)k— (25\/1—+e = 52) k
(1+e)k— gk

> (14+€/2)k

So, using Theorem 8 with parameters (M, 6) gives correct result with probability of
at least 1 —1/(2(6 — 1)) = 9/10.

Finally, we analyze the time complexity of this algorithm. From Theorem 8, we
know that our algorithm queries X and Y at most O(M) times.

V- [
V1+3e/2—1+e
67 /N/k
- V1+3e/2—1+e
<14 Omvem/k
V1+3€e/2—V1+e

67T\/§\/m/k

<
- V1+3€e/2—V1+e¢

m

=0 k
1+3e—V1+e
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A little algebra shows that %3 < 667! because 0 < € < 1:
1 3
5€= (1+§e) —(1+¢)

- (’/1+§€+\/1—_‘_6> ( 1+ge—\/1—|—e>
< <\/§~l—\/§> ( 1—|—ge—\/1—|—e>

3
§3< 1+§e—\/1+e>

3
E< 1+§€—V1+€

6 >
Ge ! > 1
1+ %e —V1+e
Thus, the complexity of the overall algorithm becomes O (6*1\/%). 0

The following corollary can be handled (and has been handled in [18]) without
Theorem 9, but we use Theorem 9 for the sake of convenience.

Corollary 2. There exists a quantum algorithm that, given oracle access to strings
X and Y with |X| = [Y| = m for some integer m > 1, and an integer threshold
r >0, decides if 0g(X,Y) < m —r in time O(y/rm)

Proof. First, we present the quantum algorithm (Algorithm 8):

Algorithm 8 LargeBoundedHammingDecider(X,Y,r)

Set m < | X|.
Set N < min{2/ : j e NA 2/ > m}.
procedure A’(j)
return 0.
end procedure
procedure B’(j)
return j <mA X, =Y.
end procedure
if r =1 then
Set M « | 187V/N|.
Set t' <— Count(B’, M).
return ¢’ > g.
. else
return ~ApproxBoundedHammingDecider (A’, B’,r—1, %))
. end if

H
e

= = = =
T o= W N

Through procedures A" and B’, we are providing an oracle for binary strings A and
B of length N respectively.
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Since A; # Bj < X; =Y for all j € [0..m — 1],
5H<X>Y):m_5H<A7B)

Som — (A, B) =0y(X,Y) <m —rif and only if 65(A, B) > r.
If r = 1 then we apply the algorithm from 8 with B” and parameters ( {18W\/NW , 6) .
Let t = 0y (A, B) and let ¢’ denote a possible output of the counting algorithm. Then

if t = 0, with probability of at least 1 — 2(6 5= 190,

paty |ZOVONZ0) o N
- 187N | [18m/ﬂ2

Otherwise, if t > 1, with probability of at least > 157

27 - 64/t(N — t
¢>t— Q ( ) + 627r2—2
{187r\/ﬂ {18m/ﬂ
21 - 64/t(N — ¢
>t— a ( ) + 6’1 ————
2 6\/tN N
>t — U L —

- 187r\/_ (187T \/N>2

>t—(\/—+>

If ¢ <3 L thent=0<1. Otherwise, t’ > 2 andt > 1. So when r = 1, our algorithm
correctly decides the result with probablhty of at least 9/10.

Now, assume that » > 2. We apply and return the negation of the result of Al-
gorithm 7 from Theorem 9 with strings A, B, integer threshold » — 1, and € = %
If 05(A, B) <r —1 then ApproxBoundedHammingDecider returns YES with
probability of at least 9/10. If éy(A,B) > r >r—1+4+ 21 = (1+21)(r —1) then
ApproxBoundedHammingDecider returns NO with probability of at least 9/10.
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So with a probability of at least 9/10, ApproxBoundedHammingDecider out-
puts NO if and only if 65 (A, B) > r. Since Algorithm 8 returns the negation of the
result from ApproxBoundedHammingDecider in this case, Algorithm 8’s result
is correct with a probability of at least 9/10. O

3.2 Bounded Hamming Distance Pattern Match-
ing with Large Bound

Theorem 10. There exists a quantum algorithm that, given oracle access to a pattern
P of length m and a text T of length n, and an integer threshold r > 0, reports the
existence of i € [0..n —m] such that g (T[i..i +m), P) < m —r. Furthermore, this
algorithm has time complexity O(y/rmn).

Proof. First, we present the quantum algorithm (Algorithm 9):

Algorithm 9 LargeBoundedDistanceMatching (7T, P, r)
: Set n <« |T'|, m < |P]|.
: Set N+ min{2 : j eNA2Z >n—m+1}.
: procedure DECIDER(j)
if j > n —m then
return 0.
else
return LargeBoundedHammingDecider(T[j..j + m), P, r).
end if
end procedure
return Weak Search(DECIDER, N).

© PN oWy

1

@

Define F' : [0..N — 1] — {0, 1,2} by letting, for j € [0..N — 1],

LU j<n-mAS(Tl.j+m),P) <m—r
F(j) = -
0 otherwise

Applying Theorem 6 with DECIDER and F, we get a O (x/ﬁ \/rm) = O( rmn)

time algorithm (assuming queries to P and T takes O (1) time).

This works because DECIDER outputs 1 with probability of at least % when j <
n—mAdy(T[j..7 +m—1], P) < m —r, and outputs 0 with probability of at least
2/3 otherwise. O

3.3 Approximate Bounded Hamming Distance Pat-
tern Matching
Now, we arrive at the final result of this thesis.

Theorem 11. There exists a quantum algorithm that, given oracle access to a
pattern P of length m and a text T of length n, an integer threshold k > 0, and
e € (0,1], such that:
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o if there exists an j € [0..n —m] such that dy(T[j..7 + m), P) < k, then the
algorithm, upon measurement, outputs (j', 1) for some j' € [0..n—m]| satisfying
du(T[j"..j" +m), P) < (1 + e)k with a probability of at least 9/10;

o if, for all j € [0.n — m|, we have og(T[j..j +m),P) > (1 + €)k, then the
algorithm, upon measurement, outputs (j',0) for some j' € [0..2n — 1] with
probability of at least 9/10.

This algorithm has time complexity O (« /%) (assuming that P and T can be accessed
in O (1) time).

Proof. First, we present the quantum algorithm (Algorithm 10):

Algorithm 10 ApproxBoundedDistMatching(T, P, k, €)

: Set n <« |T'|, m < |P].
: Set N+ min{2 :jeNA2 >n—m+1}.
: procedure DECIDER(j)
if j > n —m then
return 0.
else
return ApproxBoundedHammingDecider(T[j..; +m), P, k,¢).
end if
end procedure
return Weak Search(DECIDER, N).

© XN Wy

H
=

Define F': [0..N — 1] — {0, 1,2} by letting, for j € [0..N — 1],

0 j>n—mVog(Tj.j+m—1,P)> (1+e)k
FG) =41 0u(Tljj+m—1,P) <k

2 otherwise

From Theorem 9, it is clear that for j € [0..N — 1], F((j) = 1 implies that DECIDER
returns 1 with probability of at least 2/3 and F(j) = 0 implies that D returns 0
with probability of at least 2/3.

Thus, applying Theorem 6 with DECIDER and F', we get our desired quantum
algorithm with time complexity O (\/?) [
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