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Abstract

The central conceptual shift underlying this thesis is the transition from viewing
symmetries as acting only on local point operators to recognizing that symmetries
can act on extended objects such as lines and higher-dimensional defects. This gener-
alized perspective reorganizes the structure of gauge theories and provides a natural
language for non-local constraints that are invisible in the traditional framework. We
begin by reformulating ordinary (0-form) global symmetries in terms of topological
symmetry defect operators (SDOs), emphasizing that their action on charged opera-
tors is understood purely by topological linking. We then develop the corresponding
formalism for 1-form symmetries, where the charged objects are line operators. Us-
ing intersection theory and the topological nature of SDOs, we show why continuous
1-form symmetry groups are necessarily abelian and analyze their action on Wilson
and 't Hooft lines. In this framework, four-dimensional Maxwell theory provides a
satisfying explanation about the massless 4d photon: the Coulomb phase can be
interpreted as a phase with spontaneous breaking of a continuous electric 1-form
symmetry, with the photon appearing as the associated Goldstone mode.

With these structural tools in place, we turn to the strong CP problem and the
axion. After reviewing the origin of the QCD 6#-angle and the Peccei-Quinn mecha-
nism, we focus on the axion quality problem, which revolves around the question of
why the axion shift symmetry can be extraordinarily well preserved despite general
expectations that quantum gravity effects violate global symmetries. The central
application of this thesis is a higher-dimensional gauge theory realization of the ax-
ion in which the axion arises as a Kaluza—Klein zero mode of a higher-dimensional
U(1) gauge field. In this setting, the would-be axion shift symmetry is embedded
into an electric higher-form symmetry, sharply constraining which operators can con-
tribute to an axion potential. We show how introducing electrically charged matter
breaks the continuous electric 1-form symmetry to a discrete subgroup and how non-
perturbative wrapped worldline configurations of heavy charged particles generate
the allowed axion potential with exponential suppression. Thus, higher-form sym-
metry controls the structure of the axion potential while non-local dynamics controls
its suppressed nature, providing exponentially good control over the axion quality
problem.

Keywords: Generalized global symmetries; higher-form symmetries; symmetry
defect operators; linking number; intersection theory; 1-form symmetry; Wilson lines;
't Hooft lines; spontaneous symmetry breaking; Coulomb phase; strong CP problem;
Peccei—Quinn mechanism; axion; axion quality problem; Kaluza—Klein compactifica-
tion; extra dimensions; worldline instantons; non-perturbative effects.
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Chapter 1

Introduction

Symmetry has always served as one of the most powerful guiding principles in physics.
Symmetry provides a systematic way to classify physical laws, restrict allowed dy-
namics, and uncover conserved quantities. The development of group theory in the
twentieth century firmly established symmetry as the mathematical backbone of
modern theoretical physics, which plays a central role in QFT and particle physics.

Historically, our understanding of symmetry has been built almost entirely around
local, point-like operators. In this traditional framework, continuous global symme-
tries act on these local operators and, through Noether’s theorem, lead to conserved
currents and charges. Alongside these global symmetries, gauge symmetries arise
as a different structure: rather than representing physical transformations of states,
gauge symmetries encode a redundancy in our description. Physical observables
must be gauge invariant, and the gauge symmetry itself does not correspond to an
observable conserved charge. This distinction between global symmetries and gauge
redundancies is one of the foundational pillars of modern quantum field theory.

For many decades, this point-like operator viewpoint dominated our conception
of symmetry. However, it gradually became clear that certain physical phenomena,
particularly those involving non-local operators, could not be fully captured within
the traditional framework. This limitation was addressed by the seminal work of
David Gaiotto, Anton Kapustin, Nathan Seiberg, and Brian Willett [7], which
introduced the modern concept of generalized global symmetries, now commonly
known as higher-form symmetries. What distinguishes higher-form symmetries from
the traditional framework of symmetry is that they act on extended objects which
are described by nonlocal operators such as line operators, surface operators, and
higher-dimensional defects.

In this generalized framework, ordinary global symmetries become 0-form sym-
metries, which act on point operators. A 1-form symmetry acts on line operators
such as Wilson and 't Hooft lines, a 2-form symmetry acts on surface operators,
and so on. These symmetries are generated not by local charges, but by topological



defect operators supported on extended submanifolds. This shift from point-like to
extended charged objects leads to radically new physical interpretations. One strik-
ing consequence is that familiar phases of gauge theories, such as the Coulomb phase,
can be reinterpreted as phases of spontaneous breaking of higher-form symmetries.
Even the photon itself may be viewed as a Goldstone mode of a spontaneously broken
1-form symmetry, a perspective that would have been inaccessible in the traditional
symmetry framework.

The power of higher-form symmetries lies not only in classification but also in
dynamical constraint. Because these symmetries act on non-local operators and
are sensitive to topological linking, they impose sharp restrictions on which non-
perturbative effects are allowed. This has opened a new pathway for addressing
long-standing problems in quantum field theory and particle physics. One such
problem is the axion quality problem, which concerns the stability of the axion shift
symmetry against uncontrolled ultraviolet corrections.

The axion was originally introduced as part of the Peccei-Quinn mechanism to
solve the strong CP problem in quantum chromodynamics (QCD). Although the
Peccei—Quinn symmetry is designed to be exact at the classical level, generic quan-
tum gravity effects are expected to violate global symmetries. The central question
of axion quality is therefore: why is the axion shift symmetry so exceptionally well
preserved? Recent developments have shown that higher-form symmetries, particu-
larly when realized through extra-dimensional gauge theories, can provide a natural
and technically robust explanation for this protection.

This thesis is devoted to the systematic construction of higher-form symmetries,
showing how non-local effects have a natural home in this new framework and how
these effects could help us arrive at an elegant solution to the strong CP problem.
The remainder of the thesis is structured as follows:

Chapter 2 reviews ordinary symmetries in classical and quantum field theory. We
derive Noether currents, define conserved charges, and establish the Ward identities
that encode symmetry at the quantum level.

Chapter 3 reformulates 0-form symmetries in terms of topological symmetry
defect operators (SDOs). We show how symmetries act by linking with operators
and how charges acquire a purely topological interpretation.

Chapter 4 introduces 1-form symmetries, which act on line operators rather than
point operators. We develop the intersection theory and linking formalism needed
to describe their action, prove that all continuous 1-form symmetries are necessarily
abelian, and study their realization in four-dimensional Maxwell theory. We also
interpret the Coulomb phase as spontaneous breaking of a 1-form symmetry.

Chapter 5 generalizes the construction to p-form symmetries, establishing their
Ward identities and the universal structure of their symmetry defect operators and
charged extended operators.

Chapter 6 develops spontaneous symmetry breaking for both 0-form and higher-



form symmetries. We review Goldstone’s theorem in the ordinary case and its gener-
alized counterpart for p-form symmetries, providing the conceptual bridge between
symmetry and low-energy excitations.

Chapter 7 turns to the strong CP problem and axions. We review the origin of
the f-angle in QCD, the Peccei-Quinn mechanism, the emergence of the axion as a
pseudo-Goldstone boson, and the formulation of the axion quality problem.

Chapter 8 presents the central application of this thesis: the interpretation of
the axion as a Kaluza—Klein zero mode of a higher-dimensional gauge field, the
emergence of associated higher-form symmetries, and the way in which dynamical
charged matter and symmetry gauging modify these symmetries. We show how
wrapped worldline effects generate controlled axion potentials. providing a solution
to the axion quality problem.

Chapter 9 summarizes the main results and outlines future directions.

In summary, this thesis aims to demonstrate that higher-form symmetries pro-
vide not only a refined classification of quantum field theories but also a powerful
dynamical principle capable of addressing deep problems in particle physics. By
extending the notion of symmetry beyond point-like operators to extended topolog-
ical structures, we gain a new and unifying perspective on gauge theories, phases of
matter, and the remarkable robustness of the axion.



Chapter 2

Aspects of Ordinary Symmetries

2.1 Symmetries in Classical Field Theory

In this section, we will discuss how Noether’s theorem allows us to see the relationship
between continuous global symmetries and the corresponding conserved currents.

Given an action S[®] depending on a set of fields ®, we assume that the action is
invariant (up to a total derivative term, which we shall ignore) under an infinitesimal
transformation of the fields

o, — (I); =, + Oéaéaq)i (211)

where a“ are constant (global) parameters, which, based on our assumption, will
define a classical symmetry.

To obtain the corresponding conserved current, we let the global parameters a“
to be local, i.e., a® — a%(zx) for which the transformation (2.1.1) will generically no
longer be a symmetry of the action.

The induced variation of the action must be proportional to d,a(x), and the
variation should vanish once restricted to constant global parameters a®. Therefore,
we can write the variation as

59 — / 2T (Di(x), 0 i(), .. ) D (), (2.1.2)

with J7 being some local function of the fields. Now we note that when the fields
are on-shell, any field configuration is a stationary point of the action, and when
evaluated on-shell, the action is invariant under any infinitesimal transformation of

the fields. Then

68 = / d*xJ"0,0(z) = 0. (2.1.3)

Doing an integration by parts and dropping the boundary term by assuming that
the fields vanish at infinity, we get



—/fmm@@ﬁ_o (2.1.4)

And since this holds for arbitrary a®(x) we reach the conclusion that J# are conserved
currents, and we get the conservation law

oJt =0 (2.1.5)

There is an associated conserved charge that is defined as an integral of J over
a constant time slice.

Qu(t) = [ ¢ e (2.1.6)

The conservation of @, follows from (2.1.5)

%%:/W%@@:—/w%@ﬁ:—/f%mﬁza (2.1.7)

where we have used Stokes theorem. Here n; is the outward pointing unit normal on
the boundary at spatial infinity, and we have assumed that the fields (and hence the
current J!) vanish sufficiently fast at spatial infinity so that the boundary integral
vanishes.

We note that we can add any term of the form 0, B*” with anti-symmetric indices
on B* and define a new current

Jh = J" 4 0,B", (2.1.8)

which are still conserved and lead to the same charges.
The conserved charges are the generators of infinitesimal transformations. They
do so via the Poisson brackets

5(1(1)@' = {q)’iaQa}- (219)

2.2 Symmetries In Quantum Field Theory

2.2.1 Canonical Formalism

In gft, the operator of concern, when we consider acting with symmetry, is an unitary
operator. For continuous symmetries,

U = exp (i€,Qq). (2.2.1)

These unitary operators act on field by conjugation



¢ — ¢ =UeUT, (2.2.2)

with the infinitesimal transformation being

0o = 1[Qa , 0. (2.2.3)

2.2.2 Ward Identities in Quantum Field Theory

We need a quantum version of our classical conservation laws. As we shall see, these
are given by the Ward identities. We start with the partition function

/ Do, exp< [fa] +1i / ddenga) (2.2.4)

here J(z) is the background source for ¢. In this section only, we will denote
the current as N* so as to avoid confusing it with the source. Consider the following
transformation

Pa = Gy = Pa + ()4 (2.2.5)

The fields are integration variables, and so we shall consider this as a change of
variables in the partition function

/w exp( o]+ i/ddmb;) (2.2.6)

We know from equation (2.1.4) that

S[6l] = S[dal — / a0 (), N (2.2.7)

Using equations (2.2.5) and (2.2.7) and expanding to the leading order in «, we
can write (2.2.6) as

/ D¢, exp( (o] + i / dd:quSa) exp (—fz / d*rva(x)(0, N — J5¢a))
< [Déyenp (isien)+3 [ atwis,) 13 [ aate) @82 - 550,

(2.2.8)

We now need an extra condition that will help us relate equations (2.2.4) and

(2.2.8) namely that (2.2.5) be a symmetry of the measure. If it is not a symmetry

of the measure, then we would have to account for eventual anomalies. But we will
be doing this derivation assuming the absence of anomalies and so we require

Do, = D), (2.2.9)



We can now relate equations (2.2.4) and (2.2.8) and notice that the first term in
(2.2.8) is just (2.2.4). Then we have

/ Do, exp< [Pa] + i / ddxj¢a) { / d*zva(r) (0,NF — Jopa)| =0  (2.2.10)
Since this is true for all a(z) we get

/D% exp ( [ha] + z/ddxjgzﬁa) (0,N¥ — J(x)6¢,) = 0. (2.2.11)

We can now extract the Ward identities from the equation above. Setting J = 0
gives us

(0,N") = 0. (2.2.12)

To get insertions, we can differentiate with respect to J(z') and then set J =0

i | [ Povesw (180 +1 [ atas@onta) ) @ - swion)] <. 2213

And so we get
/ Db, exp ( (ba] + i / dde(x)¢a(x)) ( / 25 (z — x')gzﬁa(x)) (0N — J(2)56,)
+i / Do, exp (ZS[%] + i / dde(x)gba(x)) §(x — 2)5¢, =0

(2.2.14)
Setting J = 0 would give us
O (NH(z)p(x)) = —id(z — ") (0 ¢a) (2.2.15)
To get multiple insertions, we would need successive differentiations.
If = does not coincide with any insertion points,
O (N#(z)p(z") ... p(z™)) =0 for x # 2’ (2.2.16)

For every insertion point with which = coincides, we pick up a term proportional to
d¢ like in (2.2.15).

These expressions are collectively called Ward identities. They have the inter-
pretation that the correlators of 9,/N* with other operators that are charged under
the symmetry associated with the current vanish as long as its position does not
coincide with the insertion points of other operators.



Chapter 3

O-Form Symmetries

3.1 Symmetries as Topological operators

A Noether current is associated with a symmetry, and it satisfies the continuity
equation
o,J" = 0. (3.1.1)

We can think of the Noether Current as a component of a 1-form

J = Jda". (3.1.2)
It’s Hodge dual is a (d — 1)-form

1
*xJ = mJH€uH1de—1d‘rul A A dxtd1, (313)

Then (3.1.1) can be rewritten as

dxJ=0 (3.1.4)
since
1
dxd = GO A A A d
1
= —(d — 1)' <8VJ”)€ﬁ1...yd716”“1"'“d71dl‘0 A A dxdfl (315)
= (8,“7“)6{:50 A ANdr®t = 0,
where
€y g, €1 = (d = 1) oM (3.1.6)

Equation (3.1.4) implies that *J is a closed form.



The Noether charge can be written as

1
Qi) = [ wI= [ o A A (37
d—1 d—1 :

where 3;_; is a closed (d — 1)-dimensional submanifold.
If we use the Ward identity

0 (J*(2)O(y)) = —i6 D (x — y) (60 (y)), (3.1.8)

and integrate it over X4 bounded by ¥, 1, then using Stokes theorem the left
hand side gives us

/E (A% JOW)) = / *JO()) = (Q(Sa)O(y)). (3.1.9)

Yd-1

Using this to rewrite (3.1.8), we get

(Q(Sar) Oy)) = —i / 26 (z — ) (50(y)). (3.1.10)

Xa
Here, the number fEd d?26@ (2 — y) can either take the value 0 or 1 depending
on whether y is inside ¥, or not. We will define this as a linking number of ¥;_1 and
Y.

Link(X4_1,y) = / dlz 6D (x —y). (3.1.11)
24

We can then write (3.1.10) as

(RQ(Xa1)0(y)) = —i Link(%4-1,4){00(y))- (3.1.12)

Here, both the link number and the charge are topological in the sense that they
do not change under deformations.The deformation of the surface ¥;_; would have no
effect on the link number as long as the deformations do not cross the point y, which
means that if y € 3, the deformations should not be such that y ¢ ¥; anymore. The
charge is also topological and we see that if we deform X, into ¥/, = ¥; U ¥, and
make sure that y ¢ ¥, . This gives us

(Q(Xg_1+ 034,) O(y)) = /E B (d*JO(y)) = /

X4

(d % JO(y) + / (d % JO(y)).

Sdg
(3.1.13)
Here, since y ¢ 3,4, we can use the conservation law to set fEd (d*JO(y)) =0
0
and we get

10



(QEa1+0%4)0W) = [ {4+ J0W) = Q)06 (G110
d
By formulating Q(X4_1) in this way, we see that the conservation law is translated
into the fact that Q(34_1) is topological.
we also note that the link number defined in (3.1.11) can in general be estab-
lished for any spacetime dimension d between a point and a closed (d — 1) manifold
surrounding it. Recall that we defined

Link(Xy_1,y) = / A6 D (z —y). (3.1.15)
Xd

We are integrating over the whole d-manifold ;. If y € ¥4, it gives us 1. So, we
can always link a closed (d — 1)-manifold like S9! that surrounds a point y, which
means y is a point in the interior of S¢~1.

For a global symmetry element g € G, the QFT has a unitary operator U,, which
acts on the Hilbert space. By definition of a symmetry of the theory U, O(z) U, J is
again an operator in the theory, transformed under g. A true symmetry means that
the time evolution is unchanged when conjugated by U,. Time evolution is generated
by the Hamiltonian H. So, the condition is

Uy, HU} = H, (3.1.16)

which is the invariance of the Hamiltonian under the symmetry. Because if the
Hamiltonian is changed, then the symmetry would not persist under time evolution:
the same transformation at different times would act differently. Therefore,

U, H] =0 (3.1.17)

Now recall the Heisenberg equation of motion for any operator O(t)

0, O(t)=1i[H,O(t)]. (3.1.18)
Then

8, U, =i[H U, =0. (3.1.19)

So Uy is time independent: the symmetry defect operator does not evolve over
time. We have U,(t) = U, (') for all ¢t and ¢. By conjugation, it transforms a local
operator O(x) into another local operator O'(z). For example, in X4y =R, U(t) is
the symmetry operator defined at a point ¢ € R. Since [U, H] = 0 U can move along
the time axis as long as it does not cross O(t).

Now in d-dimensions we can insert U which is a codimension-1 operator along
a codimension-1 manifold ¥;_;. We denote this by U(X;-1). We can generalize the

11



Figure 3.1. Symmerty operator insertion in 1D

relation U(t) = U(¢') for all ¢ and ¢ by noticing the fact that for a fixed time ¢, we
can choose Y1 to be a spatial slice, where ¥,_; can be identified with U(t). So
U(t) = U(t') would imply that we have

UXa1) =U(E,,), (3.1.20)

if ¥/, is a topological deformation of ¥, ;. This describes the fact that U is a
topological operator. To be precise, Y, is an oriented cobordism.

Oriented cobordism: Given any two compact, oriented,d — 1 dimensional man-
ifolds 7 and 5, an oriented cobordism M : ¥; — ¥, is a compact, oriented,
d dimensional manifold along with smooth orientation preserving embeddings f; :
=¥ — OMand fs : X9 — OM, (where —X; is X1 with the orientation reversed) such
that f1 U fo: =31 UXy — OM is a diffeomorphism.
In our setup
L — Ya = 0%, (3.1.21)

we can describe the action of the symmetry operator on a local operator in two
ways. First, we try to generalize the conjugation mentioned before, i.e.

Ut)O(z)U(t) = O'(z) (3.1.22)

by inserting U on ¥4, and ¥}_,, where the codimension-1 manifolds can be
thought of as a spatial slice at a particular time ¢, that is, we let ¥; 1 = ¥; and
¥, | = Xv. By writing

U(41)0(x) = O'(2)U(, ), (3.1.23)

12



and taking the limit At — 0, we get back (3.1.22).

Another way of thinking about this uses the concept of linking discussed earlier.
Here we insert the symmetry operator along a S which as discussed before links to
a point z. a local operator is placed on that point. Then, by continuously deforming
the surface, we make sure that U(S%"!) no longer links with z. But this process will
transform the local operator located at = due to (3.1.23) and we get

U(S™H0o(z) = O'(z). (3.1.24)

Figure 3.2. Action of Symmetry Operator

To see how (3.1.22) and (3.1.24) are equivalent, consider the 2-dimensional case,
for example,

In general, the form of a symmetry operator depends on the representation. All
0-form symmetries form a symmetry group, which we denote by G, with group
multiplication defined by

Uy(Sa-) Uy (Sacr) = Uy (Sas). (3.1.25)

If we think of a specific time slice ¥;_1, then the symmetry operators have a
Hilbert space representation. We also have another representation of the group due
to the vector space structure of the local operator at a point. If we denote

Figure 3.3. Action of Symmetry Operator

13



Uy (S O(z) = g- O(x), (3.1.26)
then using (3.1.25) we get

g9- (9" Ox) = (99) - O(x). (3.1.27)

3.2 Example: 0-form symmetry group U(1)

To summarize the concepts discussed above, let us consider the case when the the
0-form symmetry group is U(1). Here, U,(t) takes the form

U,(t) = exp (iaQ(t)), g=e e U(1). (3.2.1)

Since 0,(Q) = 0 we have U,(t) = U,(t).
When we insert U, on a submanifold 34_; it takes the form

Uy(X4-1) = exp (ia/z *J) . (3.2.2)

As a consequence of ¥/, | — X1 = 034, we see that Uy(X,_1) is indeed topo-
logical.

Uy(3,_1) = Uy(Xg-1) X exp ia/ *J | . (3.2.3)
S =S4 1=0%4

where using Stokes’ theorem we can set

exp (m /E dx J) —0 (3.2.4)

Uy(Ei-1) = Ug(Eg-1)- (3.2.5)

to get

The insertion of a local operator O(z) makes the ward identity

O(z) d*J =q 69D(x) O(x) (3.2.6)

If we compute the action of the symmetry operator on O(z) we get
U, (S471) O(z) = exp (ia/
Sd—1

— exp (ia /Dd d* J) O(z) (3.2.7)

~ exp (m /D d q5d<x>> O(x).

*J) O(x)
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Here, since S~ and x are linked,

/Dd q0%(z) = q, (3.2.8)

and so

U, (SN O(z) = exp (iga) O(z). (3.2.9)
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Chapter 4

1-Form Symmetries

4.1 1-Form Symmetry as an Abelian Symmetry Group

To get accustomed to higher form symmetries, let us first see the construction of
1-form symmetries. Here we will construct them as a continuous abelian symmetry
group G that acts on 1-dimensional line operators. Recall that every compact,
connected abelian lie group is a torus, i.e., the direct product of n copies of the
group U(1). Therefore, GM=U(1)N. For our purposes, we will consider the case
GM = U(1). In the following section, we will show why G is abelian.

As before a 2-form current is associated to a continuous 1-form symmetry

1
Jy = adex“ A dz”, (4.1.1)

where J; is a conserved current. We express the conservation law as

0, J"N(x) =0 or dx.Jy=0, (4.1.2)

where xJ; is a d — 2 form. Here, the conservation of J*(x) is encoded in the
fact that the 2-form current is (co)-closed. We can define the conserved charge as an
integral of xJ, over a codimension-2 manifold ¥, ».

Q= *Jo (4.1.3)

Ya-2

We define the symmetry defect operator by exponentiating the conserved charge

Ug(2d72) = ei)\fzd72 *J2 , g — el)\7 )\ € Sl (414)

For the symmetry defect operators to form a group, they must obey a group
multiplication law among other group axioms.
The group multiplication takes the form
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Ugl(zd_g) . ng(zd_2> = exp (Z()\l + )\2)/E *JQ) . (415)

4.2 'Topological Property

As in the case for 0-form symmetries, the symmetry defect operators or SDOs being
topological means that the unitary operators are independent of the submanifold we
insert it into. We can show it by considering two codimension-2 submanifolds >4
and X/, ,, where ¥/, , is obtained by topologically deforming ¥,_5 which means they
are homotopic, X4 ~ 3/, , and

42— Ya-2 = 0¥41. (4.2.1)

Here Y;_; is the surface swept out by the deformation. Now we can consider the
product of Uy(X],_,) and Uy-1(X4-2)

Uy(Bis) - Uy=1(Xg—2) = exp {i/\ (// *Jy — /Ed_2 *Jg) }

d—2
(4.2.2)
= exp i/\/ dxJ
Y1
=1.
Thus we have
Ug(Za—2) = Uy(X)_)- (4.2.3)

4.3 SDO Acting on Line Operators

Let us now try to understand the action of 1-form symmetries on 1-dimensional
operators. These 1-dimensional operators that are charged under 1-form symmetries
are called line operators. They are denoted as

L,(7). (4.3.1)

where ¢ is the charge of the line operator under G(V=2{/(1) and v is the curve that
parameterizes the line operator. Before going any further, we need some concepts
that will be crucial for our discussion from here on out, namely, we will need to know
about transversality and oriented intersection theory.

4.3.1 Transversality and Oriented Intersection Theory

To understand these concepts, we shall closely follow [1, 2].
Consider a finite d-dimensional manifold M, and two of its submanifolds N, and
W; of dimensions s and ¢, respectively.
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Definition(Transversality) N, and W, are said to be transversal or intersect
transversally if Vp € Ny, NY,,

T,N, & T,Y, CT,My, s+t<d, (4.3.2)

and denoted as

N, WY, (4.3.3)

Next, we will discuss the linking number. Let My be compact, oriented and
closed, i.e. 0My; = @. Let Ny and X, be oriented submanifolds such that, s+t = d—1.
We assume that N, and X; are non-intersecting and homotopically trivial, meaning
they can be boundaries of manifolds of one higher dimension. Then we can introduce
Y;11 as a submanifold of My, such that dY;,; = X;. Then N, M Y;,; so that Ny and
Y;4+1 only intersect at some finite number of points, i.e. NyNY;1 = {p;}. Therefore,
at each p;,

T, N, ®T,,Yi1 = Ty, M,. (4.3.4)

We recall that we assumed M, to have an orientation, and (4.3.4) also induces
an orientation on My. Then, for each p;, we define sign(p;) such that

(4.3.5)

] +1 induced orientation of My at p; same as original
sign(p;) =

—1 induced orientation of My at p; opposite to original

From here we can define a topological invariant called the linking number.

Definition(Linking Number) The linking number of Ny and Y; can be defined
as

Link(N,, X;) = ) sign(p;);  t=d—s—1. (4.3.6)

Back to SDO Acting on Line Operators Now going back to our case of 1-form
symmetries, we see that we can define the linking number as follows

Link(N,, X;) = [ 6“9 Vpe V) Ad(peN,)
My

= / 59 (p e Ny) (4.3.7)
Yit1

Z/ 5 (p € Vi),

s

where §®) (x € 7) denotes a t-form that integrates to 1 on any manifold transverse
to v and zero otherwise.
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Finally, we can discuss the action of 1-form symmetry on line operators. Since
the line operators in (4.3.1) are charged under 1-form symmetries as discussed in
(4.1.4), they have the following Ward identity [2]

dx Jo(x) Ly(7) = g0V (w € 7) Ly(v), (4.3.8)

where 5@~V (x € 7) is a (d — 1)-form that integrates to 1 on any manifold
transverse to v and zero otherwise.

Now we can link the curve v with a (d — 2)-dimensional manifold ¥,_5, and wrap
a symmetry defect operator on the manifold, i.e. Uy(2X4_2). Next, as in the case of
the O-form symmetry, we topologically deform ¥,_5 — ¥/, ,, and in doing so ¥,
would cross . Due to the Ward identity in (4.3.8), when U, (X,_2) intersects Ly(7),
it generates a phase

(Uyg(Za—2)Ly(7)) = MHEEa2I(L (7) Uy (Si_y)).- (4.3.9)
We can show this explicitly. Recall that
Uy(Xg—2) = e“‘fzdfz *J2 ., g= ei’\, \e St (4.3.10)
We can use this to write the L.H.S of (4.3.9) as

(exp (@')\ /E *J2> Ly(+)). (4.3.11)

Now exactly following our discussion on linking number, we can define a (d —1)-
dimensional manifold Y;_; such that

Y41 = Xa_o, (4.3.12)
and rewrite (4.3.11)

{exp (M /ay *J2> Lq(7)) = (exp <M/Y d % Jz) Lq(7))

= (exp (M /Y g0 (x € 7)) Ly(7)),

where we have used Stokes theorem and the Ward identity in (4.3.8). Since

(4.3.13)

Y41 M7y, we can define the linking number of ¥, 5 and v as in (4.3.7)

Link(Sy »,7) — / 59D (3 € ) (4.3.14)

Yg1
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Now we start deforming ¥4 o — ¥/, and notice that in the process, (4.2.1)
comes into play. We deform it to the point where ¥/, , and v do not link. Therefore,
we can write the action as

MK a2 (1 (1)U, (S_,)). (4.3.15)

We can produce the same result by wrapping the symmetry defect operator on

Sd—2

Ug(Sd72>Lq<7) — eiAqLink(Sd_z,'y)Lq_(fy) (4316)

Figure 4.1. 1-form SDO U, acting on line operator L(v): in (a) U, wraps L(v). (b) shows
the effect of U, contracting through L(vy). The original figure is from [2]

Recall that the dimensions of the two submanifolds that link add up to (d — 1).
Then a line in d-dimensions can only link to a (d — 2)-dimensional manifold. A
(d — 2)-dimensional manifold corresponds to a 2-form current Jo. That is why the
current for a 1-form symmetry has to be a 2-form conserved current. See figure 4.1.

Next, we will try to show why G is abelian.

4.4 GY Must be Abelian

Since the 1-form symmetry operators are associated with a (d —2) dimensional man-
ifold, there exists a locally transverse plane due to which we can shift the symmetry
operators by smooth topological deformations, as shown in the figure below. See
figure 4.2. So, there cannot be a well defined notion of ordering these SDOs, and we
have
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U91 (Ed—2) ’ Ug2(2d—2) = ng (Zd—2) : Ug1 (Ed—Q)' (441)

Figure 4.2. The figure shows why 1-form symmetries must be abelian. In (a) there is a
configuration, where both SDOs are inserted on ¥;_o, and have a natural radial ordering.
(b)-(d) illustrate a series of topological deformations of the SDOs, where they do not cross
the line operator L(7) that they are linking, and at the end their order is exchanged.
During this process the SDOs remain topological and so the product of SDOs must be
abelian. This figure is adapted from [2] .

4.5 U(1) Maxwell Theory

Let us look at an example where we can have an in depth discussion on the structure
of 1-form global symmetries. We will consider U(1) pure Maxwell theory in 4d with
gauge field Ay with coupling e. The action is given by

1
S[Aw] = ﬁ/ Floy N *F) (4.5.1)
e M,y
Here, the gauge field is a 1-form
Aqy = Auda, (4.5.2)
and the field strength is a 2-form
Foy=dAny,  Fu=0,A, — 0,4, (4.5.3)

Then F{y) is closed, which is the Bianchi identity

dF) = 0. (4.5.4)

The equation of motion can be derived by varying S with respect to Ay
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1
2e?
1 1
== | FAxF=— [ 6(dA)AKF

e? Ju, e? Ju,
1
= d(0A) ANxF (4.5.5)
My
1 1
= d(0ANKF) — — JANA(*F)

22 2
e? J, e? Ju,

0S = / (0F ANxF + F Ax0F)
My

1
e? Ju,
where in the fourth line we have used d(a A B) = da A 8+ (—1)%8% A df and
deg(dA) =1 so we get d(0AN*F) = d(6A) AN*F —0ANd(xF). Then, in the last line

we assumed dA|sy, = 0 and by Stokes theorem the boundary term vanishes. Since
0A is arbitrary, we get the equation of motion

d*F(g) = 0. (456)
The gauge redundancy is denoted by

A(l) — A(l) + d)\(o) , A~ A+ 27, (4.5.7)

Instead of A(x) being a real valued function, it is a circle valued function of
spacetime. With these gauge transformations defined, A, is a U(1) gauge field. We
require that the gauge field A is fixed on the boundary

Aloar = Aay. (4.5.8)

Then the gauge transformation that changes Algys would violate the boundary
condition. So, to preserve it, we must require dA|gy; = 0. This means that A must
be constant along the boundary, which we take to be zero. Therefore, we adopt the
boundary condition

Mo = dA|gns = 0 (4.5.9)

If we use the Dirac argument, we see that there is a connection between the
periodicity of A and the allowed fluxes

1
— Fo € Z. 4.5.1
or Jy, 1 (4.5.10)
Here ¥, is any closed, oriented manifold like S?. To see why this true, let us take
a crude example of the Dirac monopole. Consider R?® with the origin removed (this

is where the monopole sits). Topologically, this is homotopic to S?, which is going
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to be the base manifold for our bundle. Let us cover S? by two charts H, and H_,
which are the two hemispheres and choose gauge potentials A, and A_, respectively
to be defined there. And also F' = dAL. The structure group will be U(1). So we
are constructing a principal bundle P(S? U(1)), where the fibres make the set of all
possible U(1) gauge symmetry elements, which is to say, the fibres are identical to
the structure group itself. Our bundle locally looks like Hy x U(1) and H_ x U(1)
with bundles coordinates (6, ¢, e*+) and (8, ¢, e*-), respectively, where 0 < 0 < 7
and 0 < ¢ < 27. The transition functions h will connect the fibres from one chart
to another.

et = h ™ (4.5.11)

The transition functions are elements of U(1) and are defined on the equator
H.NH_ =S5 h(¢)€ U(1). The transition functions must glue the fibres together
exactly when we complete a full turn around the equator. Therefore, our only choice
is

h=¢e™, necl. (4.5.12)

The integers n are the winding numbers. When A varies from 0 — 27, the group
U(1) is wound around n times. The compatibility condition

A, =h'A_h+hdh (4.5.13)

in our Abelian case for U(1) becomes

Ay = A_ +ind\. (4.5.14)

If we do the integral

1 1
— F:—/ dA++/ dA_
27 S2 21 H, H_

:% {AH+A++/8H_ A_] _ %Al(A+—A_) (4.5.15)

1 2

where we have used Stokes theorem and also absorbed a factor of 7 in the differ-
ence of the fields.

dp-n=n,

4.6 Construction of 1-Form symmetries

Returning to our original discussion, we know from equation (4.5.4) and (4.5.6)
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d * F(Q) = 0, dF(Q) = 0, (461)

we can think of these as the conservation equation of two 2-form currents (upto
a choice of normalization),
. 1 |
J2 = gF(g) s J2 = % *F(Q) (462)
Before we go any further, let us see another presentation of free Maxwell theory
that is equally valid.

4.6.1 S-duality
We will start with the action

1
S =

= @ y F(Q) /\*F(Q) (463)

This time we will not impose the constraints dF(s) = 0 and % f22 Fo) € Z
by writing F(g) = dA() directly. Instead, we will impose them using a Lagrange
multiplier A:

~ 1 1 ~
S[Fay, Aqy) = 502 /M Floy N*Fig) + o .y Foy NdAq), (4.6.4)
4 4

so that we get dF{s) = 0 from the equation of motion of fl(l). If we look at the
equation of motion of Fiy) we get

1 1 -
O, S = = * Floy = 5-dAy =0, (16.5)
and so we get
62 ~ 62 ~

Substituting this into (4.6.4) we get the action S

B 2 - - e2 - ~
S=-23 . *dAm NdAw — . *dAqy AN dA)
2
N . -
— _R " *dA(l) A\ dA(l) . (467)
62 121 e
= d A *dA
a2 Jy, 1) 1)

Considering 121(1) as the dual U(1) gauge field, we can define the dual field strength
as
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Fioy = dAq), (4.6.8)

and write the dual action

1

S = ~—2/ F(g) /\*F(g), "= ——. (469)
€ My

Furthermore, similar to our previous argument,

1 ~
— Foy € Z. .0.
5 )y, F (4.6.10)

Back to the construction of 1-Form Symmetries Recall that we had two 2-
form currents in (4.6.2). J§ implies that we have a U(1) 1-form symmetry called
the electric 1-form symmetry. Consider the exponential of the dual 2-form current
*J§ integrated over a closed 2-manifold. This is the corresponding symmetry defect

A
Uy (32) = exp {M}{ *J;} = exp {2—2% *F} : (4.6.11)
Yo € P

We can see that 6% f22 *F" measures the charge enclosed by 5. We also have
charge quantization fzg *x[' € Z. To see this, we only need the fact that for a U(1)

operator

1-form symmetry the parameter is periodic, i.e. A ~ X\ 4+ 27 and

. . 27
Ug (39; A+ 2m) = Ug (395 A) exp {zg/z *F} : (4.6.12)
2
For the symmetry to be well defined, the extra factor must be the identity
2 1
exp {z—;r/ *F} =1 = - *F € 7. (4.6.13)
e? Js, e? Js,

There is also a dual 1-form symmetry due to JJ*, which is called a magnetic
1-form symmetry. The symmetry defect operator is formed by integrating the dual
current over a 2-manifold

F
U"(3q) = exp i/\y{ *xJ3' b = exp i)\j{ — . (4.6.14)
9 oA 5, 2T

Here, % f22 F measures the magnetic flux passing through . From (4.5.15) we
know that sz F = 277.

Now we need to discuss about the operators that are charged under this sym-
metry. First imagine a point particle living in (d — 1)-dimensional space carrying a
charge, a 0-form charge to be exact. Now when we integrate the O-form charge over
the entire spatial slice X4 _1, we necessarily cross the location of that particle because
we are integrating over all space. So, it would have to pick up the charge of that
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particle.( The conservation law @ = 0 has the consequence that the charge @y, ,
is independent of the choice of time slice ¥;_;. Previously we have seen that @)y, ,
counts the number of particle worldlines passing ¥, 1, and because of Q = 0, the
charged particle worldlines cannot end. That is why the O-form symmetries act on
particles and local operators. But that is not the case for 1-form symmetries. They
are topological objects that are 1 dimension lower, i.e., in ;5. So, if we have a par-
ticle sitting somewhere in >;_1, the corresponding flux integral does not sit anywhere
in ¥4, rather it sits at infinity. That flux integral does not ever ”cut” the location
of the particle. This means that the flux integral and the local operator that created
the particle commute, i.e. [Qq_2,¢] = 0, and the particle cannot carry 1-form charge.
In the next section, we will see that the charged operator under 1-form symmetries
are not point-like; rather, they are extended.

Figure 4.3. In 0-form symmetries the charge is integrated over a time slice ;1. All the
particle worldlines (blue curves) must pass through this hypersurface.

We learned in O-form symmetries that the charged objects (the point operators)
are supposed to be linked with topological ;1 surfaces. There is a natural analogue
to this in higher form symmetries. For 1-form symmetries the symmetry defect
operators live in ¥, 5. So we need to think of objects that naturally link with 2-
manifolds. Recall from section ?? that the dimensions of the two linked submanifolds
add up to d — 1. So in 4 dimensions the object that links with a 2-sphere is a line.
So we should think about 1-dimensional defects in Maxwell theory.

4.7 Wilson Line and ’t Hooft Line

The most familiar class of such defects are Wilson loops(or lines depending on the
curve v we are going to define them on). In abelian gauge theory we can define a
family of Wilson loops by the curve v on which they are supported with charge q.
Let v be a curve in Euclidean 4-manifold. Then

W,(y) = e'thAnde” — g ), 4 (4.7.1)
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In a theory without charged matter fields, Wilson loops are gauge invariant
observables in the theory provided the curve v is either closed or ends at infinity.

W,(7) — exp <iq f{ A+ d/\)

exp (iq(j{A + j{d/\))
= exp (iq(}{A + 7(2 )\))
~ exp (iq 74 A)

Here we have used Stokes’ theorem the fact that v is a closed loop without

(4.7.2)

boundary or infinite.

As we shall see shortly, if the curve extends along the time direction, we can
interpret the Wilson line as the worldline of an infinitely massive probe, which carries
electric charge. Alternatively, we can localize the curve v on a constant time slice,
where it can be viewed as a loop of flux.

Before that, let us quickly see that for W,(v) the charge q € Z.

For U(1), g(z) = ¢*® € U(1) and A — A + d\ with )\ defined mod 27.

W) — W/(7) = exp (iq 7{ (A+ d)\)> — W, () exp (z'q ﬁ d)\) (4.7.3)

o

So gauge invariance requires exp(iq fv d)\) = 1. We will parameterize the closed loop

by z(0) where 6 € [0,27]. We will restrict g, : S* — U(1).These maps are classified

by winding number n € Z. If we pick a continuous branch A(#) with g(#) = ),

then the single-valuedness of g implies A\(27) = A(0) + 27n where n € Z. Hence,

2T d\
d\ = d0— = \(27) — \(0) = 27n, (4.7.4)
. 0 do

and so
exp <z’qj§d)\> =exp(iq-2mn) =1 Vn € Z, (4.7.5)
v

which holds if and only if
qEZ (4.7.6)

4.7.1 SDOs Acting on Wilson Line

Recall from section 77, specifically from equation (4.3.9), the process of SDOs acting
on line operators. By the same mechanism, SDO will act on Wilson line,
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(Ug (S2)Wy()) = MW, (4)Ug (), (4.7.7)

where Y, is homotopic to 35. We can see that after the deformation process
¥, does not link with 7. Also, the phase ¢** can be interpreted as the following:
deforming Yo — X, the electric charge enclosed by the symmetry defect operator
U, goes from ¢ — 0 and we can see the corresponding effect in the symmetry group
Ug(32) — eiq’\U;(E’Q).

We will derive (4.7.7) explicitly. We mentioned before that the Wilson line can
be thought of as the worldline of an infinitely massive probe which carries electric
charge. The presence of which will source an electric flux and modify Maxwell’s
equations. To see this clearly, let us insert a Wilson line in the path integral as

/[dA]eiq 2 Aeze Juy At (4.7.8)

where v C M* is an oriented curve. Let us define the distributional 3-form which
is the Poincare dual of v as

1
P = 5 / ds #(5)empy 00(x — 2(s)) da” A da? A da?, (4.7.9)
e

where we have chosen a parameterization z#(s) of v and

P*(y)= Y sign(p) =1 (4.7.10)

T
M; peMIny

meaning MI C M, is a 3-manifold that transversely intersects v once and positively.
We write A = A, dx®. Then

TH

BY)ANA= /ds gewmé(‘” (x — z(s)) dz¥ A dxP N\ dx® N Aydx®
K (4.7.11)

= /ds i A, (2)6W (z — x(s)) d'w,

8!

where we have used dz¥ A dx? A dz° A dz® = ¥P°*d*z and Epvpa€” P’ = 3| 53.

Integrating over the whole M, gives us,

/M4 S (NAA= /dsif‘(s)Au(:z:(s)) = /wA (4.7.12)

Y

Let us identify the current J = ¢6®® (). We shall see in a bit why this holds
true. Now we write (4.7.8) as
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/[dA]eiqf'Y Aeﬁ IJWAL FAxF _ /[dA]eiqu‘l (53(7)/\A+ﬁF/\*F (4713)

This makes it explicit that insertion of the Wilson line is equivalent to adding a
source term to the action. So, the Wilson line acts as an electric source. To obtain
the equation of motion for A, we vary the action with respect to A

5S:5<i/ FAxF +q 53(7)/\A>
My My

2e2

L[ aGA) ARF + FA<d(5A) +q | 53(7) ASA.

~ 52
2e* S, M,

(4.7.14)

We can now use the fact that for 2-forms «, f € QP(X) obey a A x5 = 5 A x«
since the scalar product on the space QP(X) can be written as («, 8) = a Axf. Then
d(0A) ANxF = F A*d(0A) and we get

1
62 My
Next we can use the product rule d(a, A 5,) = day, A B, + (—1)Pay, A dB, to get

58 = d(5A) ANxF +q / 5 (y) AJA. (4.7.15)

My

5521

2 2
e? Jar, e

1
d(0ANKF) — —/ 6A/\d*F+q/ §3(y) ASA. (4.7.16)
M4 M4

Using Stokes theorem [}, d(6AA*F) = [, JAAxF. We assume that all fields
fall of sufficiently fast at infinity /at the boundary. Therefore,

1
58 = —— 5A/\d*F+q/ () ASA = 0. (4.7.17)

2
€ M4 M4

Since this is true for any variation d A we have the equation of motion

dx F = qe*8(z € 7). (4.7.18)

If we integrate (4.7.18) over a 3-manifold with boundary, the left side, by Stokes
theorem, would be fEQ *F which will the electric flux coming out of the boundary
03, and on the right side there would be a term §22+1 §3(x € ~y), which is just the
linking number between ¥, and ~. Therefore,

f *xF = qe*Link (2, 7). (4.7.19)
3o

Exponentiation on (4.7.19) will give us

A ot
UE(S2)Wy() = exp (‘f F) = (LAY, (o), (4.7.20)
P
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which reproduces the action in (4.7.7).
Another way to represent the action of SDO on the Wilson line is that the SDO
acts on the gauge field by shifting it by a closed but not exact 1-form.

A= A+A,  dA=0, %AeUu). (4.7.21)

4.7.2 SDOs Acting on ’t Hooft line

Finally, we turn our attention to the 't Hooft lines. These are gauge invariant line
operators that are magnetic dual to Wilson lines. Recall our discussions on S-duality

in section ??. Let us switch to that dual presentation. Here A is the dual gauge
field defined as

2 2

€ ~ e
*Ey) = o-ddm = 5

In this dual presentation in terms of A the 't Hooft line operators can be defined just

Fo. (4.7.22)

like Wilson lines

Tp(7) = ™A, (4.7.23)

The action of U}"(¥;) on 't Hooft lines is identical to the action of Ug(¥;) on
Wilson lines:

(U ()T (m, 7)) = "™ B2 (T (am, 1)U (S5). (4.7.24)

But we can also stay in the original presentation and define the 't Hooft line
operator in terms of the gauge field A. To see this, let us first use the example of
the Wilson line.

Suppose that a curve v extended in time direction is a particle worldline. If we
consider a particular time slice and zoom in, we see that the time slice is actually
R? and the particle sits somewhere in R?, taken to be the origin. So we have an
electrically charged object at the origin, and then it can link with a 2-dimensional
manifold (sphere) where the electric flux integral Q.(32) = % Js,, <F is defined, and
so we have electrically charged operators. See figure 4.4.

Figure 4.4. Wilson line in a particular time slice.
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Now in this presentation, we are going to define 't Hooft line operators. Like
before, fix a curve v with charge m, in which we would like to insert our line operator.
Now consider a small tubular neighborhood of v and take a constant time slice and
zoom in as before. Concretely, after zooming in, the space would look like R, x R
where R3, is the transverse space, and in this transverse space the drilling out would
locally look like an infinitesimal 3-ball surrounding a point. The boundary of this
3-ball is a transverse 2-sphere, and there we can impose the boundary condition

% o F(Q) =m. (4725)

This is a valid choice of boundary condition. Then we take a limit in which
the size of this tubular neighborhood shrinks to zero. Because of the way in which
we have defined the boundary condition, it is most certainly true that this line is
magnetically charged and has magnetic charge m. We have a ’t Hooft line operator.

See figure 4.5

Figure 4.5. 't Hooft line in a particle time slice.

4.7.3 Charged Lines Cannot End

In these examples, 1-form SDOs and charges live on S?. They are time independent,
so they can smoothly move through time slices, and by linking they measure the
electric and magnetic charge of these lines. One key consequence of this is that the
electric and magnetic fluxes carried by these lines can never terminate. They would
have to continue for ever. Because if they were to terminate, then we could take an
allegedly topological surface and slide it off the end of the line. Imagine we could
terminate the electric charged line at a certain ¢, (See figure 4.6) and measure the
electric flux, which is topological. If we keep moving the flux operator, it will slide
off the line and become trivial. If this were to be the case, then this SDO could not
be topological or, equivalently, the line could not be charged. The only way to have
charged lines and topological Y5 surfaces is if these lines never end.
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Figure 4.6. The figure illustrates what would happen if Wilson line could be endable; the
SDO would cease to be topological, and act trivially. The figure is adapted from [17].

4.8 Coulomb Phase and Spontaneous 1-Form Symmetry Break-
ing

In this section, we will make an attempt to see whether the 1-form symmetries
U (1)2% of the Maxwell theory are spontaneously broken or not.

We learned in previous sections that in Maxwell’s theory we have probe charges,
i.e. Wilson lines and t’Hooft lines, which represent static, non-dynamic charges.
Consider the static potential energy VQ@(T’) between a source () and its conjugate
() separated by a distance r. So, if () has an electric charge, then () would have
a negative electric charge. In Maxwell’s theory this is nothing but the Coulomb
potential

2.2 ’é‘22 2

€9 m qm
‘/;Icqe<r) ~ = r ‘/qmﬁm(r) ~ = ~ ——. (481)

Now recall that to determine whether a symmetry is spontaneously broken in
a given vacuum, we examine whether a charged operator has a non-zero vacuum
expectation value. A more convenient way is to consider the correlator (¢'¢) for
large separations. If (¢f¢) # 0 then by cluster decomposition

(@' (2)0(0)) —> D) +. ..., as |z = o0 (4.8.2)

we see that (@) # 0.

We need an analogue of (¢'¢) for the line operators L(v) along a large loop v so
that if we take the loop to be very large, then its asymptotic behavior will indicate
whether L(y) has a non-zero vev, and that is
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(L(v)),  v— o0 (4.8.3)

This makes sense because in the Euclidean picture, a closed, contractable loop
is not charged under the 1-form symmetry. But as v — oo, the loop goes from one
point in spatial infinity to another point at spatial infinity and the loop clusters into
products. Then it is charged under the 1-form symmetry.

Another subtlety to consider is loop counterterms. This is because the way we
have defined (4.8.3) namely the expectation value of the the operator as the loop
becomes large and ask whether it is zero or not, makes it a little ambiguous and
scheme dependent. The counterterms that can modify the vev of the loop are not
just constants. They can depend on the shape of the loop. It is reasonable to argue
that the allowed counterterms that depend on the loop should reflect the geometric
invariance of the loop. The most standard and important counterterm is just the
length (perimeter) of the loop. Therefore, we can modify the loop by

L(y) = L(y) e”™F0), (4.8.4)

where m has the dimension of mass. It might be positive, negative, finite, or infinite.
We can also think about higher derivative counterterms that involve not just the
length of the loop but something like the extrinsic curvature. But these higher
derivative counterterms are all suppressed in the cut-off.

Due to our redefinition in (4.8.4), we can affect its long distance behavior. This
is because as we scale up the size of the loop, P(y) goes to infinity. So, if m is positive
(negative), the counter term will decay (increase) exponentially with the length of
the loop. Therefore, we need to modify our definition of what we mean by the loop
having a constant vev.

This is what we mean: since m is non-universal, The universality class of loops
where we allow adding such perimeter terms as (4.8.4), there is one representative
that has non-zero vev, and all the other could decay or increase according to this
perimeter law.

Perimeter Law: If the large loop behaves like

(L(y — 00)) ~ (const.) e™™F) for some m (4.8.5)

then it is equivalent to saying that there exists a scheme in which the loop has a
non-zero vev, and because of that, the 1-form symmetry acting on the loop is sponta-
neously broken. On the other hand, if (L(y — o0)) decays faster than the perimeter
law, then L(v) has zero vev and the 1-form symmetry is unbroken.

Now let us combine what we have discussed about the perimeter law and the
effective potential Vi,5(r), which for Maxwell’s theory is just the Coulomb potential.
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Consider in Euclidean space a large, rectangular Wilson loop extended in Eu-
clidean time T direction. The other side is the spatial distance r. See figure 4.7. We
interpret it as the creation of a static particle-antiparticle pair, which means that the
particles can propagate only in time and have no kinetic term. They are separated
by distance r. So, they are created; they propagate forward in time for time T and
finally annihilate back to the vacuum. We know that for long times, the path integral
projects the system onto the lowest energy state. Before the particles appear and
after they disappear, this is the ground state of the system, which we can take to
have zero energy. However, in the presence of two sources, the ground state of the
system has energy V(7).

M
4/

Figure 4.7. Rectangular Wilson loop. The original figure is from [11]

Therefore,

lim (W[y]) ~ e VeaT (4.8.6)

T—o00

If we want to account for a perimeter term like (4.8.4), then we can write

(W) ~ e Ve T gmm PO, (4.8.7)

All the static potentials in Maxwell’s theory (4.8.1) have Coulomb scalling.
Therefore, at long distances Vj,5(r) decays and we have

(W[4]) ~ (const.) e™ PO (4.8.8)
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Hence, every single loop in Maxwell’s theory abides by the perimeter law, which
then means that both electric and magnetic 1-form symmetries are completely spon-
taneously broken. The photon is the Goldstone boson for both of them in the sense
that the photon has two polarization states and since we have two symmetries, we
get two independent propagating degrees of freedom that represent the Goldstone
boson.
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Chapter 5

p-Form Symmetries

5.1 Construction of p-Form symmetries

So far we have discussed about 0-form and 1-form symmetries. They are part of a
more generalized form of symmetries called p-form symmetries. That is the topic
that we will discuss here.

A p-form global symmetry is denoted by a symmetry group G®, and it is a
symmetry that acts on p-dimensional charged operators. Generalizing the notion of
currents from previous sections, we could have guessed that a p-form symmetry has
a corresponding (p + 1)-form conserved current, which then would imply that the
(d —p — 1)-form dual current *.J,,; is closed:

aﬂl‘][lul.ulj/p—’—l] () =0 = dxJyu(z)=0 (5.1.1)

Now that we have a closed dual current, *.J,,; we can discuss coupling to back-

ground gauge fields. A theory with p-form global symmetry can be coupled to an
abelian (p+1)-form background gauge field B, ;1 by the term

Sp = i/Bp+1 VAN *Jp+1 ; Bp+1 — Bp+1 + d)\p (512)

where ), is a p-form background gauge transformation parameter.
The variation in the action is given by

5Sp—z’/ Ay Ay = i (—1)p+1/ Ay Adk Jppy =0 (5.1.3)
Mg

Mg
Here we have used d x J,11 = 0. So xJp11 being closed means that the action is
invariant under background gauge transformation.
Now we can define a (d — p — 1)-dimensional symmetry defect operator labeled

by the group elements g,

Uy(Xa—p-1) = exp {M/ *Jp+1} , g=¢e? (5.1.4)
s
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We had noted when we were discussing 1-form symmetries that G must be
abelian. See section ?7?7. Similarly for p-form symmetries, the SDOs being defined
on a co-dimension (p + 1)-manifold does not allow a well defined notion of ordering
of U,(¥), and so G must be abelian for p > 1. See figure 5.1.

As before we check that the symmetry defect operators obey a group law. Since
G is abelian, the currents %.J,; satisfy

d* Jp+1<l') * Jp+1(y) =0 (515)

Then for two operators Uy, (X4-_p—1) and Uy, (X4_p—1) we have

Figure 5.1. The figure above illustrates why G® must be abelian for p > 1. (a) Here
to avoid any ill-defined intersection problems, we consider two parallel symmetry defect
operators U, and Uj,. We assume that they have a natural ordering. Then they are
projected onto the transverse 2-plane below. Since U, and U}, are topological, they can
be smoothly deformed as long as they do not cross a charged operator. Then they can be
deformed such that they exchange their positions in the transverse 2-plane and now they
have the ordering that is opposite to their natural ordering we assumed they had before.
That means (a) and (b) describe the same physics. The figure is adapted from [2]

Ug1 (Ed—p—l) . Ugg(zd—p—l) = exXp (Z/\l / *Jp+1) exp <Z>\2 / *Jp+1) (516)
b)) by
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Now since the currents commute, the two exponentiated operators commute and
simply combine:

Un (i) UplZipet) =esp (100 +30) [ 2] = UpBaper) - (5117
b
Here because of the commutativity of the integrands, the Baker-Campbell-Hausdorft
series reduces to addition of parameters.

To show that the symmetry defect operators are topological we take Uy (34_p-1)
and Uy-1(X)_, ;) where ¥4, 1 ~ ¥ | are homotopic.

Ug(Zd_p_l) . Ug_l(zii—p—l) = exp {Z)\ (/ *Jp+1 — / *Jp+1)}
b s
= exp {M/ d* Jp+1} =1
M

where M is the (d — p)-dimensional surface swept out by the deformation of ¥;_,_4
to Xy, such that OM =%, , 1UX, .

(5.1.8)

5.2 Ward Identity for p-Form symmetries

Recall that in (5.1.2) we saw that we can couple the theory to an (p + 1)-form
background gauge field B,

Sp - Z./Bp+1 A *Jp+1 (521)

with background gauge transformation:

Byi1 — By +d), (5.2.2)

Now let W,(I',) which is supported on I, be the charged operator under p-form
symmetry with charge ¢. Then under the background gauge transformation W,(I',)
transforms as

W,(T,) = exp (z’q /F Ap> W,(T,) (5.2.3)

Expanding to first order in A,

oWq(I'p) = ig (/F Ap) Wo(lp) (5.2.4)

Let or, be the Poincare dual to I', in My such that
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/ Ap A Or, _/ Ap (5.2.5)
M r

P

Then we can write (5.2.4) as

5W,(T,) = iq ( /M A A 5Fp) W,(T,) (5.2.6)

Also from (5.1.3) we have

0S, =1 (—1)7’“/ Ap Nd* Jpiq (5.2.7)
Mg
Now consider the partition function
Z|B] = /ngexp (—S[(b] +@'/ By /\*JpH) (5.2.8)
M
And so
1 .
WT)s = 55 / Dé exp (—s +i / Byir A *JpH) W) (5.2.9)

Now consider the background gauge transformation on (5.2.6) and (5.2.7)
Then the correlator becomes

/ 1 . ,
<Wq(rp)>3 = m/D(ﬁ exp (—S —+ Z/Bp+1 A *Jp+1 + 5Sp> Wq(Fp) (5210)
Now if we expand exp(dS,) to first order in A\, and write

e®5» Wé(rp) ~ (1408, (Wy(Ty) + dWe(Ty)) (5.2.11)
~ Wo(Ly) 4 0We(I'p) + 6.5, We(I'p) ;

So the total variation is

5>\<Wq(rp)>B = /M )‘p A [i(_l)p—H(d* Jp+1(x)Wq(Fp)>B +1q 5Fp($)<Wq(Fp)>B}
(5.2.12)
Finally, we make the argument that gauge transformations are redundancies

and not physical symmetries. So the full correlator must be invariant under B, —
Bp+1 + d)\pi

SNW,(T,)) =0, VA, (5.2.13)
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Now since A, is arbitrary we have

(dr Jpia(x) Wo(lp)) = q 0r, (2)(W,(Tp)) 5 (5.2.14)

Where we have absorbed a factor of (—1)” into the defintion of the poincare dual.
Now setting B = 0 gives us the Ward identity for p-form symmetries

d* Jpy1(x) Wo(T,) = q op,(x € Ty,) Wo(T)) (5.2.15)
If we integrate (5.2.15) over a small (d — p)-ball B4"P and use Stokes theorem

([ axa) wiwa= ([ wg) wir=a( [ bnteery) wir,)

(5.2.16)
But from 7?7 we know

/B . 0i-P(x €Ty) = #(B*7,T,) = Link(S8* 7", T}) (5.2.17)

where #(B4P T,) is the intersection number in M.
If T, tranversaly interesects BY? at exactly one point, then upto a sign deter-
mined by the orientation,

#(B4P.T,) = Link(S**'T,) =1 (5.2.18)

Therefore

(/Sdpl *J”“) Wa(Tp) = Qsinr Wy(lp) = g W) (5.2.19)

So the flux of xJ,1; through the linking sphere measures the p-form charge.

5.3 Action of SDO on Charged Operators

Now that we have the Ward identity, we can derive the action of U,(X4_,—1) on
W,(T',). Let us fix a particular I', and pick a manifold ¥;_,_;) that links with I,
and a manifold ¥, ) that is homotopic to ¥4, 1) but does not link I'j. From
(5.1.8) we get

Ug(Ed—p—l) . Ugfl(zé_p_l) = exp {Z)\/ d* Jp+1} (531)
M

Where g = ¢*. Now we insert a charged operator W,(I',) and take the expectation
value:
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Uy(Sap) Uy (S, JWy(Ty) = <exp (M /M dx J) Wq(rp)> (53.2)

Now if we expand the exponential and use the Ward identity, d x J,1(x) W, (I'y) =
q or,(xz € T'y)) We(I',) the exponent becomes

(z’)\ /M d*J) W,(T,) = (M /M q 5Fp> W,(T,)

= igA #(M,Tp) Wy(T)
= ig\ Link(X4_,—1,1,) Wy(T))

Where #(M,T',) is the intersection number of M with I',. Equivalently, that integer
is also the linking number between ¥;_,_; and I',. Now with (5.3.3) we can write

(5.3.3)

exp (M/M d* J) W,(T'p) = exp (igA Link(X4_,-1, ) Wy(T}) (5.3.4)

Substituting this expression in (5.3.2) would get us:

<Ug(2d—p—1)Ug*1(Eld—p—l)Wq(Fp» = exp (igA Link(Xq—p-1, 1)) (We(I))  (5.3.5)

Now since this is a time-ordered correlator, we can move the insertions past one
another and it would not change anything:

(Ug(Ba—p-1) Wo(T) Ug‘l(zil—p—ln = exp (igA Link(Zq-p-1,T)) (Wy(Ip)) (5.3.6)

Finally if we insert another symmetry defect operator along 3, then inserting
both Ug-1 and Uy along ¥, | is equivalent to inserting no operator along 4, 1
which means

Ug1 (Bg-p1) - Ug(Xgp) = 1 (5.3.7)
And with that we have the action of the SDO on W, (I',):

(Ug(Za—p-1) Wy(T'p)) = exp (igA Link(Xq—p-1,T)) (Wy(Ip) Ug(Eélfpfl)> (5.3.8)
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Chapter 6

Spontaneous Symmetry Breaking

6.1 Goldstone’s Theorem for 0-Form Symmetries

There are multiple ways to approach this theorem. We will consider a Fuclidean
path-integral proof which originally appeared in [23]. For a continuous 0-form global
symmetry with conserved current j* and local operator O(x) at the origin of charge
q the Ward identity is given by

9,3"(2)0(0) = igs (2)O(0) (6.1.1)

Now let us integrate both sides over the d-ball of radius R centered at the origin
and use the divergence theorem. The left-hand side becomes

/ ddxauj“(x)(’)(())—j{ ds, ' (z) O(0) (6.1.2)
BI(R) Sa-1(R)

Here S?1(R) is the sphere of radius R centered at the origin. B¢ is the interior
of the sphere. Also dS; = n; R* dQ,_ is the oriented surface element where d€;_;
is the unit sphere measure and n; is the outward unit normal to the surface.

The integral on the right hand side of (6.1.1) is trivial. it just picks up the delta
function at the origin.

i q/ d?z 59D (2)0(0) = iq O(0) (6.1.3)
Bi(R)

And so we get

fg o 150 010) =g 00) (6.1.4)

Now taking the expectation value of both side gives us
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%um i5, §'2) 0(0)) = iy (©)

= dS; (j'(x) O(0)) = iq (O)
Sd—l(R)

(6.1.5)

Now let = be a point on the sphere S4~1(R). Let n’ be the unit outward normal
at that point so ' = R n’. And consider the correlator

Vi(x) = (ji(z) 0(0)), z € S R) (6.1.6)

Fix the point z. The subgroup of rotations that leaves z fixed is SO(d — 1) and
so Vi(x) is invariant under SO(d —1). Now the only vectors in R? that are invariant
under all of SO(d — 1) are precisely those that are proportional to the radial vector
n'. Therefore,

Vi (6.1.7)

I
=
=
S
S
I
g
=
3@
3@
I

where F'(R) is a scalar function.
Substituting (6.1.7) into (6.1.5) we get

7{ dS;V' = / RN dQy_inn'F(R) = R 'Qy_1F(R) = ig{(O)  (6.1.8)
Sd—l(R) Sd—l

Here Q41 = Vol(S%71) is the area of the unit (d-1)-sphere. Then

iq (O)
F(R) = ———— 6.1.9
( ) Qd_le_l ( )
So the correlator on the sphere is explicitly
p iq(O) '
"(2)O(0)) = —. 6.1.10
G @)00) = G (6.1.10)

There are now two possibilities to consider here:

1. This is the case where (O) = 0. The left-hand side also vanishes. The
symmetry is unbroken here.
2. The (O) # 0 case corresponds to spontaneous symmetry breaking.

i iq{O)n’
U (@)O0)) ~ =5 (6.1.11)

We can see explicitly that there is a power-law in distance correlation in the theory,
and so there must be at least one gapless mode to generate this power-law correlation.
This gapless mode is the Goldstone mode.
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6.2 Golstone’s Theorem for p-Form Symmetries

We will begin by consedering the Ward identity that we derived in 4.2

dx Jpp1(x) Wo(Ty) = iq or,(x € T'y) Wo(T) (6.2.1)

We just need to show that the perimeter law corresponds to a correlation that implies
a gapless mode. So let us just assume that we are in a spontaneously broken phase
with the vev obeying a perimeter law.

(W(T,)) ~ exp(—m P[T,]) (6.2.2)

where the perimeter P[I',] denotes the p-volume of the submanifold I',. Recall in ??
we discussed at length that we can have a perimeter term as a loop counter term.

W(I',) = exp(+m P[I',]) W(T,) (6.2.3)
W,(T,) satisfies the same Ward identity as W (T,),

d* Jpi1(x) Wy(Ty) = ig or, (v € T))) Wy(Ty) (6.2.4)

Now consider a (d — p) ball B¥? that is transversal to [',,i.e, B¥? @ I', such
that they transversely intersect at only one point p with sign(p) = +1 . The ball
B4 has as its boundary the sphere, S%P~! of radius R. So

#(B4P, T,) = Link(S**7', ') =1 (6.2.5)

Now integrate z on both side of (6.2.4) over the ball B4~P. The left hand side
gives us

[ e da@ W)= § el @) W)L (620
Bd-p Sd—r—1(R)
where 6 is a point on the sphere S%?~1. Now since
/ or,(x €T,) = #(B*", T,) = Link(5* 77", T,) =1 (6.2.7)
Bd-p

we have

f o O =TT (6.2.8)
Sd—p—1(R)

Taking the expectation value we get:

( 75 Ty (O (L)) = ig(TW(T,)) (6.2.9)
Sd—p—1(R)



We had already assumed that we are in a spontaneously broken phase,i.e.,
(W(T,)) # 0. And so the left hand side is both non-zero and independent of the
radius R. This implies that the correlation function must be of the form,

(T (O (D)) ~ (6:2.10)

~—
Rdfpfl
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Chapter 7

The Strong CP Problem and
Axions

7.1 The U(1)4 Problem and Its Resolution

Consider QCD Lagrangian for N flavors

1 a apv — [ .
Locp = —ZFWF W +q(i"D,—M)q, q(z) = : , (7.1.1)
qn ()

where F, is the gluon field strength, D, = 0, —igsAj,T* and g = ¢'7°. Define
the chiral projectors to get the left-handed and right-handed Weyl spinors

1= P 1+
) R — )
2 2 (7.1.2)
qr.=Prq, qr=PFgrq.

Pp =

Then the quark part of the Lagrangian(with M = 0) is

['quark, M=0 — q Z’YHD,LLq = QL ?:’}/HD’qu + qR ’i’}/#D#qR. (713)

In the limit of vanishing quark masses m; = 0 the Lagrangian has a classical
global symmetry: U(N)p x U(N)g acting as

qr. > UL qr, qr — Ug qg, (7.1.4)

with Up,Ug € U(N). We can rewrite this using vector and axial rotations

UN)y = {UL=Ur},  UN)a={U, = U}, (7.1.5)
Then
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Now we would work with N = 2 since m,,, mq << Agcp, and so, for at least
these quarks, it would be reasonable to consider the limit of sending quark masses
to zero. Therefore, we should expect the strong interactions to be approximately
invariant under U(2)y x U(2)a. Let us focus on U(2)4 as we have experiments
showing vector symmetry to be a good approximate symmetry of nature. But things
change when we consider axial symmetries U(2)4 ~ SU(2)4 x U(1)4. Here, quark
condensates < Tu >=< dd ># 0 form, breaking the axial symmetry spontaneously.
There are 3 broken generators in SU(2),4, so we expect 3 Goldstone bosons, and
indeed corresponding to these we have the pions. But the ’ meson associated with
spontaneous breaking of U(1)4, as it turns out, is not light and much heavier than
other mesons. Weinberg called it the U(1)4 problem, suggesting that, somehow,
U(1)4 is not a true symmetry of QCD.

A resolution of this problem would seem to be provided by the chiral anomaly
for axial currents. We call classical symmetries anomalous if they are broken in the
quantum theory. Fujikawa in 1979 showed that in the path integral, assuming that

the classical action S[®,,0®,] is invariant under &, — &’

., if there is an anomaly

then the measure D®, is not invariant and in our case the divergence of the axial
current gets an anomalous contribution

9*N
3272

where F,,, = s€wapFP. Therefore, the chiral anomaly affects the action

0, JY = FMEy i, (7.1.7)

2

N ~
5S =a / d*z0,J% = a2 / d*zFPE,,, (7.1.8)

3272
even when classically, in the massless quark limit, QCD is invariant under a
U(1)4 transformation

qr — €°7q;. (7.1.9)

So, it would seem that the U(1) 4 problem is resolved, but it turns out that there
are some subtleties to it. One is that this term is CP violating term, and the second
is that the anomalous contribution that we did get is a total derivative.

FMEy, = 0,K", (7.1.10)

where K* = €A, [Fopy — £ farcApsAcy).
Therefore, S is a pure surface integral

2 2
g°N " g°N /
= Kt = K*. 7.1.11
0S Qoo d*z0, o3 do, ( )
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If we just use the boundary condition Af, = 0 at spatial infinity, the contribution
to the action will be zero, and it would appear that U(1)4 is again a symmetry. It
was not until t'Hoofts’ realization that the U(1)4 problem would finally be resolved.
He understood that the QCD vacuum has a much more complicated structure than
anyone initially thought. It is because of this nature of the QCD vacuum that, in ef-
fect, makes U(1) 4 not a true symmetry of QCD. t’Hooft showed that the appropriate
choice of boundary condition is to take A} as a pure gauge field. That means Aj at
spatial infinity should either be 0 or a gauge transformation of 0. With this boundary
condition, apparently, there are gauge configurations for which f do, K" # 0, and
we can conclude that U(1)4 is not a symmetry of QCD.

Let us work on the temporal gauge A% = 0 and consider SU(2) QCD for sim-
plicity. Then, under a gauge transformation, these fields transform as

A A= QA0+ é(@iQ)Q‘l. (7.1.12)

So, the vacuum configurations either vanish or have the form of pure gauge
é(@iQ)Q_l. In addition, preserving A§ = 0 requires that the residual gauge trans-
formations be time independent. It is useful to further restrict the residual gauge
transformations by letting them approach a constant, which we choose to be unity,

at spatial infinity

Q) =1 as |Z| — oo. (7.1.13)

From a gauge transformation point of view, this restriction above effectively leads
to the space R? being compactified to S?. Therefore, any residual gauge transforma-
tion Q(Z) defines a map

S? — SU(2) ~ S°, (7.1.14)

which fall into homotopy classes labeled by

m3(S%) = 7, (7.1.15)

where n € Z is the integer winding number. This means that Q, : S — S3
has a degree (winding number) n € m3(S®) = Z, so each pure gauge configuration is
labeled by an integer. Two different integers correspond to two topologically distinct
vacua.

It turns out that the integer winding number is given by [3]

Now recall that in (??) we identified the current K*. In the temporal gauge

: 3
n=_9 /d3x Tr(en ALA? AR, (7.1.16)

A% = 0 the only nonzero component is K°, and one can find [3]
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o 4 o
KO = —Sein canAL AL = Sig ey Tr (A4 AY) (7.1.17)

So far for a fixed time t, we have looked at gauge field on that spatial slice. That
3d configuration has some winding number corresponding to how many times the
map from S to the gauge group wraps around. We can see that

- 3272

At early and late times, the field relaxes to pure-gauge vacua. At t — —oo, the

n(t) g / Bz K°. (7.1.18)

configuration is gauge-equivalent to a vacuum of winding n(—oc). At ¢t — +o0, it
approaches another vacuum of winding n(+00). So, the difference in winding number
or topological charge, as it is called v, is given by

d 92 +oo 92
V=" t00 — N0 = /dt— n(t) = 3977 /_OO dt/d?’xaoKO = %/d‘lxaol(o.

dt
| (7.1.19)
Now [d*z0,K° = [d*x0,K" — [d*z0;K'. By the 3d divergence theorem
[ d*z0, K" = fj;o dt [ Pz, K'(t,x) = fj;o dt $;, dS;K' = 0(by the boundary con-

ditions at spatial infinity). Then we get

2 t=4o00

_ _ 9 4 B 92 M
V="|—100 — N|t=—0o = d*z0, K" = do, K

3272 3272  (7120)

t=—00

where we have used the 4d Gauss theorem.

The pure gauges A" = L0 (2))Q, (2), with @, : S% — S% of winding
number n, correspond to different classical vacuum |n >. This is due to the set
of all continuous maps S® — 53 splitting into disconnected sectors. Each such
configuration has S = 0. They are all degenerate classical vacuums. These are the
troughs shown in figure 7.1.

The red path is an instanton trajectory that interpolates between A and A®).
An instanton is a particular classical solution of the Euclidean equation of motion
with finite action that at 7 — —oo tends to a pure gauge of winding n, and at
T — 400 tends to a pure gauge of winding n + 1. In the configuration space, it is a
trajectory that starts in a vacuum trough n, climbs over the barrier, where F' # 0,
so Sg # 0, and ends in a trough n + 1.

The n-vacuum in itself is not an eigenstate of the Hamiltonian; rather, it is the
superposition of these, called the #-vacuum, which is the eigenstate of the Hamilto-
nian. This is the true vacuum defined as

0) = ) e n). (7.1.21)

n
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Figure 7.1. The classical QCD Lagrangian for different classes of gauge field configura-
tions. The original figure is from [4]

Let us calculate the vacuum to vacuum transition amplitude using (7.1.20)

(0160) = Z e e=in (m|n) = Z M=% (1m|n)

m,n

=D " (n+vim) (7.1.22)

_ Z ez‘esgiz [d*acFM Fop (n + I/|m> 7

v,n

where we have defined v = m — n. So, the amplitude is the sum over all the
cases that change the winding number by v. If we rewrite the amplitude as a path
integral over gauge fields, we get

2 ~
016) => / DA e/l § [V - 3;]7T2 / d4xF5”FW} : (7.1.23)

where

2

_ g A 1 7.1.24
Seﬁ'[A] SQCD[A]+‘9327T2/d Z’Fa F, - ( . )

The delta function

2 ~
5 [V - / d'cFE, W] (7.1.25)

restricts the integral to the topological sector with integer charge v.

Thus, we arrive at the consequence of acknowledging the complex structure of
the QCD vacuum. It provides a resolution of the U(1)4 problem, but there is a
caveat: it adds an extra term to the QCD Lagrangian
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2

Lo = (93;2 FME, . (7.1.26)

This term is a CP violating term (it violates Parity and Time reversal, but not

charge conjugation, so it violates CP).

Now, here is the real problem: the existing bound on the neutron electric dipole
moment requires ¢ to be extremely small (§ < 107'°). This is concerning since
there is nothing in our discussions that would make us expect € to be this small.
Equivalently, it indicates that strong interactions preserve CP to an surprisingly exact
degree. The 6 term in the Lagrangian in (7.1.26) does not, in any way, necessitate
that CP should be preserved to such a high and exact degree. This is known as the
strong CP problem.

7.2 The Peccei-Quinn Mechanism and Axion

The most promising theoretical solution to the strong CP problem is the Peccei-
Quinn mechanism [20]. They introduce a new global chiral U(1) symmetry, most
commonly referred to as U(1) pg, which provides a dynamical solution to the strong
CP problem by effectively replacing 6 with a dynamical CP-preserving field-the azion.
The U(1) pg symmetry is spontaneously broken, and the axion is the corresponding
pseudo-Nambu-Goldstone boson. As a result, the axion field a(z) enjoys a shift
symmetry

a(x) — a(x) + af, , (7.2.1)

where f, is the order parameter associated with the breaking of U(1)pg.

The way it works is that the U(1)pg current has a chiral anomaly and the
anomalous term also represents an effective potential for the axion field. At its
minimum, the 6 term is canceled, which effectively restores CP for strong interactions.

But, as always, there is a problem, a quality problem to be more precise.

7.3 The Axion Quality Problem

We have seen that the Peccei-Quinn mechanism relies on the global U(1)pg symme-
try. An obvious problem that was even mentioned in the previous section is that
U(1)pg has an ABJ anomaly, which means that this symmetry is not, in any way, a
symmetry of the quantum theory. There is one more problem, which is that even if
we ignore the anomaly, the U(1)pg is a global symmetry, and in a theory of quantum
gravity, there is no place for a global symmetry. This is due to the no global sym-
metries conjecture [17, 21], which states there are no global symmetries in quantum
gravity (i.e. any symmetry is either broken or gauged).
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This is a serious problem, since the experimental bound on 6 requires an abnor-
mally intact PQ symmetry, which in turn means that the global axion shift symmetry
must be well preserved. Any small explicit breaking of that symmetry will give rise
to potential terms, which would hamper the PQ mechanism and its ability to cancel
the 6 term in QCD. This is the so-called azion quality problem.

One elegant solution to this stands out because of its ability to produce axions
of exponentially good quality (see next chapter). This requires us to abandon this
whole idea of the U(1) pg and its spontaneous breaking and instead work in a higher-
dimensional gauge theory, where the axion arises as the zero mode of the higher
dimensional gauge field. The next chapter will explore this.
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Chapter 8

Higher-Form Symmetry As a
Probable Solution To The Axion

Quality Problem

8.1 Introduction

The quality problem being exponentially less severe indicates that it favors axions,
which naturally arise from the compactification of extra spacetime dimensions. In
this chapter, we will consider a U(1) gauge theory in 5d, where the gauge field C
is compactified to 4d on S'. We will find out why we claim that constructions like
these produce axions of exponentially good quality, and how non-local effects play a
role in it. The discussion that follows will mostly follow [17, 22]

8.2 The Axion As a Kaluza-Klein Zero Mode

For our purposes, let us consider a minimal extra-dimensional axion model consisting
of a one-form U(1) gauge field and a one-form SU(3) gauge field Ag on a R'3 x 1
spacetime. The field strength of the U(1) and SU(3) gauge fields will be denoted by
dC and G respectively. Let us consider the following 5D action

1 1
S5D — / (—ch A*dC — Ftr [G VAN *G]
& % (8.2.1)

+££CAUWAGO,

872

where g5 and e are the 5D gauge couplings of C' and Ag respectively, and N € Z.
We define the 4D axion 6 as a Kaluza-Klein zero mode of C

0(z) = /sl C= /027rR Cs(z,y) dy (8.2.2)
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The axion has a periodicity 6 — 6 + 2mn that comes from the 5D large gauge
transformation C' — C' + d\ where the gauge parameter A is not single-valued on
the circle. A can wind the circle. Consider A\ whose values after one loop around S*!
shifts by 27n:

Az, y+27R) = Nx,y) + 2mn,, nez (8.2.3)

and so if we recall our discussion on Wilson loops in (4.7.4) we can write

}{ d\ = ANy + 27R) — My) = 2mn (8.2.4)
S1
Therefore under C' +— C' + dA
0(x) — (C'+dX\) =0(x) +/ d\ = 0(z) + 2mn (8.2.5)
st st

So the 27 shift symmetry of the axion comes from the invariance of the theory
under large gauge transformations.

Now let us see what happens to each of the terms in the action (8.2.1) after
dimensional reduction. Let us use coordinates z = (z*,y) where y € [0, 27 R). The
field strength Fyyny = 0y Cn —OnChy. First of all, if we keep to zero mode, the axion

becomes
2R
0(x) =/ C :/ dy Cs(z,y) = 2nR CV(x) (8.2.6)
st 0
We can write the 5D kinetic term for the U(1) gauge field as
L ac awdc =~ [ dx By PV (8.2.7)

For zero modes the only nonzero components relevant for the axion are Fj; =
0,Cs, F"> = 9'C5 and since

FynFMN = 2F s FW + F,, F*. (8.2.8)

Dropping F),, zero mode piece gives us

1 1 1
—— | &Pz F FMN  — — | &z 20,C5 O*Cs = ——/de 0,C5 0'C
4952) MN 4952) w5 5 29§ s 5
2R
- - / d'z 9,c orc”
295

(8.2.9)

Now using (8.2.6) we can write
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2TR 2mR 1
- d! O grol® = /d4 0,0 0"0
29?, / z 0,C5" 0'Cy 29% I(27TR)28“ 0

YA \ )
= 2(g§27TR)/dx@u98 0.

And so after dimensional reduction the 5D kinetic term for the U(1) gauge field

(8.2.10)

becomes

1
2mR g2’

1
/_§f2d9 Axdd, 2= (8.2.11)

8.3 Associated Higher-Form Symmetries

Let us ignore the gluon coupling in (8.2.1), as those are only relevant when we want
to generate the canonical QCD axion potential, and just look at the free abelian
gauge field C' in 5d

Swz/(—izd()mdc). (8.3.1)
295

In the free 5d theory there is a global electric 1-form symmetry U (1)21) and a

magnetic 2-form symmetry U (1)2?. They have currents J. and J,,, respectively

1 1
Jo=—=dC , J,=-—dC, 3.
e * o (8.3.2)
where J, is conserved
1
dJ, = ?d(*dC) =0 (8.3.3)
5

because of the equation of motion d x dC' = 0 and conservation of J,, follows from
the Bianchi identity ddC' = 0.

Recall from chapter 4 that an 1—form symmetry shifts the gauge field by a closed
1-form. Similarly in 5d, the electric 1-form symmetry transformation shifts the gauge

field

C — C+A, (8.3.4)

where A is a closed 1-form but not exact.

Now, here is the important part. We find that the axion shift symmetry is
embedded in this electric one-form symmetry. If we focus on the S! part of the
symmetry and consider the axion 6 = fsl C, then under the one-form symmetry

0—>9+%A:9+a : a € [0,2m). (8.3.5)
S1
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We can also see this in another way if we consider the dimensional reduction of
the current J..
Recall that

0,y = 9(2) 8.3.6
@) =52, (53.6)

then we adopt the following ansatz
— 9 dy = b(x) d 8.3.7
C=C5 () dy = 5 — dy (8:3.7)

to get
1

dC' = —— df N\ dy. (8.3.8)

2R
Since we are working with a metric that is a direct product, we can use the
Hodge star property to write

1 1
*5 dC = ﬁf *5 (d@ A dy) = omR *4 do s (839)

where %4df is a 3-form in R'3. Then after dimensional reduction the current
becomes

Ji = 7 ;TR *df = f2xdb (8.3.10)
which is exactly the O-form axion shift symmetry current J, = f2 x db.

On the other hand, the RY3 part of the shift provides the familiar 4d one-form
symmetry.

Therefore, in this higher-dimensional model the O-form axion shift symmetry
naturally arises from the U(1), electric 1-form symmetry.

The reason why this is a crucial observation and also why we are bothering to
work our way through these kinds of models is this: the axion shift symmetry is what
protects the 4d axion potential [22]. We can see this if we consider the 4d action
after dimensional reduction

Sip D / (—%Fd@ /\*dé’) : (8.3.11)

Here the 4d action is invariant under the global shift

0(z) — 0(x) + «a, (8.3.12)

with constant a. The associated Noether current is exactly what we got above,
ie. J; = f2%df. Now, if we have an exact symmetry § — 6 + «, then any local
operator in the 4d field theory must be invariant under it. That forbids a mass term
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and any potential function V' (6). The only local terms allowed are terms depending
on df [17]. However, these cannot generate an axion potential.

Returning to our original observation, since this axion shift symmetry, as we
have seen, is embedded in the U(1), electric 1-form symmetry, to assess the quality
of these axions, we need to look at the ways in which this 1-form symmetry can
be broken or gauged. The embedding of the shift symmetry then requires that if
the axion were to acquire a potential, then this shift symmetry, and in which it is
embedded, i.e. the electric 1-form symmetry must be broken.

Fortunately, 1-form symmetries have their advantages which will help us. First
of all, there are, in general, less ways that a 1-form symmetry can break, and second,
even if it breaks explicitly, it would have very little effect in the IR physics compared
to O-form symmetries. This robustness of higher-form symmetries is discussed in
[14]. We will learn more about this in the next section, where we discuss electrically
charged matter.

8.4 Modifying the Electric One Form Symmetry

8.4.1 [Electrically Charged Matter

The first case we will consider is when we add electrically charged matter to the free
theory. It is the most straightforward way to explicitly break the electric U (1)&1)
one-form symmetry. Consider that a charged particle has field ¢ with electric charge
q € Z under C. Then the action becomes

S[C, @] = / [—z—zgdc AxdC + (D¢) A x(Dp) + V(|¢]) (8.4.1)

where D¢ = d¢ — iq C'¢. If we vary C then the free part becomes

1
Sisee = = —78(dC) A dC
5

1
= —3d(6C) A xdC (8.4.2)
5

1

——2(50) ANdxdC
5

where in the last line we did integration by parts and discarded the boundary.
And if S,, = [(D@®) A %(D¢) then §(D¢) = —iq(6C)¢ and §(Dg¢) = iq(6C)¢

then variation of the matter term is
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asm-/h%D¢»«wL@>+<D¢>A*&D&M
= / [~iq(6C)¢ A x(D) + (D) A* iq(6C)g] (8.4.3)
:=/50AmmA*uw»—m¢AﬂDw1

Define the 4-form current 7V = igd Ax(D¢) —iqgdp A+(D¢) and let juapter = %7
be the electric flux source, then the U (1)&1) current equation gets modified and has
the form

dJe = jmatter (844)

Therefore the electric current is no longer conserved. If we define the 1-form
charge on a closed 3-manifold X3

Qe(zfi) - /2 Je (845)

then deforming 5 to ¥} through a 4-manifold M,

Qﬁw—%@@Z/dkzéﬂmw (8.4.6)

M
we see that (). is no longer topological. The operator on the right hand side on
(8.4.6) measures the total electric charge enclosed by M,. Now since all dynamical
charges come in integer multiples of ¢ then the violation ). is also a integer multiple
of q.

/ jmatter € C]Z (847)
My

And so (). is no longer invariant under deformations of Y3 that sweep across
matter worldlines. It now jumps by multiples of q. Consequently U.(33) ceases to
be topological unless

) ) 2
e BQe) — givam — | Yy e 7 = q € —WZ. (8.4.8)
q

Therefore the continuous U (1)21) is explicitly broken down to a discrete subgroup

v — ozl (8.4.9)
And so only the exponentiated generator
2mik
q

Uer(X3) :=exp < Qe(Zg)) , keZ (8.4.10)
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is topological. These generate the discrete Z((ll) symmetry. One way to see this is to

note that now we can have endable Wilson lines. A field ¢ would have to be attached
to a Wilson line of charge ¢ to make a gauge invariant operator out of it. Then such
a Wilson line can end or, as occasionally seen in literature, be screened. So Wilson
lines of charge nq, where n € 7Z, can end on ¢ operator insertions. Therefore, the
continuous U (1)21) breaks down to a discrete Z\" 1-form symmetry.

We can now discuss how this explicit breaking of the electric 1-form symmetry
gives rise to an effective potential for the axion. Local 5d terms that depend on
the field strength ' = dC, after dimensional reduction, become 4d terms depending
on df. These terms cannot generate an axion potential. To get V(f) we can make
a heuristic argument: instead of integrating over the charged field ¢ in the path
integral, we can sum over the 1-dimensional worldlines v traced out by 5d particles,
which we will treat as heavy objects. So we are summing over closed loops v in the
5d Fuclidean spacetime, including the loops formed by the particle wrapping the 5d
circle S* with winding w. The worldline action for the particle is,

S(v) = /vad dT+iq/WC (8.4.11)

where 7 is the proper length along the worldline. The coupling of the particle
to the gauge field is iq fWC’ = iq fW(C’# dz* + C5 dy). We will focus on the term
involving C5 because that is what will generate V (6).

If we integrate over y for a loop that does not wind the circle (w = 0), then
f,y Cs dy = 0, which has no dependence on 6. On the other hand, for a loop that
winds w times around the compact dimension:

/C'5 dy = w/ Cs dy = wb (8.4.12)
gl St

So for the potential V' (#) we will only have to consider loops with w # 0. This
integer w € Z labels topologically distinct sectors of the path integral. A deformation
that stays within a given w cannot change w homotopically. Therefore sectors with
different w are disconnected. Now there are saddle point contributions to the path
integral from each of these topological sectors, which means within each sector, the
classical configuration that minimises the Euclidean action is a circular loop wrapping
the S! exactly w times. Such wrapped worldlines are sometimes called Euclidean
worldline instantons. Then the proper length of the loop is just 27 R |w|. And the
action becomes

SE:m5d/dT+z'q/C
y y (8.4.13)

~ 21 Rwmsg + 1qwb
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We can now estimate the sum of contributions from winding numbers +w. The
effective potential as a sum over all worldline instantons

V(0) x Z e~ SE(Ww) | o=Se(1-w)
weN

o 6—27rRm5dw(€iqw9 + e—iquﬁ) (8414)

—2rRmsgqw

x e cos(wqh)

This potential is exponentially small when the extra dimension is large [17].
This exponential suppression of the axion potential is the exponentially good quality
that we have been mentioning in the previous sections.

8.4.2 Gauging the Magnetic Two-Form Symmetry

The next way through which the one-form symmetry can be broken is by gauging
the magnetic two-form symmetry. We can do this by introducing a three-form gauge
field K, coupling C'. Consider the action

1 1 M

2
95 €k

Here, e is the three-form gauge coupling and M € Z.
Let us try to see the conservation equation for J. using the equation of motion
of C'

555 = / {—%5@0) A *dC + 2%[( Ad(dC)| =0 (8.4.16)
5 m

Performing an integration by parts and identifying the current J, = g% *dC', we
arrive at the equation of motion ’

dJ, = %dK, (8.4.17)
2T

which clearly indicates that the electric 1-form symmetry is explicitly broken. If one
tries to make it work by redefining the current,

1 M
!
- —5 - . .
Jo= g xdC = 3K, (8.4.18)

which would satisfy dJ. = 0 but if we observe the SDO built from the current,

U(5s) = exp (m /Z 3 Jg) (8.4.19)

we can see that it is not gauge invariant under large gauge transformations of
K unless o = 27Z/M. A large gauge transformation of K is K — K + dA] .,
where dAj,,. is a closed 3-form whose periods are quantized f23 dNarge = 277 for

any closed 3-cycle ¥3. Under K — K + dA],__. the integral over Y3 shifts by

large
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M

Jé — Jé 5 dA{arge, (8.4.20)
N s T Jss

and the SDO under this transformation picksupa phase

U (5) = exp (m /E 3 J;> . exp (—iaMn). (8.4.21)

Then for SDO to be gauge invariant,

aMn € 21Z , Vne€Z = alM € 2nZ (8.4.22)
Thus

27k
= ke 8.4.23
a= T2 (8.4.23)
What this means is that the electric U(1), 1-form symmetry is broken down to
a Zg\? symmetry.

Now we vary the action with respect to K

1 M
655 = / [—TéK ANd*dK + —6K NdC'| = 0. (8.4.24)
€% 2T
So, the equation of motion for K is
M
dxdK = e5,—dC. (8.4.25)
2T
If we integrate this equation, we get
M
*dK = e%%(C — B), (8.4.26)

where [ is an arbitrary closed 1-form, i.e. d8 = 0. Then substituting the expression
for dK into the equation of motion of C' would give us
M2
dxdC = g2er.— » (C — B). (8.4.27)
472
This is the equation of motion of a massive vector field. So, C' becomes massive
with mass m¢o = gsex M /2.
Now, if we dimensionally reduce this equation, then it becomes a mass equation
for the axion
€4 M?

where
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CK .4 M
= = 8.4.29
me 27Tf ) ( )

and kis an arbitrary closed 0-form.

8.4.3 Gauging the Electric One-Form Symmetry

An interesting case to study is when we gauge the electric U (1)21) one-form symmetry.
As we will see, gauging makes symmetries exact, which means that the electric one-
form symmetry cannot be broken. Therefore it is natural to expect that the axion
would not acquire a mass; however, via a Stueckelberg mechanism we can think of
the axion getting a mass as it gets "eaten” by a gauge field.

In the ungauged theory, the electric 1-form global symmetry acts as a shift by a
flat 1-form A

CC+A (8.4.30)

To gauge this 1-form symmetry, we promote A to an arbitrary 1-form A(z)
without needing any flatness condition. We introduce a 2-form gauge field B so that
the action,

1 1

€B g5

where ep is the bd gauge coupling of the 2-form B, is invariant under the com-
bined gauge transformation

C— CHEkA, B — B+ dA (8.4.32)

Therefore, the electric 1-form global symmetry has now been promoted to a local
symmetry. Requiring A to be flat would recover the global symmetry. If we vary the
action with respect to C' we get

1 1
5 5

where we have done integration by parts and dropped the boundary term. Then
the equation of motion is

d Bg « (dC - /{;B)} 0. (8.4.34)

This motivates us to define the gauge invariant refined electric current
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1 1 k
Jé = —2*(d0—kB) = —Q*dC——2*B
gs gs g5 (8.4.35)
J,
This current is exact. To see it, we need to look at the equation of motion for

B. Let X =dC — kB then, 0X = —k0B and

55 = / [—izd(aB) AxdB — %5}( A *X]
e g
B 5

_ / [1253 A d(xdB) + — (k) A *X} (8.4.36)

€B 95
1 k
€B 95

Recall that we had defined the refined electric current as

1 1 k
95 95 95

Then the equation of motion for B comes out to be

Jl

e

1
kJ! = —%d(*dB) (8.4.38)

One immediate consequence of this exactness is that the current is conserved
dJ, = 0.
After dimensional reduction the action in (8.4.31) becomes

st = [ (L GA A dd - 1f2(de — kA) A (A0 — KA) + ... ), (8.4.39)
2¢2 2

€B.4

Where A is the one-form zero mode of B and ¢34 = e(2mR). In components
that is

~ ~ 2 ~ ~
Sid — / [— 4; E, B — 7(a,ﬁ — kA, (0" — KA*) + . .. (8.4.40)
B4

The local symmetry( descended form C' — C + kA, B — B+ dA in 5d ) is

0= 0+k\z), A, — A, +9\() (8.4.41)
Since # shifts by kA(x) we can always choose A(z) = —60(z)/k. In this gauge

/ Al e 1
0 =0, A, =400 (8.4.42)
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Then the action

1~ ~,, [+~

54 = / — iz Fw " = SRAA (8.4.43)
Ba

We can see that 6 has completely disappeared from the theory. and the vector

is massive with mass m 3 = k ep4f. The shift in 6§ was a redundancy in the theory.
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Chapter 9

Conclusion

In this thesis, we developed a systematic framework for higher-form symmetries and
demonstrated how they provide a natural resolution of the axion quality problem.
The central conceptual shift underlying this work is the transition from viewing sym-
metries as acting solely on local point operators, to recognizing that symmetries can
act on extended objects such as lines, surfaces, and higher-dimensional defects. This
generalized perspective reorganizes the structure of gauge theories and imposes pow-
erful non-perturbative constraints invisible in the traditional symmetry framework.

We began by formulating ordinary global symmetries using topological sym-
metry defect operators, showing that their action is encoded through linking with
charged operators. This naturally generalizes to 1-form and p-form symmetries,
whose charged objects are extended rather than point-like. For 1-form symmetries,
we constructed the corresponding defect operators, proved their abelian nature, and
analyzed their action on Wilson and 't Hooft lines using intersection theory. In this
framework, the Coulomb phase of electrodynamics emerges as the spontaneously
broken phase of a continuous electric 1-form symmetry, with the photon playing the
role of the associated Goldstone mode.

With this symmetry structure established, we turned to the strong CP problem
and axions. While the Peccei-Quinn mechanism solves the strong CP problem by
promoting the QCD #-angle to a dynamical field, the exceptional quality required
of the axion shift symmetry poses a deep theoretical puzzle, especially in light of
expectations that global symmetries are forbidden by quantum gravity. The central
result of this thesis is that higher-form symmetries provide a precise and technically
natural explanation of axion quality when the axion arises from a higher-dimensional
gauge field.

We showed that wrapped worldlines of heavy charged particles generate the
allowed axion potential with exponential suppression. In this way, higher-form sym-
metry dictates the structure of the axion potential, while dynamics dictates its small
magnitude.
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While this thesis has focused on a five dimensional gauge theory compactified
on a circle, the underlying mechanism could be extended to broader and much more
interesting theories. Axions may arise from general p-form gauge fields integrated
over non-trivial p-cycles ¥, in higher-dimensional spaces [17], with exponential sup-
pression controlled by the cycle volumes suggesting that axion quality can be further
improved in large-volume compactifications.
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