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LINEAR AND NONLINEAR DYNAMIC CONDUCTIVITY OF CARBON NANOTUBES
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E lectronic properties of carbon nanotubes are studied. Linear response of dynamic conductivity of both zigzag
and armchair nanotubes is analyzed at different temperatures and for different radii of nanotubes in the frame-
work of semiclassical theory. Simpli ed approach is used by introducing the momentum independent relaxation
time approximation. At the second stage, the nonlinear response of semiconducting zigzag carbon nanotubes is
studied within the same framework. It is found that the third order response of dynamic conductivity diverges
logarithmically with the increase in the radius of Carbon Nanotube. Analytic proof of this result is presented.
The validity of the application of semiclassical theory for studying the nonlinear electronic properties of carbon

nanotubes is discussed.
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I. INTRODUCTION

It all begins with Fullerenes. Fullerenes are large,
closed-cage, carbon clusters and have several special
properties that were not found in any other compound
before. Therefore, fullerenes in general form an in-
teresting class of compounds that surely will be used
in future technologies and applications. Before the

rst synthesis and detection of the smaller fullerenes
Cgo and C5o, it was generally accepted that these large
spherical molecules were unstable. However, B ochvar
et al. and Stankevich et al. [1, 2], already had calcu-
lated that Cgp in the gas phase was stable and had a
relatively large band gap. The most attractive feature
of fullerene is that its crystalline structure depends on
the conditions of its preparation, with different struc-
tures possessing quite different physical response.

As is the case with numerous, important scienti ¢
discoveries, fullerenes were accidentally discovered.
In 1985, K roto and Smalley [3] found strange results in
mass spectra of evaporated carbon samples. Herewith,
fullerenes were discovered and their stability in the gas
phase was proven. The search for other fullerenes had
started.

Carbon Nanotubes (CNs) can be described as the
material lying between fullerenes and graphite as a
new member of Carbon allotropes. Discoveredin 1991
by Sumio lijima [4], CNs have drawn a lot of attention
because of their unusual physical properties. They are
made of a highly ordered sheet of carbon atoms rolled
into a tube. They are known to have exceptional me-
chanical exibility and strength [6, 7].

The nanotubular fullerenes are generally called car-
bon nanotubes(CNs). A CN is a fullerene rolled up
intoa 20-100 A diameter cylinder weight ratios which
makes them attractive mechanically [14], but they also
have interesting electromagnetic properties.
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Figure 1: (a)Vector OA is called the chiral vector. It can
be de ned by the vector Cjy, na; + ma, and the chiral
angle with the zigzag axis. Vectors a; and a; are the lattice
vectors. (b) All possible structures of SWNTSs can be formed
from chiral vectors lying in the range given by this gure.
(n,m) with n,minteger andm - n or y < 30* [6, 7].

CNs can exhibit electrical conductivity similar to
that of copper, thermal conductivity as high as dia-
mond and can exhibit mechanical strength greater than
steel. Because carbon is the basis of most materi-
als we use everyday, CNs are expected to be easily
manipulated using the versatile chemistry of carbon.
They come in two forms Single Walled Carbon Nan-
otubes (SWCN) and Multi-Walled Carbon Nanotubes
(MWCN). The SWCNSs have a tubular form with a di-
ameter as small as 1 nm and a length a few nm to mi-
crons long. They are con gurationally equivalent to a
two dimensional graphene sheet rolled in a tube. CNs
can also be metallic or semi-conducting depending on
the chirality. Experiments veri ed this prediction [9].

Properties of electrons in nanotubes and electron
transfer processes in them have been greatly studied
both theoretically and experimentally. The theoretical
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analysis is often confined to dynamicsofelectrons of CNs we have taken the following key points,
within the approximation of tight-binding [10, 11],
which allows for hoping between only three adjacent e Transverse quantization of electron momentum
atoms of the hexagonal structure. inside CN.

In some previous works [16, 17], linear electromag- ) ) ] )
netic response properties of a single CN are modeled ® Semiclassical approximation.
through effective boundary conditions. That model is
widely applied in microwave electronics and antenna
theory, e.g., for the design of semi-transparent screens
and helical sheaths in traveling wave tubes [19]. Iten- ¢ Ng inter band transition, i.e. no transition be-
tails the replacement of a real nanotube by a continu- tween different-states.
ous, infinitely thin, cylindrical surface on which two-

sided impedance boundary conditions for the electro- \ye have investigated the applicability of semiclas-
magnetic field are laid down. The surface impedancesjcg| approx. in case of non-linear response of semi-
tensor is expressed in terms of the dynamic conductivconductmg CNs. We have not investigated Chiral
ity of nanotube. nanotubes, and therefore, restricted ourselves within
There have been done several works [20-22] oryigzag and Armchair nanotubes.
nonlinear properties (optical and electrical) of CNs  |n the first part of our work we have reviewed fire
where scientists tried to develop efficient theories Ofear responsf current density of CNs to the external
nonlinear susceptibility and conductivity[25]. There electric field. We have investigated the dependence of
are considerable interest on the nonlinear propertiegonductance with CN geometry. We have worked on
of both semiconductor and metallic CNs. In case szigzag CNs (both Semiconducting and meta”ic), and
semiconductor CNs nonlinear properties are importangn armchair CNs.
not only because the nonlinear spectrum gives infor- |n the second part, we have studied tiomlinear re-
mation on their electronic structure, but also in view of sponsenf current density of CNs to the external field.
the possible device applications. The promising fea\ye have also studied the geometric dependence of
tures of CNs for use of in the nonlinear optical de- cN's non-linear conductivity. To study the nonlinear
vices include the fact that at frequencies greater thamesponse, we have extracted the coefficient of third or-
infrared frequencies of the lattice vibration, the mainger term,s(®, as a function of radius from the non-
contribution to the optical nonlinearities comes from equilibrium distribution function by Taylor expansion.
the 1D motion of delocalized-band electrons at a e have investigated its characteristic behavior.
fixed lattice ion configuration. By virtue of this cir-
cumstance one can expect that semiconductor CNs will
have fast, electronic, nonlinear response and the large, Il. THEORY
non-resonant,third-order optical susceptibility. In its
turn, this last feature can lead to a combination of an; : .
large nonlinear refractive index with relatively low op- — 2Pc >1on Propgrpes . . .
arg S : vely P Before describing the dispersion properties of
tical losses which is of a considerable importance to

get a high performance of nonlinear optical devic:es.7T_eIeCtronS we WOUId. like to know the rel_atlon be-
Moreover, the band gap for a semiconductor tubule | tween the physical radius of CN and the chiral vector.

inversely proportional to tubule diameter [5, 15], SOS\Ne know the geometric chiral vector is represented by

that we have the possibility of designing new materials
with desired nonlinear-optical response characteristics

which can be essential for practical application. wherea, anda, are lattice vectors, and, andn are

Nonlinear electron transport effects in chiral nan- chirg| Jattice vector (integer) indices. The physical ra-
otubes has been studied inref. [22]. In that work, spiralgjys of CN is related to these indices as,

model has been used to develop a general analytic the-
ory of electronic theory in a CN. A simplified model

e Momentum independent relaxation time approx-
imation in Boltzmann kinetic equation.

Cr(n,m) = na; + mas (1)

is given in the framework of semiclassical theory. It V3b \/ﬁ V3n
is assumed that a CN is exposed to ac and dc fields ffen = 55— Vm* +mn +n?, tan Ocn = om+n
and nonlinear contribution of the ac electric field to the 2)

magnitude and the direction of the total time averagedvhereb = 0.142 nano meters is the distance between
current is estimated. In that picture, it is assumed thatdjacent atoms in the elementary graphene celband
electrons in a CN moves only in the direction parallelis called the geometric chiral angle.
to the axis and along the direction geometric chiral an- A Carbon Nanotube is just a special form of
gle, 8. This model gives appreciably good results for graphene sheet. As we have mentioned earlier, CN’s
certain cases but it does not describe the generic norare made from planar graphene sheets where graphene
linear behavior of CNe,g. it can’t describe the non- sheets are rolled to form tubes of very small diame-
linear behavior of zigzag and armchair CNs. ter. When graphene sheet is rolled to form CN the
The main goal of this work is to study the nonlinear transverse motion of electron becomes quantized be-
response of dynamic conductivity of carbon nanotubecause of the periodic boundary condition of the tubu-
with external field. To study the nonlinear conductivity lar graphene sheet. The dispersion relation of the
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Enegry in eV

Energy in eV

Figure 2:Dispersion relation of planar graphite sheet , here
p. and p, are dimensionless quantity in the 1st Brillouin
zone.

Figure 4: Dispersion relation of Armchair CN for m=20.
Note that there always remains two minima for all values
of s. There are two Fermi points in the first Brillouin zone.

Energy in eV

Here, the overlap integral, = 2.7 eV for carbon, and

b = 1.42is the interatomic distance in a graphite sheet.

the positive and negative signs in Eq.(3) correspond
to the conduction and the valence bands, respectively.
The range of the quasimomentymis confined within

the hexagonal first Brillouin zone.

A fundamental distinction between CN and
graphene is in the transverse quantization of charge-
carrier motion [10, 11], which causgs andp, to
exhibit discrete spectra. Zigzag CNs are classified
by the duel index(m,n= 0) [4, 6].From Eq.(3), we
observe that the: and y directions in Eq.(3) corre-
spond to thez and ¢ directions. After substitution

Figure 3:Dispersion relation of ZjzagCN for m=20. Note {p. — pz,py — pg} We havep, quantized as
the change in minima due to change in value of s. We sed0llows,

presence of one or two minima depending on value of s.

There are three Fermi points in the first Brillouin zone.

2mhs —19

= —’ Pl PIEEEE) 4
Do \/§mb S m ( )

graphene sheet with hexagonal lattice is given byThe electron dispersion relation for zigzag CNs thus
[10, 11, 13, 18] Equ.3. takes the form of euqgation 5
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jection ofp on the axis of the CN,, = aaTi is the elec-
tron velocity, = £(p) is the energy dispersion rela-

¢ (ps,8) = tion with respect to the Fermi level, aod F; f) is the
collision integral. The chemical potential of graphite
011+ dcos ( 3pr) cos (22 + eos? () being null-valued [10], the Fermi equilibrium distribu-
2h m m tion function
®)
In case of armchair nanotubes,which classified by 1
dual indexXm,n = m), we have to substitutép, — F(p) = — o (8)
Ps, Py — -} Wherep, have the discrete values as, 1+exp{z, 7
o2nhs involves only the Boltzmann constaht and the tem-
P =3 0%~ L,2,....,m (6) peratureT’. In the so-called momentum-independent

relaxation time approximation [12], the collision inte-
gral is given by,

Therefore, the dispersion relation for armchair nan-

otube becomes Equ.10. JIF(p); f(p, 2,t)] = v[F(p) — f(p,2,t)]  (9)
Dynamic Conductivity of a Carbon Nanotube

To deal with the CNs we would like to apply semi- \yhere,, is the relaxation frequency. For simplicity
classical approximation to describe the motionmef s assumed to be constant and equal to the reciprocal
electrons exposed to the aelectromagnehc field of & the time of electron mean-free path. Numerical esti-

transversely symmetric(i.e;; = 0) surface wave in - nation of1 /1 for armchair nanotubes can be found in
a single-shell CN. We start with the Boltzmann kinetic the ref, [23].

equation For the simplicity of our calculation, we will neglect

the effect of spatial non-locality by assuming that the
of of of wavelength of the applied electric field is large com-
¢ T ek: ap. TV = JIEP): f(P.20)] () pared to nanotube length scale. Therefore, we can
neglect the spatial variation of. So, we can write
wherep is the electron’s two-dimensional quasimo- g—fz‘ = 0. Therefore, Solution of Eq.7 can be written as
mentum tangential to the CN’s surfage, is the pro- Eq. 11.

|

&(pz,8) = £y04| 1 + 4cos (%S) cos <€ZPZ> + 4 cos? (\/gl;i"Z> (10)

f(ps,t) = =¥ / t vF (e / Eu(t')dt' +p, —e / E.(t) dt> e"dt + Ce i (p, — e / E.(t)dt) (11)

(

where C is a constant of integration. We assume thatwe have,
v >> t, so the second term is negligible. Therefore,

J

f(ps,t) == / t vF (e / E.(t)dt' +p. —e / E.(t) dt) e ay’ (12)

(

We take the external electric field to be of the form E.(t), we can writef = F+ R[5 fe~*“!] with J f con-
E. = R[E%!(*>=«1)] wherek is the axial wave num-  taining the terms of higher orders i, (t). Keeping
ber andw is the angular frequency of the EM field. only the linear terms if£?, we can write,

Since, we have neglected spatial non-locality we set

below, ¥ = 0. Now expandingf(p, z,t) in power of
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OF eE?

5 O = _;
! Zapzw—l—il/

(13)

Taking the3™¢ order term into account we have,

OPBPFE B3R

5F3 — et S
f ! op? (w+iv)3

(14)

The axial surface current densify = R[.J0ei(k2—w1)]
is determined by the relation,

1stBZ

(15)

wheree is the electron charge and the integration is
over the first Brillouin Zone (1st BZ).Eq. (13) con-

. RESULTS

Linear response

The linear conductivity of both zigzag and armchair
CNs are studied as a function of temperature and ra-
dius of the CN. It is known that zigzag CN shows
both metallic and semiconducting behavior depending
on the chiral angle. From Fig. 5 it is seen that for
semiconducting zigzag CNi{ # 3¢) linear conduc-
tivity increases withn(therefore, radius) and it is ap-
proaching asymptotic value of that of graphene plane.
The temperature dependence also reflects that phys-
ical property of a semiconductor. Higher tempera-
ture is causing higher conductivity. The upper branch
of Fig. 5 shows the temperature and radius depen-
dence of metallic zigzag CNsr( = 3¢). Conduc-
tivity decreases with increase in m (or radius) which

tributes to the linear response of the current density toshows that metallic property of CN approaches to

the external electric field and Eqg. (14) contributes to
the nonlinear response. The second order terrfi of
does not contribute to the current densitybecause
of inversion symmetry of CN geometry. The relation
between/J, and E? can be written as,

1 = 60 (w)ES (16)
and for the nonlinear response,
1Y = 53 (w)BY’ (17)

therefore the first and third order axial conductivity
can be written as,

2¢2 1 OF (p)

5D () = g 2

7 (W) "2nh)? (w + iv) / Ip- v=(P)d'P
1stBZ (]_8)

and,

. _ 2e? 1 O3F(p)

(3) () = 2

0: (W) "2nh)? (w + i) // 9p.* v-(P)d'P

1stBZ (19)

respectively.

Eq.(18) and (19) can be applied to zigzag and arm-
chair CN’s to study their both linear and nonlinear re-
sponses to the external field.

semimetallic property of graphene plane for large ra-
dius. And also higher temperature causes lower con-
ductivity which reflects metallic property.

100

T e
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|

= o T=200 K
! - T=260K
o T=300K

Linear Conductivity, o™l

0.01

Figure 5: Scaled linear conductivity vs m graph of Zigzag
CN. Zigzag CN can be either semiconducteré 3q) or
metal¢n = 3q). The temperature dependence of conductiv-
ity supports both semiconducting and metallic behavior of
zigzag CN. Hereg = 0.

Linear property of armchair CN is presented as
seen in Fig. 6. It also shows metallic property.

Because of discrete behavior of the transverselarger radius of armchair cause$") to approach the

motion of electrons in CNs the expression for
conductivity(Eq.18 & 19) changes as,

Qiwene? 1 . [Po

~(1) - _ cn d

() Srhmb o i ;/_po vz(pz,S)apz -
(20)

and

Qiwepet 1 L [po OPF

~(3) — cn d

7 W) 3rhmb (w +iv)3 ;/—po v: (P2 5) op? b=
(21)

wherepy = 277/ (v/3we,b) andw,,, = 1 corresponds
to the armchair nanotubes ang,, = /3, to zigzag
nanotubes.
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semimetallic property of graphene plane.
Analytic study of the asymptotic property of the
linear term

The integral in Eq.(20) can be analytically esti-
mated asymptotically with respect to the large param-
eter\ = vy /kgT taking into account that the Fermi
points provide the main contribution to these integrals.
Following the work of Wallace [18], in the vicinity of
Fermi points we can apply the approximate that the
dispersion relation is linear and can be written as,

3v0b
§p) = =5

wherep . is the constant quasimomentum correspond-
ing to particular Fermi point.

+ lp—p, | (22)
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' _ o Figure 7: Nonlinear conductivityr™® of semiconducting
Figure 6:Scaled linear conductivity") vs m graph of Arm-  zigzag nanotubes at different temperatures. Her) is

chair CN. Armchair CN are metallic. It is obvious from .

the temperature dependence of the conductivity as Armchairproportional to — 2
CN shows lower conductivity at higher temperature. Here, Vanhb (/w2 +02)
0 =0c0-

unsatisfactory part of this result is that?) does not
We transform the integration over to the inte- converge with the increase in. In following section
gration overé and ¢. Changing the cartesian coor- we will show thats(®) is a logarithmically diverging
dinate (p,,py) to polar coordinatg&, ¢) by taking function of m. Therefore, the result is not p%si)cal.
370b _ e 370b _ _ Semiclassical theory can still be applied to study
( 2h ) (P2 =pr.) = Esing and( 2n 2 Py =pr,) = for CN with small ra()j/ius. There must be a cutoff value
£ cos ¢, we can writed?p = ( 2h ) ¢dédg as per  of m,;saym., up to which semiclassical theory can be

3bv0 . . .
Wallace [18]. Extending the integration ov@r & < aptr_)lleti Wlth3u2t5[(3)r0blem. From Fig. 7 & 8 we can
co and0 < ¢ < 2w we find, estimaten, ~ 250.
1000000 _‘.;w.m..g--" nuseie "
* ¢ % 2
1stBZ g A
1 /OO §d¢ /27r in2 ¢ dgb _g 100000 - —Te200K
- S1n £ . T=260 K
2kBT Jo cosh? (2k£ T) 0 8 < T=300K
'B &
= —2rkpTn2 (23) %
= 10000 4
Using this result in Eq.(18) we find,

T T T T T T T T T ™ T
a 100 200 300 400 500 600

2 m

= 'TIh? ; .
T ww Figure 8: Log scaled variation of nonlinear conductiv-
The asymptotic value of Eq.(20) approaches the aboveity o of semiconducting zigzag nanotubes with m at

estimated value in the limit — oo, different temperatures. Hereg® is proportional to
Nonlinear response - —
We have studied the nonlinear conductivity of the \ varnb(v/w?+0?)

both semiconducting and metallic zigzag CNs. We
have explained the results of our works in the follow- pagence of singularity in the third order term

ng sections. =~ The third order term, /™ (p.,m.s,T), of the
Semiconducting Zigzag CNs _ _non-equilibrium distribution functionf (p.,m, s, T)

The result of the numerical works is been shown in g, 5.c strange behavior in cases of both Zigzag
Fig. 7 & 8. In case of semiconducting CN, for low ;.4 Armchair CNs. We have found out the
value of m it is seen that the conduc_tivit_y increases F®(p.,m, s,t) cannot be integrated ovprat certain
with the increase in value of m which is what we arameter values. It is found that for zigzag metal-
would p.hyS|ca!Iy expect. For large the CN behaves i casefn = 3¢), f©® has singularity ap, = 0 and
as semimetallic graphene sheet. From the tempera;, _ - for s/m = 1/3 ands/m = 2/3, respectively.
ture dependence it is seen that at low temperature Nong|ose to the singular poink, we can write
linear conductivity,=(®) is lower than that of at high ’ ’
temperature. The change in property from semicon- 1

|pz - p0|a

(3)
ductor to semimetal occurs abowearound 250. The TS (25)
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Figure 9: Zigzag Metallic CN.Determination of the value
of a close to singular poinp, = = for parameter ratio
s/m = 1/3. Itis found thato ~ 8.98. Hence, the function
is non integrable irp, = [—m, 7]
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Figure 10:Zigzag Metallic CN. Determination of the value
of « close to singular poinp, = 0 for parameter ratio
s/m = 2/3. Here we havex ~ 8.995.Also non integrable
inp, = [—m,

It is found that in case of armchair CN
3 (p.,m,s,T) has singularity ap. = Z for pa-
rameter values/m = 1. To determine the integra-
bility of f(3) we have used the approach of Eq.(25)
For zigzag CN ,Fig. 9, we see the valuecok: 8.98
for s/m = 1/3 andp, = =. In case of the ratio
s/m = 2/3 we find f©®) has singularity ap, = 0.
From Fig. 10, we foundv ~ 8.995. For armchair
CN, Fig. 11 we foundyx =~ 10.8. Therefore, in case
metallic CN, at certain parameter valuegof, s)

Analytic study of Nonlinear conductivity of CN
with large radius

In order to calculate the nonlinear conductivity we
have to perform the integration of Eq.(19) ove¥
Brillouin Zone. To simplify our calculation we per-
form the integration in polar coordinate where we

write d?p = (

3bv0 ) &dgdg and we Wr|te38%§p) as,

3 O3F
Z aé-g

o
dp3

z

, OF
ol G + 3us

,0°F

L e (26)
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Figure 11: Armchair CN. Determination of the value of
a close to singular poinp, = 3 for parameter values
s/m = 1. We haven =~ 10.8. Therefore the function is
non integrable irp, = [, 7].

~
~

83
Z 853

,0°F
€2

F
//57 + 3u,v) v,

so we have to perform the integration,
> £d&dg

(5% i

wherev, = S’TF andv!, andv” are derivatives w.r.t.
Pz

v, =
vo sin (ag pz) ag cos (bg py)

\/1 + 4 cos (ag px) cos (bg py) + 4 (cos (by py))

-2

5 78 5in (0 1) ag <05 (bo py)

3

andv’, andv! are caIcuIated in the similar way. Here,
ag = % andby = W Performing Taylor expansion
of v,, v, andv! about any one of the Fermi points
(Pearpry) = (0, ) o (P, pp,) = (5, 55)
and substitutingy3da3(p. — p.,) — Esin(¢) and

V3~3aobo(py — pp,) — &cos(¢) and keeping only
the leading terms, we have,

v, = —

v, = sin (¢) (28)
o = cosZ(d)) (29)
and

52

the last two terms of right hand side in Eqg.(26) can
be integrated when placed in Eq.(27). Only first term



Marzuk M Kamal and Oleg M Yevtushenko

ity of CNs, the nonlinear response of Zigzag semi-
conductor nanotube is also studied in the same frame-
work. It is observed that in this framework the non-
linear conductivityy(®), gives physical result only up

to certain value of CN radius. Above that certain ra-
diusc® diverges logarithmically as function ef (or

causes divergence af — 0, since

JOF 1 1

3 = gcosh2(§/2) D)

v

Therefore, the first term gives logarithmically diver-
gent result when integrated over the ragge [0, co]. radius,R.,,).

Therefore, using this simplified semiclassical model ¢ is found that there are presence of non-integrable
it is not possible to calculate the third order response singularities in ) when integrated over thast

of the electrical conductivity at large:. Since, for Brillouin zone. The first and second order terms,
m — oo, 0® of CN must coincide with that of planar (1), r(2) yespectively, do not show any discontinu-
graphene, ,CN'SU@) also diverges logarithmically i in the domain oft** Brillouin zone. Both metallic
with increasingm. and semiconducting diverges with the increasenin

It is shown both analytically and numerically. In this
work we have demonstrated that semiclassical theory
with relaxation time approximation is not appropriate
for describing the nonlinear response of dynamic con-
_ _ _ ductivity of CNs at arbitranyR.,.

_ To summarize, we have studied the linear and non-  pyrther study is required to overcome this problem.
linear responses of electrical conductivity of Carbon |n oyr calculation we have neglected the transition
nanotube in the framework of semiclassical theory. petween differents-states. Also, we have replaced
Carbon nanotube has a complicated electronic structhe collision integral with the simplified relaxation
ture. In order to overcome mathematical complexity frequency. We propose further investigation with the
we have introduced the momentum independent relax-incjusion of above points. Relaxation frequency can
ation time approximation in the classical Boltzmann pe 5 function of energy and this energy term could

kinetic equation. This approximation simplifies math- 5159 cancel the diverging term in the integral (Eq.27).
ematical complexity at the price of some system in-

formation, e.g. energy dependence of the relaxation

IV. CONCLUSION

time,electron-phonon interaction etc. We have ana-
lyzed the linear response of dynamic conductivity of

both zigzag and armchair nanotubes using semiclassi-

cal theory at different temperature. The results that we

have obtained in case of linear response is compatible

with experimental findings.

Our aim was to study the nonlinear response of dy-
namic conductivity of CNs. Since, Semiclassical the-
ory is proved to be valid in case of linear conductiv-
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