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Abstract  In this article, the nonlinear partial fractional 
differential equation, namely the KdV equation is renewed 
with the help of modified Riemann- Liouville fractional 
derivative. The equation is transformed into the nonlinear 
ordinary differential equation by using the fractional 
complex transformation. The goal of this paper is to 
construct new analytical solutions of the space and time 
fractional nonlinear KdV equation through the extended 
( )'/G G -expansion method. The work produces abundant
exact solutions in terms of hyperbolic, trigonometric, 
rational, exponential, and complex forms, which are new 
and more general than existing results in literature. The 
newly generated solutions show that the executed 
method is a well-organized and competent 
mathematical tool to investigate a class of nonlinear 
evolution fractional order equations. 
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1. Introduction
The application of fractional order differential equations 

is a matter of recent decades but the theory of fractional 
calculus has quite a long and prominent history. During the 
last three decades, fractional calculus has been applied to 
almost every field of science, namely mathematics, 
engineering and technology. Many important phenomena 
in turbulence, fluid dynamics, stochastic dynamical system, 
plasma physics, controlled thermonuclear fusion, 
non-linear control theory, image processing, non-linear 

biological systems, and astrophysics are well described by 
the fractional differential equations (FDEs) [1-7]. 
Therefore, one of the fundamental problems for these 
models is to engender traveling wave solutions for 
nonlinear FDEs (NLFDEs). In the literature various 
numerical and analytical methods have been developed 
such as the domain decomposition method [8], the 
differential transform method [9], the homotopy 
perturbation method [10], the first integral method [11], 
the fractional sub-equation method [12], the exp-function 
method [13,14], the ( )'/G G − expansion method [15-25]
and so on. 

As every nonlinear equation has its substantially 
noteworthy rich structure, still, significant research has to 
be done due to be well established the ( )'/G G -expansion
method. It is important to present various new methods to 
construct many new exact solutions of FDEs. In this article, 
we would like to implement the new extended ( )'/G G −
expansion method with the help of modified Riemann 
Liouville derivative by Jumarie [26-28] to solve nonlinear 
space and time fractional KdV equation.  

Let ( ): , ,f R R x f x→ → be a continuous (but
differentiable is not compulsory) function. The Jumarie’s 
modified Riemann Liouville derivative of order α is as 
follows:  

(1) 

We can have some important properties for the 
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modified Riemann- Liouville derivatives are as [29]: 

( )
( )

1
, 0

1
r r

x

r
D x x r

r
α α

α
−Γ +

= >
Γ + −

         (2) 

( ) ( )( ) ( ) ( ) ( ) ( ),x x xD f x g x g x D f x f x D g xα α α= +    (3) 

( ) ( ) ( ) ( )( ) ,x f x x xD u f x u f D f x D u f f αα α α′ ′= =      (4) 

where Γ  denotes the Gamma function. 

2. Illustration of the New Generalized 
( )'/G G -Expansion Method for 
Fractional Partial Differential 
Equations 

The main steps of the suggested method are discussed in 
this section.  

Let us consider the NLFDE as: 

, , , , , ,
0, 0 , , , 1,

, , , ,...
t x y z t t

t x x x x y y y

u D u D u D u D u D D u
P

D D u D D u D D u D D u

α β γ δ α α

α β β β β γ γ γ
α β γ δ

 
  = < <
 
 

 (5) 

where , , ,...t x xD D Dα α β  are the modified Riemann- 

Liouville derivatives of ,u  ( ), ,u u x y t=  is an 

unknown function, and P  is a polynomial of u  and its 
various partial fractional derivatives in which the highest 
order derivatives and nonlinear terms are involved.

 The most important algorithm of the method is presented 
below:  

Step 1. First, we convert the Fractional differential 
equation into an ordinary differential equation (ODE) 
using a fractional complex transformation [30,31]. Now, 
we define the traveling wave variable  

( ) ( )

( ) ( ) ( ) ( )

, , , ,

1 1 1 1

u x y z t u

K x N y M z Ltβ γ δ α

ξ

ξ
β γ δ α

=

= + + +
Γ + Γ + Γ + Γ +

, (6) 

where , , ,K L M and N  are nonzero arbitrary constants. 

Then we can rewrite Eq. (5) into an ODE of ( )u u ξ=  in 
the form: 

( ), ', , ,... 0.Q u u u u′′ ′′′ =            (7) 

Where Q  is a polynomial of u  and primes denote the 
derivative with respect to ξ .  

If possible, we can integrate Eq. (7) one or more times to 
get the outputs, where the constant of integration can be 
assumed to be zero for simplicity. 

 
 
 

Step 2. Suppose that the travelling wave solution of Eq. 
(7) can be expressed as follows:  

( ) ( ) ( )
0 1

,
m mj j

j j
j j

u a bξ ψ ξ ψ ξ
−

= =

= +      ∑ ∑    (8) 

where ( ) ( )dψ ξ ϕ ξ= +    and ( )ϕ ξ  is given by  

( ) ( ) ( )( )' /G Gϕ ξ ξ ξ= .           (9) 

Here 'ja s  and 'jb s  and d  are unknown constants 

to be determined later and ( )G G ξ=  satisfies the 
following auxiliary second order nonlinear ordinary 
differential equation (NLODE): 

( )2 2 0,AGG BGG C G EG′′ ′ ′− − − =      (10) 

where , ,A B C  and E  are real parameters. 
Step 4. To determine the positive integer m  appearing 

in Eq. (8), we take the homogeneous balance between the 
highest order nonlinear term and the highest order 
derivative in Eq. (7).  

Step 5. Substituting Eq. (8) and Eq. (10) along with Eq. 
(9) into Eq. (7) with the value of m  obtained in Step 4, we 

obtain polynomials in ( )( ) ( )0,1,2,...
m

d mϕ ξ+ =  

and ( )( ) ( )1,2,3,... .
m

d mϕ ξ
−

+ =  Then, setting each 
coefficient of the resulted polynomials to zero, a system of 
algebraic equations for ( )0,1,2,..., ,ja j m=

( )1,2,..., , , , ,jb j m K L M N=  and d  can be 
obtained. 

Step 6. Suppose that the value of the constants can be 
found by solving the algebraic equations which are 
obtained in step 5. Substituting the values of 

( )0,1,2,..., ,ja j m=  

( )1,2,..., , , , , ,jb j m K L M N=  d  and the general 
solution of Eq. (10) into Eq. (8), we can obtain a variety of 
exact travelling wave solutions of Eq. (5).  

Step 7. The general solutions of Eq. (10) are as follows 
[22]: 

Family 1. When 0,B A Cλ≠ = −  and 

( )2 4 0,B E A CΩ = + − >  

( )
1 2

1 2

sinh cosh
2 2'

2 2
cosh sinh

2 2

C C
G B
G

C C

ξ ξ
λ λ

ϕ ξ
λ λ

ξ ξ
λ λ

   Ω Ω
+   

Ω     = = +       Ω Ω
+   

   

.  (11) 

Family 2. When 0,B A Cλ≠ = −  and 

( )2 4 0,B E A CΩ = + − <  
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( )
1 2

1 2

sin cos
2 2'

2 2
cos sin

2 2

C C
G B
G

C C

ξ ξ
λ λ

ϕ ξ
λ λ

ξ ξ
λ λ

   −Ω −Ω
− +   

−Ω     = = +       −Ω −Ω
+   

   

.  (12) 

Family 3. When 0,B A Cλ≠ = −  and 

( )2 4 0,B E A CΩ = + − =  

( ) 2

1 2

'
2

CG B
G C C

ϕ ξ
λ ξ

 = = +  + 
.         (13) 

Family 4. When 0,B A Cλ= = −  and 
0,Eλ∆ = >  

( )
1 2

1 2

sinh cosh
'

cosh sinh

C C
G
G

C C

ξ ξ
λ λ

ϕ ξ
λ

ξ ξ
λ λ

   ∆ ∆
+   

∆     = =       ∆ ∆
+   

   

.  (14) 

Family 5. 0,B A Cλ= = −  and 0,Eλ∆ = <  

( )
1 2

1 2

sin cos
'

cos sin

C C
G
G

C C

ξ ξ
λ λ

ϕ ξ
λ

ξ ξ
λ λ

   −∆ −∆
− +   

−∆     = =       −∆ −∆
+   

   

.  (15) 

3. Application of the Method 
The Korteweg-de Vries (KdV) equation is executed as a 

model to disclose a wide-range of physical phenomena for 
the enlargement and communication of nonlinear waves. 
Firstly, this equation was derived as an evolution equation 
with small amplitude, and long surface gravity waves 
propagation in shallow water channel [32]. Consequently, 
the KdV equation is present in various other physical 
contexts as collision-free hydromagnetic waves, stratified 
internal waves, ion-acoustic waves, particle acoustic waves, 
plasma physics, lattice dynamics and so on [33–36]. It is 
used as a model for solitons, turbulence, shock wave 
formation, boundary layer behavior and mass transport in 
fluid dynamics, and continuum mechanics [35,36]. Due to 
significant applications of non-integer order of the KdV 

equation it is required to be investigated for space and time 
fractional KdV equation. For example, the nonlinear 
oscillation of an earthquake could be modeled of the 
fractional derivatives [37]. 

Let the nonlinear KdV equation with space and time 
fractional derivatives [37]: 

3

3 0, 0, 0 , 1u u uau t
t x x

α β β

α β β α β∂ ∂ ∂
+ + = > < ≤

∂ ∂ ∂
  (16) 

With the help of the fractional complex transformation  

   ,u x t u 
, with 

   
t

1 1
K x L 


 

 
   

,  

where K  and L  constants, an ODE is obtained, which 
is on integrating twice, we obtain the following equation: 

( )
3

22 3
1 2

1 0,
2 6 2

a KLu Ku u Pu P′+ + + + =     (17) 

where 1P  and 2P  are integrating constants. Considering 
the homogeneous balance between the nonlinear term and 
the highest order derivative in Eq. (17), we have 

( ) ( ) ( )

( ) ( )

2
0 1 2

1 2
1 2 ,

u a a a

b b

ξ ψ ξ ψ ξ

ψ ξ ψ ξ
− −

= + +   

+ +      
      (18) 

where     ,d             / .G G      

And 0 1 2 1 2, , , ,a a a b b  are constants to be evaluated 
later. 

Using Eq. (18) along with Eq. (10) into Eq. (17), the left 
hand side results a polynomial in 

( )( ) ( ), 0,1,2,...
m

d mϕ ξ+ =  and 

( )( ) ( ), 1,2,3,...
m

d mϕ ξ
−

+ = . Taking each coefficient 
of these polynomials and setting them to zero, we have a 
set of algebraic equations (for simplicity the equations have 
not been displayed here) for 

0 1 2 1 2, , , , , , , , , .a a a b b d K L M N  Solving such algebraic 
equations using the symbolic computation software, such 
as Maple, we obtain following: 
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Case 1 

{ } ( )

( )

( )

2
2 2 2 2 2 2 2 2 2

0 12 2

2 2

2 1 2 1 1 2 3 4 5 62 4

2 1 2 3 4 5 6 7 162 6

1212 12 8 , 2 ,

12, , 0, 0, ,
2

....... ,
6

K KL K d K Bd K E a aA K B a d B
A aA

K Kd d a b b p F F F F F F
aA aA

Kp S S S S S S S S
a A

λ λ λ λ λ

λ

−
= + − + + = +

−
= = = = = + + + + +

−
= + + + + + + + +

    (19) 

where A C  , ( ) ( )4 4 4 4 2 2 4 2 2 2 2 2
1 0 0144 16 24 48F K d A C a a A aa K A CE C d ACd= + + + + − , 

( ) ( )4 2 4 2 4 2 2 3
2 0576 24 96 24 ,F K d ACE A C K B E A C K ACE aa dK A B= − − − − +

 

( ) ( )2 2 2 4 3 4 2 2 2 4 2
3 02 864 192 336 ,F aa K A B K d ABC A C dK BE A C d K AB C= − − − − −

 

( )2 2 4 4 4 2 2 2 4 3 3 4 3 4 4 2 2
4 024 576 192 288 864 ,F aa d K A K d AC A C d K A E d K BC d K A C= − − − − +  

( ) ( )4 3 4 2 2 2 2 2 4 3 3 4 3
5 24 168 192 288 ,F dK B A C K d B A C d K C E d K BA= − + + + +  

( )4 2 3 4 2 2 2 2 2
6 0 0384 16 48 24 ,F dK ABCE aa K A E K E A C aa dK A BC= − + + −  

6 2 2 2 3 3 6 4 4 2 2 4 3 2 4 3 2 2 4 5
1 0 0 0 0 0432 432 288 72 576 ,S K B C E a a A aa d K A C aa K A CE aa K A B E aa d K A E= + + − − −  

( )4 4 4 2 4 4 3 2 2 3 4 5 2 4 4 2 2 2 2 2 4 2
2 0 0 0 0 02592 1728 846 504 36 ,S aa d K A C aa d K A C A C aa d K A B aa d K A B a a d K A C= − + + + +  

4 3 3 2 2 2 4 2 2 2 2 5 2 2 2 5 4 2 2 2
3 0 0 0 0 072 24 72 36 144 ,S aa dK A B a a K A CE a a d K A C a a dK A B aa K A C E= + − + +  

4 3 4 2 2 4 4 6 2 2 2 2 6 2 2 2 5 2 2 2 4 2
4 0 0 0 0 0 01152 576 432 36 24 3 ,S aa dK A BCE aa dK A BC E aa d K A a a d K A a a K A E a a K A B= − + + − +  

( )4 4 2 2 6 2 3 6 2 2 6 2 2 3 6 3
5 0144 12960 41472 5184 27648 ,S aa K A E d K AB CE A C d K A BC E dK ABC E d K ABC E= + − − + +  

3 6 3 6 2 2 6 3 2 6 2 3 6 4 6 3 2
6 27648 5184 1728 4320 6912 1728 ,S d K A BCE dK A BCE dK AB CE d K B C E dK BC E dK BC E= − + + − −  

4 6 2 3 4 6 4 2 6 3 2 4 6 2 3 6 3 2 5 6 2 3
7 34560 17280 6912 22464 864 51840 ,S d K A C E d K AC E d K AC E d K AB C dK B C E d K A BC= − − − − −  

5 6 4 4 6 3 2 2 6 2 2 2 4 6 2 2 2 3 6 3 2 5 6 3 2
8 25920 34560 10368 33696 7776 51840 ,S d K ABC d K A C E d K A C E d K A B C d K AB C d K A BC= − + + + +  

4 6 4 2 6 3 2 2 6 4 4 6 3 2 3 6 2 3 6 2 2
9 17280 6912 864 22464 7776 864 ,S d K A CE d K A CE d K AB C d K A B C d K A B C K AB CE= − − − − −  

6 3 2 5 6 2 6 3 2 3 6 4 6 2 3 4 6 2 4
10 1728 25920 4320 6912 864 5616 ,S dK A BE d K BC d K A B d K A BE dK A B E d K B C= − − − − +  

4 6 5 3 6 3 3 5 6 5 2 6 4 2 6 6 4 2 6 6 5
11 3456 25920 5184 1728 25920 10368 ,S d K C E d K B C d K BC d K C E d K A C d K AC= − − + + −  

2 6 4 2 6 6 2 4 6 6 3 3 6 6 5 4 6 5 2 6 4 2
12 432 25920 34560 10368 3456 1728 ,S d K B C d K A C d K A C d K A C d K A E d K A E= + − − − +  

2 6 2 4 4 6 4 2 3 6 3 3 6 2 2 2 5 6 5 6 6 6
13 432 5616 2592 432 5184 1728 ,S d K A B d K A B d K A B K A B E d K A B d K C= + + + + +  

( )6 6 6 4 2 2 2 4 3 3 4 3 2 3 4 4
14 0 0 0 01728 72 1728 2592 2592 ,S d K A aa K A B CE aa d K A CE A C aa d K A BC aa d K A BC= + + − + −  

2 4 2 3 4 4 2 4 3 2 3 4 2 3
15 0 0 0 0576 576 1008 864 ,S aa d K A C E aa dK A BE aa d K A B C aa d K A BC= − − −  

2 4 2 2 2 4 2 3 2 2 2 4
16 0 0 0504 72 36 .S aa d K A B C aa dK A B C a a dK A BC= −  
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Case 2 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

( ) ( ) ( ){ }
( )

22 2 2 2 2 2 2
0 12

2
23 2 2

2 1 2

2
24 3 2 2 2 2

2 2

1 1 2 3 4 5 6 2 1 2 34 2 6

12 12 8 , 0,

120, , 2 3 2 ,

12 2 2 2 ,

, .......
2 6

KL K d A C K Bd A C K E A C a aA K B a
A

Ka d d b d A C d B A C dE A C dB BE
aA

Kb d A C d B A C d E A C d B dBE E
aA
K Kp q q q q q q p h h h
aA a A

−
= − + − − − + + =

= = = − + − − − + −

−
= − + − − − + − +

−
= + + + + + = + + + +( )15 ,h

     (20) 

where ( ) ( )4 4 4 4 2 2 4 2 2 2 2 2
1 0 0144 16 24 48q K d A C a a A aa K A CE C d ACd= + + + + − , 

( ) ( )2 3 4 2 4 2 2 4
2 024 96 24 576 ,q aa K dA B K ACE K B E A C d K ACE A C= − − − + −

 

( ) ( )2 2 2 3 4 4 2 2 2 4 2
3 02 864 192 336 ,q aa K A B d K ABC A C dK BE A C d K AB C= − − − + −

 

( )2 2 4 3 4 3 3 4 3 4 4 2 2 4 4 2 2
4 024 192 288 864 576 ,q aa d K A d K A E d K BC d K A C d K AC A C= − − + − +  

( ) ( )2 4 3 3 4 3 2 4 2 2 2 4 3
5 192 288 168 24 ,q d K C E d K BA d K B A C dK B A C= + + + + −  

( )4 2 3 4 2 2 2 2 2
6 0 0384 16 48 24 ,q dK ABCE aa K A E K E A C aa K A BC= − + + −  

( )6 2 2 2 3 3 6 2 4 2 4 4 3 2 2 4 5
1 0 0 0 0432 432 288 72 576 ,h K B C E a a A aa d K A C aa K A E EC B a d K A E= + + − + −  

( ){ } ( )4 4 3 2 2 2 4 4 2 2 2 2 4 2
2 0 0 02592 1728 864 504 36 ,h aa d K A C AC C C A aa d K A B dA AB a a d K A C= − + + + +  

( ) ( )4 3 3 2 2 2 4 2 4 2
3 0 0 072 24 72 36 144 1152 ,h aa dK A B a a K A CE d AC dAB aa K A EC EC dAB= + − + + +  

( ) ( )4 4 2 4 2 4 2 2 2 2 2 4 2 2 2
4 0 0 0144 432 576 36 24 3 ,h aa K A E d A aa dK A BC E a a K A d A AE B= + − + − +  

( ) ( )2 6 2 6 2 2
5 27648 12960 41472 27648 5184 12960 ,h d K A BCE dA B dC dK ABC E d C E dB= + − + + −  

( ) ( ) ( )6 2 3 6 4 6 3
6 1728 5184 6912 17280 4320 1728 ,h dK ABCE B AE d K C E B dA dK BC E dB E= − − + + −  

( ) ( )4 6 3 2 2 6 2 3
7 34560 22464 51840 25920 6912 864 ,h d K AC AE B dAB d BC dK C E dACE B= − − + − −  

( ) ( )4 6 2 2 2 2 6 2 2 3 2 2
8 33696 51840 17280 10368 7776 34560 ,h d K A C B C dABC A E d K AC AE ddB d A E= + + + + −  

( ) ( )4 6 3 2 6 2 2 4 3 6 2 2
9 22464 25920 6912 864 7776 864 ,h d K A BC B dA d K AC A E B dAB K AB CE= − + − + + −  

( ) ( ) ( )3 6 2 3 2 6 3 6 2 2
10 5616 2592 4320 6912 1728 864 ,h d K B C dC B d K A BE B dA dK A BE AE B= + − + + −  

( ) ( ) ( )6 6 3 4 4 6 5 2 6 2 2 2 4
11 25920 10368 3456 5184 1728 432 ,h d K AC A C C d K C E dB d K C C E B= − + − + +  

( ) ( ) ( )2 6 2 2 2 4 6 6 3 2 2 4 6 2 4 2 3
12 1728 432 34560 10368 25920 3456 ,h d K A A E B d K A C C A d K A C E A E= + − + + −

( ) ( )6 6 6 6 3 6 3 2 2 2 6 2 2 2
13 1728 5616 2592 5184 432 ,h d K A C d K A B dAB B d A K A B E= + + + + +  

( ) ( )4 2 2 2 4 3 3 4 3 4 4
14 0 0 0 072 1728 2592 576 ,h aa K A B CE aa d K A CE A C aa d K A BC A C aa dK A BE= + − − − −  

2 4 2 3 2 4 3 2 3 4 2 3 2 4 2 2 2 4 2 3 2 2 4
15 0 0 0 0 0 0576 1008 864 504 72 36 ,h aa d K A C E aa d K A B C aa d K A BC aa d K A B C aa dK A B C a a dKA BC= − − + − −  
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Case 3 

( ){ } ( )
( )

( ){ }
( ) ( ) ( )

22
2 2 2 2

0 1 22 2

2 2 2

1 2 1 1 2 2 1 2 32 4 2 6

12
2 8 , , 0, ,

2

3 16 8
0, , , ,

4 2 6

K A CK BL aa A K B K E A C d a a
A A C aA

K E A C B E K Kb b p m m p n n n
aA A C aA a A

− −− −
= − − − = = =

−

− − + −
= = = + = + +

−

     (21) 

( ) ( )2 2 4 2 2 4 2
1 0 0where 16 96 ,m a a A aa K A E A C K B E A C= − − − −

  
2 2 4 2 2 2 2 2 4 4 4 2 2

2 0384 192 4 12 192 ,m K ACE K A E aa K A B K B K C E= − − − −

( ) ( )23 3 6 2 2 2 4 4 2 2 2 2 2 4 2
1 0 0 0 024 576 6 ,n a a A a a K A E A C aa K A E A C a a K A B= − − − − −

 

( ) ( )36 3 4 2 2 4 2 4
2 0 013824 288 36 ,n K E A C aa K A B E A C aa K A B= − − − −  

( ) ( )26 2 2 6 4 6 6
3 10368 2592 216 .n K B E A C K B E A C K B= − − − +

 

Case 4 

( ){ } ( )
( ) ( ){ }

( )

( ) ( ) ( )( )
( ) ( )

2 2 2 2
0 1 2 12

22 2 2 4

2 22

24 2 4 2 2 2 4 4 2 2 4 2 2 2
1 0 0 04

24 2 4 2 2 20
2 04

8 2 , 0, 0, 0, ,
2

3 16 8
,

4

48 24 16 3 4 ,
2

144 72 24
6

K BL a aA K E A C K B a a b d
A CA

K E A C B E A C B
b

aA A C
Kp K E A C K B E A C a aK A E A C K B a a A a aK A B
aA
a K

p K E A C K B E A C a aK A E A
aA

− −
= − − − = = = =

−

− − + − +
=

−

= − + − − − + + −

−
= − + − − −( )( )4 4 2 2 4 2 2 2

0 09 6 .C K B a a A a aK A B+ + −

   (22) 

To derive the new solitary wave solutions through the hyperbolic functional form, substituting Eq. (19) into Eq. (18) 
along with Eq. (11), whenever 1 0C =  but 2 0C ≠ , and 2 0C =  but 1 0,C ≠  we have the following solutions:

 

 
2 2

2 2 2
1 0 2

121 coth
4 4 2

K Bu a d Bd
a A

   


                  , 

 
2 2

2 2 2
2 0 2

121 tanh
4 4 2

K Bu a d Bd
a A

   


                  , 

where ( ) ( ) { }2 2 2 2 2 2 2 2
02 12 12 8

1 1
K x K t K d K Bd K E a aA K B

A

β α

ξ λ λ λ
β α

= − + − + +
Γ + Γ +

. 

After surrogating the complex transformation, we can turn out the following traveling wave solutions: 

 
   

2 2
2 2 2

11 0 2

121 , coth
4 4 2 1 1

K B K x Ltu x t a d Bd
a A

 

 
  

                               , 

 
   

2 2
2 2 2

21 0 2

121 tanh
4 4 2 1 1

K B K x Ltu a d Bd
a A

 

  
  

                               , 
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where { }2 2 2 2 2 2 2 2
02 12 12 8KL K d K Bd K E a aA K B

A
λ λ λ−

= + − + + . 

Furthermore, to achieve exact solutions in terms of trigonometric functional form, substituting Eq. (19) into Eq. (18) 
together with Eq. (12), and applying conditions (i) 1 0C =  but 2 0C ≠ , and (ii) 2 0C =  but 1 0C ≠ , we attain the 
following solutions: 

 
2 2

2 2 2
1 0 2

122 cot
4 4 2

K Bu a d Bd
a A

   


                   , 

 
2 2

2 2 2
2 0 2

122 tan
4 4 2

K Bu a d Bd
a A

   


                  , 

where ( ) ( )
,

1 1
K x Ltβ α

ξ
β α

= +
Γ + Γ +  { }2 2 2 2 2 2 2 2

02 12 12 8KL K d K Bd K E a aA K B
A

λ λ λ−
= + − + + . 

Making use of the complex variable  , the solitary wave solutions turn into the following forms: 

 
   

2 2
2 2 2

11 0 2

122 , cot
4 4 2 1 1

iK B K x Ltu x t a d Bd
a A

 

 
  

                              

 
   

2 2
2 2 2

21 0 2

122 , tan
4 4 2 1 1

iK B K x Ltu x t a d Bd
a A

 

 
  

                            

, 

where { }2 2 2 2 2 2 2 2
02 12 12 8 .KL K d K Bd K E a aA K B

A
λ λ λ−

= + − + +  

Taking into account Eq. (19) together with Eq. (13) into Eq. (18) and after simplifying the wave solutions become: 

 
22 2

2 2 2
1 0 2

1 2

123
4

CK Bu a d Bd
a A C C


  



                  , 

where ( ) ( )
,

1 1
K x Ltβ α

ξ
β α

= +
Γ + Γ +  { }2 2 2 2 2 2 2 2

02 12 12 8KL K d K Bd K E a aA K B
A

λ λ λ−
= + − + + . 

 

   

2

2 2
2 2 2

11 0 2

1 2

123 ,
4

1 1

CK Bu x t a d Bd
a A K x LtC C

 


 

 

                                       . 

Setting up Eq.(19) together with Eq. (14) into Eq. (18) (if 1 0C =  but 2 0C ≠ , and 2 0C = but 1 0C ≠ ) and after 
simplifying, the wave solutions become: 

 
2

2 2 2
1 0 2

124 cothKu a d
a A

  


               , 

 
2

2 2 2
2 0 2

124 tanhKu a d
a A

  


               , 

where ( ) ( )
.

1 1
K x Ltβ α

ξ
β α

= +
Γ + Γ +

 

 
   

2
2 2 2

11 0 2

124 , coth
1 1

K K x Ltu x t a d
a A

 


  

                           , 
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 
   

2
2 2 2

21 0 2

124 , tanh
1 1

K K x Ltu x t a d
a A

 


  

                           , 

where { }2 2 2 2 2 2 2 2
02 12 12 8KL K d K Bd K E a aA K B

A
λ λ λ−

= + − + + . 

According to the substitution of Eq. (19) together with Eq. (15) into Eq. (18) (if 1 0C =  but 2 0C ≠ , and 2 0C = but

1 0C ≠ ) and after simplifying, the wave solutions become: 

 
2

2 2 2
1 0 2

125 cotK iu a d
a A

  


               , 

 
2

2 2 2
2 0 2

125 tahK iu a d
a A

  


               , 

where ( ) ( )
.

1 1
K x Ltβ α

ξ
β α

= +
Γ + Γ +

 

 
   

2
2 2 2

11 0 2

125 , cot
1 1

K i K x Ltu x t a d
a A

 


  

                           , 

 
   

2
2 2 2

21 0 2

125 , tan
1 1

K i K x Ltu x t a d
a A

 


  

                           , 

where { }2 2 2 2 2 2 2 2
02 12 12 8KL K d K Bd K E a aA K B

A
λ λ λ−

= + − + + . 

Applying Eq. (20) into Eq. (18) together with Eq. (11) to (Eq. (15), respectively, we have the following simplified form 
various classical traveling wave solutions which have numerous significant applications: 

 

1

1 2

1 0 1

1 2

1 2

2

1

sinh cosh
2 2

6
2 2

cosh sinh
2 2

sinh cosh
2 2

2 2
cosh

2

C C
Bu a b d

C C

C C
Bb d

C

 
 


 

 
 

 
 

 




                                           

                
  

 


2

2

,
sinh

2
C 



 
 
 
 
                  

     
1 2

1 0 1 27 / / ,u a b d G G b d G G
                 

where 1 2

1 2

sin cos
2 2

2 2
cos sin

2 2

C C
G B
G

C C

ξ ξ
λ λ

λ λ
ξ ξ

λ λ

   −Ω −Ω
− +   

′ −Ω     = +       −Ω −Ω
+   

   

, 

 
1 2

2 2
1 0 1 2

1 2 1 2

8 ,
2 2

C CB Bu a b d b d
C C C C


   

    
                
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 

1

1 2

1 0 1

1 2

1 2

2

1 2

sinh cosh
9

cosh sinh

sinh cosh

cosh sinh

C C
u a b d

C C

C C
b d

C C

 
 




 
 

 
 




 

                                          

                
 

      

2

,


 
 
 
 
         

 

 
 

   

   

 
   

1

1 2

1 0 1

1 2

1 2

2

sin cos

10

cos sin

sin cos

i A C E i A C E
C C

A C E
u a b d

i A C E i A C E
C C

i A C E i A C E
C C

A C E
b d

 
 




 
 






                                                  

         
 

   

2

1 2

,

cos sin
i A C E i A C E

C C




 
 

          
                         

where  

( ) ( ) ( ) ( ) ( ){ }22 2 2 2 2 2 2
02, 12 12 8

1 1
K x Lt KL K d A C K Bd A C K E A C a aA K B

A

β α

ξ
β α

−
= + = − + − − − + +
Γ + Γ +  

( ) ( ) ( ){ }
( ) ( ) ( ){ }

2
23 2 2

1 2

2
24 3 2 2 2 2

2 2

12 2 3 2 ,

12 2 2 2 .

Kb d A C d B A C dE A C dB BE
aA

Kb d A C d B A C d E A C d B dBE E
aA

= − + − − − + −

−
= − + − − − + − +

 
Now making use of the complex variable  , the above classical solitary wave solutions turn into the following form: 
If 2 0C  , 1 0C  : 

 
   

   

1

11 0 1

2

2

6 , tanh
2 2 2 1 1

tanh ,
2 2 2 1 1

B K x Ltu x t a b d

B K x Ltb d

 

 

    

    





                   
                    

Now considering 1 0C  , 2 0C  , we have the following form: 

 
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If 2 0C  , 1 0C  : 
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Now considering 1 0C  , 2 0C  , we have  
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If 2 0C  , 1 0C  , we have
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                  

 

If 2 0C  , 1 0C  , we have 
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



                        
                         

1 0C  , 2 0C 
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                                            
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where 
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Kb d A C d B A C dE A C dB BE
aA

Kb d A C d B A C d E A C d B dBE E
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= − + − − − + −

−
= − + − − − + − +

 
Applying Eq. (21) into Eq. (18) together with Eq. (11) to (Eq. (15), respectively, we have the following simplified form 

various classical traveling wave solutions which have numerous significant applications: 
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                                                                              

2

2

,
sinhC 



                                        

 
 

2

1 2 1 22 22

1 0 2 2

1 2 1

sin cos sin cos
21215

cos sin cos
2

C C C C
E EBKu a

a A
C C C

   
    



 
  

                                                                               

2

2

,
sin

2
C 



                                         

Complex Forms: 

If 2 0C  , 1 0C  , we have  

 
 2 22 22 3 5 7 3 5 7

11 0 2 2

8 23 2 17 2 1711 , ... ... ,
3 15 315 3 15 315

E EBK p p p p p pu x t a p p
aA

                                           

where 
   2 1 1
K x Ltp

 

  

           
, and ( ){ }2 2 2 2

02 2 8KL aa A K B K E A C
A
−

= − − − . 

Now considering 1 0C  , 2 0C  , we have the solutions having the following form: 

 
2 22

12 0 2

311 , ,
p p p p

p p p p
K e e e eu x t a

aA e e e e

 

 

                          

where 
   2 1 1
K x Ltp

 

  

           
, and ( ){ }2 2 2 2

02 2 8KL aa A K B K E A C
A
−

= − − − . 

If 2 0C  , 1 0C  : 

 
       

       

2 1 1 2 1 1

11 0 1

2 1 1 2 1 1

7 ,
2 2

i iK x Lt K x Lt

i iK x Lt K x Lt

B i e eu x t a b d

e e

   

   

     

     
 


                         

                         

                       

       

       

1

2

2 1 1 2 1 1

2

2 1 1 2 1 1

,
2 2

i iK x Lt K x Lt

i iK x Lt K x Lt

B i e eb d

e e

   

   

     

     
 


                         

                         

                        

Now considering 1 0C  , 2 0C  , we have the following solutions: 

 
   

   

1

12 0 1

2

2

7 , cot
2 2 2 1 1

cot ,
2 2 2 1 1

B i i K x Ltu x t a b d

B i i K x Ltb d

 

 

    

    





                         
                          
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 

   

   

1

2
11 0 1

1 2

2

2
2

1 2

8 ,
2

1 1

,
2

1 1

CBu x t a b d
K x LtC C

CBb d
K x LtC C

 

 



 



 





 
 
 
                 
 
 
 
                  

If 2 0C  , 1 0C  :

 

 
   

   

1

11 0 1

2

2

9 , tanh
1 1

tanh ,
1 1

E E K x Ltu x t a b d
A C A C

E E K x Ltb d
A C A C

 

 

 

 





                        
                         

1 0C  , 2 0C 

  
       

       

1

1 1 1 1

12 0 1

1 1 1 1

2

9 ,

K x Lt K x Lt

K x Lt K x Lt

K x

E e eu x t a b d
A C

e e

E eb d
A C

   

   



     

     




                         

                         



                     

 


       

       

2

1 1 1 1

1 1 1 1

,

Lt K x Lt

K x Lt K x Lt

e

e e

  

   

    

     


                        

                         

                    

If 2 0C  , 1 0C  , we have 

 
   

   

1

11 0 1

2

2

10 , tan
1 1

tan ,
1 1

i i K x Ltu x t a b d

i i K x Ltb d

 

 

   

   





                        
                         

1If 0C  , 2 0,wehaveC 

 
 

 

   

 

   

1 2

0 0
12 0 1 2

2 1 2 1
10 , ,

1 1 1 1

n n

n n
u x t a b d b d

K x Lt K x Lt   

   

 
 

 

   
       
                                            

 
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where 

( ) ( ) ( ){ }22 2 2 2 2 2 2
02 12 12 8KL K d A C K Bd A C K E A C a aA K B

A
−

= − + − − − + +
 

( ) ( ) ( ){ }
( ) ( ) ( ){ }

2
23 2 2

1 2

2
24 3 2 2 2 2

2 2

12 2 3 2 ,

12 2 2 2 .

Kb d A C d B A C dE A C dB BE
aA

Kb d A C d B A C d E A C d B dBE E
aA

= − + − − − + −

−
= − + − − − + − +

 

It is important to note that the obtained solutions ( )111 ,u x t  to ( )1210 ,u x t  of the fractional KdV equation with 
many arbitrary parameters are resourceful and most of those were not found in the earlier literature. The differential 
equation involving derivatives of non-integer orders can be suitable models for several complex physical phenomena, for 
this purpose the renowned FKdV equation was investigated. And these solutions might be implemented for solid state 
physics, electromagnetic interactions, electrodynamics, and quantum relativistic etc. 

4. Results and Discussion 
It is very crucial to mentioning that some of the newly constructed solutions disclose excellent similarity subject to 

particular values of arbitrary parameters with solutions those are already available in the earlier literature. A comparison 
between Gepreel and Omran’s [37] solutions and our obtained solutions has been presented in the following table. 

Table 1: Comparison between Gepreel and Omran’s [37] solutions and obtained solutions in this research work 

Gepreel and Omran’s solutions [37]  Our obtained solutions in this research 

1.When 
2 4 0, 0,Bλ µ− > =  the solution is  

( ) ( ) ( )2 2 22 2
2

0

3 4 43 coth
2

KKu a
a a

λ µ λ µλξ ξ
 − − = + −  
  

 

1.When 1, , 0, , 0,A B C E Bλ µ= = − = = − ≠  A Cλ = − ,  

 ( )2 4 0,B E A CΩ = + − >  the solution  

( )
2 2

2 2 2
1 0 2

121 coth
4 4 2

K Bu a d Bd
aA

ξ λ λ ξ
λ

  Ω Ω
= + + + −      

 

2.When 
2 4 0, 0Bλ µ− < =  the solution is 

( ) ( ) ( )2 2 22 2
2

0

3 4 43 tan
2

K iKu a
a a

µ λ λ µλξ ξ
 − − = + −  
  

 

2.When 1, , 0, , 0A B C E Bλ µ= = − = = − ≠ , A Cλ = − , 

 ( )2 4 0,B E A CΩ = + − <  the solution  

( )
2 2

2 2 2
2 0 2

122 tan
4 4 2

K B iu a d Bd
aA

ξ λ λ ξ
λ

  Ω Ω
= + + + +      

 

3. When 
2 4 0, 0,Aλ µ− > =  the solution is 

( ) ( ) ( )2 2 22 2
2

0

3 4 43 tanh
2

KKu a
a a

λ µ λ µλξ ξ
 − − = + −  
  

 

3.When 1, , 0, , 0A B C E Bλ µ= = − = = − ≠ , A Cλ = − ,  

 ( )2 4 0,B E A CΩ = + − >  the solution 

( )
2 2

2 2 2
2 0 2

121 tanh
4 4 2

K Bu a d Bd
aA

ξ λ λ ξ
λ

  Ω Ω
= + + + −      

 

Beside these solutions, we obtained many new exact wave solutions from ( )114 ,u x t  to ( )1210 ,u x t in this work, and 
those were not being reported in the literature earlier. The produced solutions can become special function if the arbitrary 
constants take specific values. 
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5. Conclusions 
In this research, the nonlinear fractional complex 

transformation has been implemented to convert a certain 
fractional partial differential equations into another ODEs 
of integer order. The results are presented by a polynomial 
in ( )'/ ,G G  where ( )'/G G  satisfies the second order 

nonlinear ODE as ( )2 2 0AGG BGG C G EG′′ ′ ′− − − = . We 
have examined the space and time fractional nonlinear 
KdV equation. As a result, we have produced new and 
further general solitary wave solutions such as single 
soliton, double solitons, kink type solutions, periodic 
solutions in terms of various hyperbolic forms, several 
trigonometric forms, rational forms etc., having many 
arbitrary parameters, which may have remarkable 
applications in applied mathematics and biological 
sciences. The new generalized ( )'/G G  method has its 
own advantage: direct, simple, succinct and can be 
executed for many other fractional nonlinear equations.  
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