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Abstract

This thesis investigates the interplay between the morphism spaces of
elliptic curves and their associated Tate modules. Specifically, we focus on
proving the injectivity of the map

Hom (B}, Ey) ® Z, — Hom (T, (Ey) , T, (E»)),

where E; and Es are elliptic curves, and T}, (F) denotes the p-adic Tate
module associated with the elliptic curve E. The result connects the alge-
braic structure of morphisms over elliptic curves with the module-theoretic
properties of their Tate modules. We employ tools from algebraic geometry
and p-adic number theory, focusing on the role of endomorphism rings and
Tate modules. This work contributes to understanding how information
about elliptic curve morphisms is preserved and reflected in the realm of
p-adic arithmetic.

Keywords: Elliptic curves, isogeny, Tate module, p-adic arithmetic,
algebraic geometry.
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]. Elliptic Curves

Definition 1.1 (Elliptic curve). An elliptic curve E defined over a field
K is a curve of the form

E:y*=2*+az+b, (1.1)

with a,b € K and A = —16 (4a® + 27b%) # 0.

The condition —16 <4a3 + 27b2> # (0 ensures that the curve is non-singular,
i.e. it has no cusps (like y?> = 2?) and it has no self-intersections. The set of
K-points of an elliptic curve is denoted as F(K).

Although we are often interested in the behavior of a curve over Q, it’s
helpful to look at the picture in C. Because we have many nice structures on
C (for example, being algebraically closed). Suppose f (z,y) = 0 is a curve.
We shall study this in the projective space

P? = (C* - {0})/ ~, (1.2)

where ~ is the equivalence relation on C3 — {0} given by
(x,y,2) ~ A(z,y,2) for A € C*. (1.3)

The coordinates of P? are called homogenous coordinates. In P?, if z = 0,
we rescale a point (z,v,2) to (z,4,1), and consider it in C?. The points
corresponding to z = 0 are called points at infinity. The coordinates of P?
are denoted as (x : y : z), with

(x:y:2)=(Ax:Ay:Az2)

In order for a curve f(z,y,2) to be well-defined in P?, it needs to be
homogenous, i.e. the degree of all the terms have to be the same. So, an
elliptic curve y? = 23 + ax + b is considered as

Y2z = 2® 4 axz® + b2, (1.4)



Note that an elliptic curve has exactly one point at infinity. Indeed, for
z = 0, the equation gives us that + = 0. But z = & = 0 corresponds to
a point (0:y:0) in P2, which is equal to (0:1:0) in P2 So the point at
infinity on an elliptic curve is the point (0:1:0).

1.1 Group structure
One can define a group structure on an elliptic curve.

Theorem 1.1 (Bezout's theorem)

Given two algebraic projective plane curves of degrees d; and ds, if they
don’t share a common component (equivalently, the defining polynomials
are relatively prime), then counting with multiplicity they have exactly
didy intersection points.

To define a group from an elliptic curve, we take the identity as the point at
infinity, which is the point O = (0 : 1:0). If we take two points P and @ on
the curve, we can draw a straight line between them. This line has degree 1,
and the elliptic curve has degree 3, so they will intersect in 3 points. Let’s
call the third intersection point R. Then we define P 4 () to be the reflection
of R with respect to the z-axis.



Although this looks geometric, its secretly completely algebraic. That is,
one could write down equations down for these intersection points, and then
these equations would be valid over any field, regardless of whether one can
draw a picture.

Proposition 1.2

The above operation defines an abelian group over any field.

This is one of the rare scenarios where proving associativity is the hardest.

1.2 Lattice



Definition 1.2 (Lattice). Given two complex numbers wy,ws that are
R-linearly independent, the lattice generated by wi,ws is the additive
subgroup wyZ + wyZ of C.

If A is a lattice of C, then the quotient group C/A can be thought of as a
complex torus. We can think of it as a complex lie group (a group which
is also a complex manifold). Given a lattice A, we can define the weight k
Eisenstein series corresponding to A:

Gr(N) =3 A" (1.5)
AEA,
AA£0

The Weierstrass-p function corresponding to A is defined as

1 1
R =at = (=)

(1.6)
Proposition 1.3

Let A be a lattice. The function p(z) = pa(z) satisfies the differential
equation

p'(2)? = 4p(2)° — g2(N)p(2) — g3(A),
where g2(A) = 60G4(A) and g3(A) = 140G6(A).

Sketch of proof. We start with the geometric series

:1—|—x+x2+....
1—=x

Differentiating and substituting » = { gives

1 2z 322
(j[—f\>2:1+ 3 +V+""

Subtracting 1, dividing by A2, and using the definition of p(2) (after a
tiny bit of algebra), we find

1 (22’ 322 473 )

p(z)==5+ > |mt+t 5+t
2 A0} A3 \4 A5



The defining sum of p(z) is absolutely convergent, this expression is too,
and we have

1
o(z) = — + 3Gz +5Gez* + 7TGe2® + . . .,
z

where

!/
G = Gk(/\) = Z Ak
AEA
are the weight k& Eisenstein series (the ' on the sum will always mean to
omit 0). Note that the odd powers went away as G = 0 for & odd upon
letting A — —A. Thus, we can build a table

1
p(z) = = + 3Gz + 5Ge2* + TGg2® + . ..,
z

2
©'(2) = = + 6G4z + 20Ge2> + 42Gg2" + . ..,
z
4
(¢ (2))? = 5 —24Ga - 2% —80Gs + (36G% — 168Gs) 22 + ...,
1
@@f=21+&h+1m%£+.”,

1
p(2)° = = + 9G4 - 277 + 15Gg + (21Gs + 27G3) 2° + .. ..
z
Taking the notation
go = 60G4, gs = 14OG6,

we have
0 (2)? = 4p(2)" — gap(2) — g3,

Then a lattice A gives rise to an elliptic curve over C
By y? =42% — go(N)z — g3(A). (1.7)

(Although this is not technically an elliptic curve by our definition, after
a suitable change of variables, we can turn it into an elliptic curve.) In
homogenous coordinates of the elliptic curve Ey, the map C/A — FE, is
given by

2= (p(2) 1 9'(2) : 1)

0 (0:1:0). (18)

@]



Theorem 1.4

(1.8) is an isomorphism of groups.
Proof. [7], Lecture 7 |

Definition 1.3. Lattices A and A’ are said to be homothetic if A’ = AA
for some \ € C*.

Theorem 1.5
Two lattices A and A’ are homothetic if and only if their corresponding
elliptic curves Ey and E\/ are isomorphic.

Proof. [7], Lecture 13 [

Theorem 1.6
For every elliptic curve E over C, there exist a lattice A such that E(C) is
isomorphic to Ey. Such a A is unique up to homothety by Theorem 1.5.

Proof. [7], Lecture 13 [

1.3 Complex multiplication

Definition 1.4. For any elliptic curve E, we denote the n-torsion sub-
group FE[n] to be the set of points on an elliptic curve of order dividing

n, i.e.

E[n]={P € E | nP =0}, (1.9)
where O is the point at infinity—the identity element under elliptic curve
group law.

Proposition 1.7
For any n, E[n] is isomorphic to the direct sum(Z/nZ) ® (Z/nZ).




Proof. Recall that every elliptic curve FE can be identified with a complex
torus C/A, where A is a lattice in the complex plane, and this identification
is made such that the group law on the elliptic curve corresponds to adding
the corresponding elements on the torus (that is, adding the cosets of A
in C). Thus, any point in E[n] corresponds to a point p € C/A such that
np € A. If A is generated by wy,ws, it is clear that any such element is of the
form p = 2t + b% for integers 0 < a,b < n, showing the desired result. W

Definition 1.5 (Isogeny). An isogeny of elliptic curves Fj, Es is a nonzero
holomorphic group homomorphism (equivalently, an algebraic homomor-
phism) ¢ : £y — F5 (considering £ and FE5 as tori C/A;. and C/As, so
the holomorphicity is defied by the complex lie group structure).

Definition 1.6. An endomorphism of an elliptic curve E' is an isogeny
from E to itself. The endomorphism ring of F, denoted End(E), is the
set of all endomorphisms of E, with addition being defined pointwise
and multiplication being defined by composition.

Example 1.1. For any elliptic curve E and any n € Z, the multiplication-
by-n map that sends P € E to nP € E is an endomorphism.

Therefore, End(E) contains a subring isomorphic to Z. By abuse of notation,
we shall denote the subring with Z.

Example 1.2. Consider the elliptic curve E : y? = 2% + z and the endomor-
phism

¢ (2,y) = (—2,1y) . (1.10)
This is a well-defined endomorphism since (—iy)® = (—z)° + (—z). Then ¢*
is the identity. But ¢ is not the multiplication-by-n map for any n € Z.

Definition 1.7. An elliptic curve F is said to have complex multipli-
cation if End (F) # Z.



2 Elliptic Curves as Projective
Curves

So far we've been working mostly in C. Now we’ll take a look in the case
of a general field K. We'll define isogeny in context of a general field.

Definition 2.1. A plane projective curve over K is a curve of the
form f (z,y,z) =0 where f is a homogeneous polynomial in K [x,y, z].

Definition 2.2. Let C' be a plane projective curve over K defined by the
equation f(z,y,z) = 0 with f a nonconstant homogeneous polynomial
in K[z,y, 2] that is irreducible in K[z,y, 2]. The function field K(C)
is the set of equivalence classes of rational functions g/h such that:

(a) g and h are homogeneous polynomials in k[z,y, z] of the same
degree;

(b) h is not divisible by f, equivalently, A is not an element of the ideal
(f);

(¢) g1/h1 and go/hs are considered equivalent whenever g1hy — gahy €

(f)-

If L is any algebraic extension of K (including L = K), the function field
L(C) is similarly defined with g, h € L[z, vy, z]. K(C) is a field under addition
and multiplication of rational functions.

g1 92 qihe + g2l
-— -— —_— and

_ g1 92 _ 9192
hi  ho hihs hi hy  hihy

(2.1)

The multiplicative inverse of { is Z, except when ¢ € (f). But in that case

g/h=0/1,since g-1 —h-0=g € (f). Therefore, K(C) is a field.

Remark 2.1. K(C) and C(K) are not the same. The former is the function
field, and the latter is the set of K-rational points of the curve C.

16



Definition 2.3. Let C be a projective curve over K with o € K(C). We
say that a is defined at a point P € C'(K) if a can be represented as
g/h for some g, h € K[x,y, z] with h(P) # 0.

Recall that for any field F', we use P?(F) to denote the set of projective
triples (z :y: 2), with x,y,2 € F not all zero, modulo the equivalence
relation (x :y:2) ~ (Az: Ay : Az) for A € F'*.

Definition 2.4. We say that a € K(C) is defined at P € C (I?), if
a = g/h with h (P) # 0.

Evaluating ¢g/h at a point in P? (K' ) makes sense, because g and h are
homogeneous, and have the same degree. Indeed,

g (Az, Ay, Az)  A89g (2,y,2)  g(z,y,2)
h(Az, Ay, Az)  Xderh(z,y,2)  h(z,y,2)

(2.2)

Alternatively, we could’ve defined the function field K (C) as follows: first
form the quotient ring

(2.3)

This ring is an integral domain. Then we take its field of fractions, which is
the function field K (C).
Then for every point P on the curve C, we define a map

ordp : K [C] — ZZO U {OO}

2.4
gHsup{deZ\geMg}, (24)

where Mp is the ideal of K [C] with
Mp={geK[C] | g(P)=0}. (2.5)

Now, if we now set ordp (g/h) = ordp g — ordp h, then we have the map

ordp : K (C) —» ZU {0} . (2.6)



Definition 2.5. Let C; and C5 be plane projective curves defined over
K. A rational map ¢ : C} = C5 is a projective triple (¢g : ¢y @ ¢.) €
P2 (K (C1)), such that for every P € C1(K) where ¢, ¢, ¢, are defined
and not all zero, the projective point (¢g(P) : ¢y (P) : ¢.(P)) lies in
Cy(K). The map ¢ is defined (or regular) at P if there exists A € K (C;)™
such that Apz, Apy, Ap, are all defined at P and not all zero at P.

Definition 2.6. A morphism of curves is a rational map ¢ : C1 — Cy
that is defined at every P € C} (K )

2.1 Isogeny

Definition 2.7. Let E;, E5 be elliptic curves over K, with distinguished
points O1,0y. An isogeny ¢ : E; — FE5 is a morphism that is also a
group homomorphism.

Definition 2.8. The divisor group of a curve C, denoted by Div(C),
is the free abelian group generated by the points of C'. Thus a divisor
D € Div(C) is a formal sum

D=3 np(P),
PeC
where np € Z and np = 0 for all but finitely many P € C'. The degree
of D is defined by
degD = > np.
pPeC

The divisors of degree 0 form a subgroup of Div(C'), which we denote by

Div’(C) = {D € Div(C) : deg D = 0}.

For a smooth elliptic curve F, the number of P € F such that ordp g # 0 is
finite, for g # 0 ([4], 1.6.5). So we can associate g € K(E)* to the divisor
divf given by

divf = PZE (ordp g) (P) . (2.7)



Definition 2.9. A divisor D € Div(C) is principal if it has the form
D = div(f) for some f € K(C)*. Two divisors are linearly equivalent,
written Dy ~ Do, if D1 — Dy is principal. The divisor class group (or
Picard group) of C, denoted by Pic(C), is the quotient of Div(C) by
its subgroup of principal divisors.

By [4], 11.6.10, deg (divg) = 0, so that the principal divisors form a subgroup
of Div’(C).

Definition 2.10. We define the degree-0 part of the divisor class
group of C' to be the quotient of Div’(C) by the subgroup of principal
divisors. We denote this group by Pic’(C).

Any map between curves ¢ : Fy — E5 induces group homomorphism ([§],
I1.3.7)
¢, : Pic’(E)) — Pic(Es)

defined by
©x (Class of Zm(R)) = class of Y n;(¢F,).

Furthermore, we have a group isomorphism ([8], 111.3.4)

ki : By — Pic’(E;), P~ class of (P) — (O).

Given an isogeny ¢ : Ey — FEs, there is a corresponding injection of
function fields B ~
p" K (Ey) = K (Ey), (2.8)

defined by
g (f)=Ffop (2.9)
Then K (E,) is a finite extension of ¢* (I_( (Eg)), since both are finite exten-

sions of transcendental extensions of . Then we define the degree of ¢ to
be the degree of this field extension, i.e.

degp = |K (Ey) : ¢* (K (E))] . (2.10)



If this extension is separable, then we say ¢ to be a separable isogeny.
Furthermore, let [0] be the zero isogeny, and we define

deg[0] = 0. (2.11)
Then we have, for every chain of isogenies
B — B, Y By
we have
deg (1) o ) = deg) - deg . (2.12)

We denote the set of all isogenies from E; to Fy as Hom (Ey, Es). Hom (Ey, Es)
is a group under addition, with addition being defined pointwise:

(e +9) (P) =@ (P)+4(P). (2.13)

For 1 = Ey = F, we can also compose the isogenies, so as to form the ring
End (E).

Example 2.1. For m € 7Z, we can define the multiplication-by-m isogeny:
m]: E— E (2.14)
in the natural way. For m > 0,

m](P)=P+P+---+P. (2.15)

m-fold sum

For m < 0, we define
[m] (P) = [-m](=P). (2.16)

Let ¢ : C7 — C5 be a nonconstant map of smooth curves. As we have
seen, ¢ induces maps on the function fields of C and Cj,

0" K(Cy) — K(CY)
We similarly define maps of divisor groups as follows:
¢" : Div(Cy) — Div(Ch), (Q)— > e (P)(P),
Pep=1(Q)

where e,(P) is the ramification index, which is defined by the inseparable
degree of the field extension K (C}) < ¢*K(Cs). We also write it as deg; ©.
and

s : Div(Cy) — Div(Cs), (P) — (¢P),

and extend Z-linearly to arbitrary divisors.



Theorem 2.1

Let Ei, E5 be elliptic curves over K. A morphism ¢ : Fy — F5 is an
isogeny if and only if ¢ (O1) = Os.

Proof. One direction is clear. So we prove that ¢(O) = O implies that ¢ is
an isogeny. As discussd earlier, we have a group homomorphism
0. : Pic’(By) — Pic’(Ey)
defined by
s (Class of an(PZ)> = class of > n;(¢P;).

Furthermore, we have a group isomorphism

ki : By — Pic’(E;), P — class of (P) — (O).
©(0) = O, we get the following commutative diagram

E, —=— Pic"(E)

E2 H—2> PiCO(E2>

Since k1, k9, and @, are all group homomorphisms and ks is injective, it
follows that ¢ is also a homomorphism. |

Theorem 2.2
For a separable isogeny ¢ : 1 — Fjs,

|Ker | = deg ¢. (2.17)

Sketch of proof. Let deg, » denote the separable degree of ¢, i.e. deg ¢ is
the separable degree of the field extension K (E;) < ¢* (K (Eg)) Then, by
8] 11.2.6,

¢ (Q)| = deg, ¢ for all but finitely many Q € Ey.



But for any Q,Q" € Es, if we choose some R € F; with ¢(R) = Q' — Q,
then the fact that ¢ is a homomorphism implies that there is a one-to-one
correspondence

p Q) — ¢ (Q), P—P+R

Hence
‘@_I(Q)‘ =deg,p forall Q€ Es.

For a separable isogeny, deg, = deg, so that choosing ) = O gives us the
result. [ |

Lemma 2.3
Given an isogeny ¢ : By — F5, the map

Ker p — Aut(K(E1)/0*K(E,)), T — 75,

is an isomorphism. (Here 77 is the translation-by-7" map and 77 is the
automorphism that 7 induces on K (E).)

Proof. If T € Kerp and f € K(FE;), then
(@ f) = (worr)"f =¥ f,

since ¢ o 7r = . Hence as an automorphism of K(FE)), the map 73 fixes
©*K(Es), so the map in (b) is well-defined. Next, since

TS OTr = TS4+T = Tr O TS,
the map in (b) is a homomorphism. Finally, from (a) we have
|[Ker | = deg, ¢,
while a basic result from Galois theory says that
Aut(K (Ey) /" K (By))| < deg, .

Hence to prove that the map 7"+ 77 is an isomorphism, it suffices to show
that it is injective. But if 77 fixes K (F7), then in particular every function
on F; takes the same value at T"and O. This clearly implies that T'=0O. N



Theorem 2.4

For a separable isogeny ¢ : F1 — Ey, K (E7) is a Galois extension of
P K (E2).

Proof. 1f ¢ is separable, deg, ¢ = deg . So
Aut(K (Ey)/¢" K (Ey))| = [Ker |
= degyp
= [K(E) : ¢"K(By)].

Therefore, K(FE;) < ¢*K(FE5) is a Galois extension. [

Proposition 2.5

Let
@ Ei— Es and ¢ B — Ej (218)

be nonconstant isogenies, and ¢ is separable. If
Ker p C Ker ), (2.19)
then there exists a unique isogeny
A:FEy — Fy (2.20)

such that
Y= Aop. (2.21)

Proof. Since ¢ is separable, K (F;) is a Galois extension of ¢* K (F,). Then
the inclusion Ker ¢ C Ker and the identification

Ker p — Aut(K(E1) /9" K(Ey)), T w77,
imply that every element of Gal(K (E;)/¢*K (Ey)) fixes ¢* K (E3). Hence by

Galois theory, there are field inclusions
VK (E3) C ¢*K(Ey) C K(Ey).

Now the injection of function fields * K (E3) — ¢*K(E,) gives rise to a map
([8], 11.2.4)
A Ey — FEs



satisfying B B
(N K(E3)) = " K (Es),

and this in turn implies that
Ao =1).

Finally, A is an isogeny, since

[
Proposition 2.6
Hom (E4, E) is a torsion-free Z-module.
Proof. Suppose [m] o ¢ = [0] for some m € Z. Taking degree, we get
deg[m] - degyp = 0. (2.22)

This means either deg[m| = 0 or degp = 0. The degree is 0 only when
the isogeny is trivial, so m = 0 or ¢ = 0, proving that Hom (E;, Es) is a
torsion-free Z-module. [ |

Definition 2.11. Let E be an elliptic curve and m € Z with m > 1. The
m~torsion subgroup of E, denoted by E[m], is the set of points of £
of order m:

Elm]={P€cE| [m]P=0)}. (2.23)

The torsion subgroup of E, denoted by FEj, is the set of all points of
finite order:

Ein= | E[m]. (2.24)

2.2 Differentials



Definition 2.12. Let C' be a curve. The space of (meromorphic) differ-
ential forms on C', denoted by ¢, is the K-vector space generated by
symbols of the form dx for z € K(C'), subject to the usual relations:

(a) d(x +y) =dr +dy forall z,y € K(C).
(b) d(zy) = xdy + ydx  for all z,y € K(C).
(c) da =0 for all a € K.

Let ¢ : C1 — C3 be a nonconstant map of curves. The associated function
field map ¢* : K (Cy) — K (C4) induces a map on differentials,

¢ Qc, — Qey, " (X fudwi) =Y (67 f;) d (67 x;)

This map provides a useful criterion for determining when ¢ is separa-
ble.

Theorem 2.7

Let ¢ : C; — (5 be a nonconstant map of curves. Then ¢ is separable if
and only if the map
gb* o QC2 — ch

is injective (equivalently, nonzero).

Sketch of proof. Choose y € K (C3) such that Q¢, = K(C’g) y and such
that K (Co) /K(y) is a separable extension. Note that ¢*K (Cs) is then
separable over ¢*K(y) = K (¢*y). Now

¢ is injective <= d((b y) #
d(¢*y) is a ba51s for Q¢
)

= K (C1) /K (¢*y) is separable ,
= K (C)) /¢*K (Cy) is separable ,

where the last equivalence follows because we already know that ¢* K (Cy) /K (¢*y)
is separable.



Theorem 2.8
If char K 1 m, then [m| : E — E is separable.

Proof. char K { m, so that m # 0 in our field. Hence, the map [m]" is

a nonzero map between the spaces of differential forms. Therefore, by
Theorem 2.7, [m] is separable. [

2.3 Dual isogeny

Definition 2.13. Given any isogeny ¢ : £1 — Fy with deg ¢ = m, there
exists a unique isogeny @ : Fy — Fj satisfying

Goyp=[m]. (2.25)

@ is called the dual isogeny of .
If ¢ = [0], then ¢ = [0].

Theorem 2.9

As a group homomorphism, ¢ equals the composition
Ey — DiVO(EQ) £> DiVO(El) su_m) El;

Qr— (Q)—(0) X np(P)r— ) [nplP

Sketch of proof. Let () € E5. Then the image of ) under the indicated
composition is

sum(p*((Q) = (0) = 2. lep(P)IP = > [e(DT

Pep1(Q) Tep—1(0)
= [deg; ¢ ( > P—- X T)
Pep1(Q)  Tep1(0)

= [deg; @] o [#0 1 (Q)]P
= [deg; ¢] o [deg, ©] P
= [deg ¢]P.



Proposition 2.10
po@=[m]on Es.

Proof. Let pop = A

Aop=po(poy)

=y o[m]
= [m]o . (2.26)
Therefore, (A — [m ]) o = 0. So either A = [m] or ¢ = 0. In the latter case,
=0, so that ¢ o = [0] = [m]. [

Proposition 2.11
Let ¢ : E1 — Es and \ : E5 — Ej3 be isogenies. Then

—

dop=@oN (2.27)

Proof. Let m = deg ¢ and n = deg .

(BoX)o(Aop)=@on]op
=[nJogoy
[n] o [m]
= [nm]
= [deg(A o y)]. (2.28)
|
Theorem 2.12
Let v, : 4 — E5 be isogenies. Then
o+ =g+ (2.29)

Proof. Let x1,y1 € K(E1) and x2,y2 € K(FE) be Weierstrass coordinates.
We start by looking at 5 considered as an elliptic curve defined over the field
K(E,) = K(x1,y1)." Then another way of saying that ¢ : £ — FEj is an



isogeny is to note that ¢(x1,y1) € Eo(K(x1,91)), and similarly for 1 (z1,y1)

and (¢ + ) (21, 11)-
Now consider the divisor

D = div((p+4) (1, y1)) =div(p(1, y1))+div(e(z1, 51))+(0) € Divigs, ) (Ea).

The definition of ¢ + ¢ implies that D sums to O, so (I11.3.5) tells us that
D is linearly equivalent to 0. Thus there is a function

f e Kz, y)(Ey) = K(z1,91, T2, Y2)

that, when considered as a function of x5 and y», has divisor D.

We now switch perspective and look at f as a function of z; and y;. In
other words, we treat f as a function on E; considered as an elliptic curve
defined over K (z3,ys2). Suppose that Py € E1(K(x2,y9)) is a point satisfying
©(P1) = (x2,92). Then examining D, specifically the term —div(p(z1,v1)),
we see that f has a pole at P, i.e., the function f(x1,y1;x2,92) has a pole if
T1,Y1, T2, Y2 satisfy (w2,y2) = @(21,91). Further,

OI‘d.p1 (f) = 6¢(P1).

Similarly, f has a pole at Py if (x2,y2) = ¥(P)), and it has a zero at P if
(x2,92) = (p + ) (Py). It follows that as a function of z1 and ¥, the divisor
of f has the form

(o + ) ((z2,42)) = 0" (w2, 42)) — V" (22, 42)) + d_ni(F) € DiVig(zy ) (En),

where the P;’s are in Fy(K), i.e., Y n;(P;) € Divg(E;). Since this is the
divisor of a function, it sums to O, so using Theorem 2.9, we conclude that
the point

(¢ + ) (@2, y2) — P22, 42) — Y (22, y2)

does not depend on (x2,9), i.e., it is in F1(K). Putting (x2,y2) = O shows
that it is equal to O, which completes the proof that

o —

(p+9)=p+.



Proposition 2.13

—

For all m € Z, [m] = [m], and deg [m] = m?.

Proof. Clearly it’s true for m = 1, because [1] is the identity map. Now,

m+1] = [m] + [1]

— o~

= [m] +[1].
Now, by induction, we get [;7—1\] = [m] for every m.
Let d = deg [m|. Then
[d] = [m] o [m]
= [m] o [m]

Hence, d = m?.

Proposition 2.14
deg ¢ = deg ¢.

Proof. Let m = deg .

m? = deg [m)]
= deg (P o)
= deg ¢ - deg .
Therefore, deg p = m = deg ¢.
Proposition 2.10 along with Proposition 2.14 implies that ¢ = ¢.

Theorem 2.15
If char K tm,

(2.30)

(2.31)

(2.32)
(2.33)
(2.34)

(2.35)



Proof. Since char K { m,

|E [m]| = |Ker [m]| = deg [m] = m?. (2.36)
Similarly, for every d | m,
|E[d]| = d°. (2.37)
Now let m = [[p°. Since E [m] is abelian,
“TEW). (238)
B [p°]] = p*.
Z ) Z
— 2 —
|Elpll=p" = E[p]_TZOTZTZXi' (2.39)
If Ep| = QZZ, then the order of all the elements in F [p] does not divide p.
So we must have FE [p] = p% x -7- Now suppose, E [ } = 1ZZ
i=1,2,...,e— 1. Since |E[p]| — p*¢, we have
Z Z
E [p¢] = ) 2.4
] = o X (2.40)

Let’s now calculate how many elements of order p are in E [p€]. The number
is p in each component i Z’ hence the total number of order p elements is

p*. But we know it’s p?, sok—2.

7 7
Elp = X —— 2.41
[p] palZ paQZ’ ( )
with a; + ag = 2e. But E [p¢] contains a copy of E [pe’l} = p‘i*ZlZ X ﬁ.

This is only possible when both a1 =as =e,ora; =e—1,as = e+ 1. In the

latter case, F [p¢] = pflz X ﬁ, and the number of elements whose order
divides p® is p°~ 1pe = p?*~1. But as we know the number is 2e. Therefore,
E [pe] = pgz

=1 E[]
-1l <p?Z - pé)

7 7
=11 <1l
P o/
7 7
—_— X — 2.42
mZXmZ ( )



3 Tate module

As we have proved earlier,
_Z  Z
- mZ " mZ’

when char K { m. We now mimic the construction of p-adic integers Z,, and
construct the Tate module.

E[m] (3.1)

3.1 Inverse limits

Given a suitable “compatible system” of objects, the inverse limit of this
system is an object that packages together the data of the system.

Definition 3.1. Let [ be a set with a partial order <. An inverse system
(also called a projective system) indexed by [ is a collection of sets (or
groups or rings or topological spaces) {A;},.; together with maps (of
sets, groups, rings, or topological spaces)

Pij - Az — Aj for allg < 7 (32)
such that ¢; = idy, for all ¢ € T and pji 0 i = i for all & < j < 4.

The ¢;; are called transition maps.

Definition 3.2. The inverse limit of the system ({4;},{y;;}) is the set/
group/ ring/ topological space

I&IIAZ = {(ai)iel & H Az  Pij (CLZ) = a; for all] < Z} (33)

iel

of compatible systems of elements of the inverse system.

Example 3.1. Let p be prime and consider the inverse system of rings

Ay =Z/p'Z  for i€ Ty (3.4)
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with transition maps ‘

Z/pZ 2 7,7, (3.5)
for all j < 4. Then @Z/p’Z consists of systems a = (a,- mod pi> such that
a; mod p’ = a; whenever j < i. Intuitively, an element a € limZ/p'Z is a
“number” which can be taken mod p’ for any ¢ > 1, subject to the obvious
compatibilities. This is the ring of p-adic integers, Z,.

3.2 Construction of Tate module

Let E be an elliptic curve. In this section, we let p be a prime number different
from char K. Consider the groups E [p"], and the group homomorphisms

n [p] n
E[p"] & E[p]. (3.6)
Then we take the inverse limit of this system so as to get

T, (E) = lim B [p"). (37)

Each E [p"] is a Z/p"Z-module. Therefore, T}, (F) has the structure of a
Z,-module, where Z,, is the ring of p-adic integers.

Theorem 3.1
T, (E) = Zy X Zy. (3.8)

Proof. E[p"] =Z/p"Z x Z/p™Z. Taking the inverse limit, we have

T, (E) = lim E "]

. 7 y 7
= lim
% P p"Z

i L L
B A
~ 7, % Z,. (3.9)



The Tate module can be a useful tool for studying isogenies. Let
¢ b — By (3.10)
be an isogeny. Then ¢ induces maps
" By [p"] = Ex [p"]. (3.11)
Hence, we have a Zy-linear map
op Ty (Er) = T, (E2). (3.12)
Thus we have a map

Hom (E1, Ey) — Hom (T, (E1), T, (E2))

(3.13)
P = ©p.

Proposition 3.2
The map in (3.13) is injective.

Proof. Suppose ¢, = 0, i.e. ¢ is in the kernel of the map. Then for every
n>1,
" B pt] — Ey[p"]. (3.14)

is the zero map. In other words, Ej [p"] C Ker . Let m = deg . Then
[m] = @ o . (3.15)
As a result, we have
Ker [p"] = Ey [p"] C Kerp C Ker [m] . (3.16)

By Proposition 2.5, since [p"] is separable (Theorem 2.8) there exists an
isogeny A\, : Fy — Ej such that

m] = An o o). (3.17)

By taking degree,
m? = deg A\, - p*™. (3.18)
So p*™ | m?, i.e. p" | m. This holds for every n. Hence, m = 0, and

@ = 0. |



3.3 Main result

So we have proved that
Hom (El, EQ) — Hom (Tp (El) ,Tp (Eg))
Y= Pp.

is an injection. But Hom (7, (E4), T, (E2)) is a lot larger than Hom (£}, Es).
Hom (E4, E») is a torsion-free Z-module, whereas Hom (7}, (E1), T, (Es)) is a
Zp-module. We can make Hom (£}, E») into a Z,-module by tensoring with
Z,. Then we get the following map:

Hom (El, EQ) &® Zp — Hom (Tp (El) ,Tp (Eg))
YR arra- gy

(3.19)

(3.20)

Theorem 3.3

Let Fq, E5 be elliptic curves, and p # char K be a prime number. Then
the map

Hom (B}, E>) ® Z, — Hom (T, (E1) , T, (E»))

(3.21)
PRa—a- pp.

is injective.
To prove this, we need to prove some results first.

Lemma 3.4

et Fy and Es be elliptic curves. Then the degree map deg : Hom (Fy, Ey) —
7 is a positive-definite quadratic form.

Proof. We need to show that the pairing (-,-) given by

(p, V) = deg(p + ¢) — deg(p) — deg(¥)) (3.22)

is bilinear. This is clear, as
[, )] = [deg(o + ¢)] — [deg ()] — [deg(¢)] (3.23)
=(p+)o(p+y)—gop—toy (3.24)

=Goth+1og. (3.25)



Therefore, (-,-) is bilinear. Furthermore,

deg (ny) = deg ([n] 0 ) = n*deg . (3.26)

Therefore, deg is a quadratic form. [ |

Lemma 3.5
Let G be a discrete subgroup of R”. Then G is finitely generated.

Proof. First, we can replace R" with the R-vector space generated by the
set GG, i.e. we can form a basis of R" with x1,2o,...,x, € G. Let G’ be the
subgroup generated by the x;’s, i.e.

G =7Z1x,8Zx9® - B Zx,, (3.27)
Now, consider the quotient R"/G":

R™ _]Rxl@Rxg@---@Rxn

1 1 1
5_ZI1€BZ$2@...EBZJM:legesxz@.”@sxn. (3:28)

This is compact as it’s the direct sum of n-copies of S?.

Since G is discrete, its image in %7 has to be discrete as well. Since %7 is
compact, the image of G in Rg has to be finite. Therefore, G/G’ is finite. If
|G/G'| # 1, we can find g € G that is a Q-linear combination of z;’s, which
contradicts the discreteness of G. Therefore, G = G’. [ |

Lemma 3.6
Let M C Hom (E1, F») be a finitely generated subgroup, and let

M' = {p € Hom (Ey, Ey) | [m]op € M for some m € Z~o}. (3.29)

Then M’ is finitely generated.

Proof. We'll see M' as a subgroup of M ® R, and show that it’s a discrete
subgroup. Since M ®R is a finite dimensional real vector space, we can equip
it with the natural topology inherited from R. The degree map is clearly
continuous: Since the degree map is a quadratic form on Hom (E4, Es), it
is a quadratic form on M. Since M is finitely generated, we can think of it



being given by a quadratic polynomial in the coefficients of each generator.
Therefore, it extends naturally to a quadratic form on M ® R, which is
automatically continuous.

As a result,

U={pRrec MR | deg(p®@2x) <1} (3.30)
is a neighborhood of origin in M ® R. Furthermore,
M'nU = {0}, (3.31)

because every nonzero isogeny has degree at least 1. Hence, M’ is a discrete
subgroup of M ® R. Hence, by Lemma 3.5, M’ is finitely generated. [

Proof of Theorem 3.3. Suppose that

pp = a1 (1), + - +ax(pr), =0 (3.32)

where ay,...,a; € Z, and ¢, ..., ¢, € Hom (Ey, Es). In other words, if we
denote the map by F/,

F : Hom (El, EQ) (059 Zp — Hom (Tp (El) ,Tp (Ez))

(3.33)
pRa—a- pp.

then
F(g01®a1+---+c,0k®ak):(), (3.34)

ie. p =1 ®a;+ -+ ¢ Vap € Ker F.

Let M be the submodule of Hom (Fj, Es) generated by ¢1,...,¢r. By
Lemma 3.6, M’ is finitely generated, and hence free. Let 11,...,,, be a
basis for M’. Then there exist by, ..., b, € Z, such that

=11 @b+ + Uy @ by, (3.35)

so that
p = b1 (1), + -+ + b (Y), = 0. (3.36)

We will show that each b; is zero by showing that its Z/p"Z part is zero for
each n. For n > 1, there is a ¢; € Z such that b; = ¢; (mod p"). Hence,

V=a (¢1)p Tt O (me)p (3.37)



agrees with

p = bl (¢1)p +oeee bm (¢m)p (338)

up to the level of p". Since ¢, acts as 0 on T, (E1), ¢ acts as 0 on E; [p"].
Since [p"] is separable (because p # char K'), and since its kernel is contained
in the kernel of ¢, we can factor ¢ as [p"]| o ¢V’ (Proposition 2.5 ). Since
e M ' e M also, so

W= dy (), + e (), (3.39)

for some di,...,d,, € Z. But the v; are a basis for M’, so ¢; = d;p™. Hence
b; =0 (mod p"). Since n was chosen arbitrarily, the b; are 0 in Z,, so ¢ =0
as desired. [



4 Future Directions

The results of this thesis open several avenues for further research in the
arithmetic geometry of elliptic curves. A natural extension of this work is to
investigate whether the map

Hom (El, EQ) &® Zp — Hom (Tp (El) , Tp (Eg)) (41)

is an isomorphism. Our guess is that it’s not always an isomorphism, but
for special cases of K it is an isomorphism. Exploring the surjectivity
or bijectivity of the map in specific cases, such as supersingular elliptic
curves or curves defined over particular fields, might reveal richer structural
information. Another promising direction involves leveraging this injection
to study congruences between elliptic curves and their associated Galois
representations.

Another possible future research direction would be to investigate if sim-
ilar injection results hold for other families of abelian varieties or higher-
dimensional analogs. Understanding how the morphism spaces of these
varieties interact with their associated Tate modules could provide deeper
insights into the general relationship between geometric morphisms and
p-adic representations.

Finally, computational approaches to verifying this injectivity in explicit
examples might lead to practical tools in number theory and cryptography,
where elliptic curves play a pivotal role. These directions highlight the
intersection of pure mathematics and applications, emphasizing the broad
potential impact of the ideas explored in this thesis.
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