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Abstract

This thesis explores the design of information structures in a Bertrand duopoly with
differentiated products under demand uncertainty. Specifically, we consider a set-
ting in which two firms compete in prices while facing a common uncertain demand
parameter, which we modeled as a random variable over the unit interval. Drawing
inspiration from the framework of Bayesian persuasion, we examine how posterior
beliefs, induced through noisy signals, affect equilibrium payoffs. By comparing the
expected profits under prior and posterior beliefs, we show — using Jensen’s inequal-
ity — that firms achieve strictly higher expected payoffs under the prior belief than
under the posterior when the governing interaction terms lie in a certain interval.
This result illustrates that more precise information can be strategically disadvan-
tageous in a Bayesian game with continuous action and type spaces. Furthermore,
we extend this finding to an n-player symmetric setting, where we discover that the
aforementioned interval shrinks as the number of competing firms increases. These
insights contribute to a deeper understanding regarding the role and value of private
information in oligopoly pricing games.

Keywords: Information Design; Bertrand Duopoly; Bayesian Game; Industrial
Organization, Bayesian Inference
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Chapter 1

Introduction

Markets with only two dominant firms—referred to as duopolies—are of enduring
interest in economics, industrial organization, and game theory. These environments
offer a tractable yet rich setting for analyzing how firms make strategic decisions
under competition. From an economic standpoint, duopolies lie at the intersection
between monopoly and perfect competition, making them crucial for understanding
market efficiency, pricing behavior, and welfare implications. Mathematically, they
allow the formulation of elegant yet nontrivial models involving optimization, equi-
librium analysis, and strategic uncertainty. In particular, game-theoretic approaches
to duopoly, such as Bertrand or Cournot competition, enable rigorous analysis of
how firms respond to informational asymmetries, external signals, and beliefs about
rivals. This makes the study of duopolies not only foundational in microeconomic
theory but also a fertile ground for applying Bayesian methods and mechanism de-
sign. To that end, let us begin the discourse by examining the structure of a basic
duopoly game:

1.1 Defintion of Duopoly

A duopoly can be defined as a strategic (normal-form) game with the following
components|[14]:

e Players: Two firms, denoted as Firm 1 and Firm 2.
e Strategy Sets:
— Each firm’s strategy is a choice of elements:
s; € S;=10,00), fori=1,2
e Payoff Functions: Each firm has a payoff function:
mi(s1, $2) = Revenue; — Cost;

where 7; is the profit of Firm ¢, and it depends on both its own strategy and
the strategy of the other firm.

e Information: The game typically assumes complete information, meaning
each firm knows the structure of the game and the payoff functions.



e Solution Concept: The outcome is analyzed using the concept of Nash
Equilibrium. A pair of strategies (s}, s3) is a Nash equilibrium if:

m(s],s5) > mi(s1,s5) forall s; € 5y

mo(s], 55) > ma(s], s2) for all sy € Sy

That is, no firm has an incentive to unilaterally deviate from its equilibrium
strategy.

1.2 History of Bertrand Duopoly

Historically, inception of the duopoly model took place in 1838 when Antoine Au-
gustin Cournot began studying general oligopoly (n-firm) competition [1]. Cournot
laid the foundation of this theory by proposing a solution concept for oligopolistic
interaction, examining both cases of substitute and complementary products,
studying the stability of proposed solutions. The Cournot model distinguishes it-
self by modeling competition in quantities, i.e, each s; € S; = [0,00) is a specific
quantity to be chosen by each firm. In his suggested solution concept, the quan-
tities produced by each firm would fluctuate until the output of any firm is the
best response to the output of all other firms. This occurs when each firm chooses
an output level that maximizes profits given the outputs chosen by the rivals. As
a result, a Nash equilibrium is established for both substitute and complementary
goods and - as asserted by Cournot - at a price above the cost of production.

However, in 1883, Joseph Bertrand presented a duopoly model where the strategy
space is composed of prices rather quantities. In this model Bertrand proved that
despite Cournot’s assertion, the equilibrium price does not settle above of the cost
of production [24]. According to Bertrand’s result, even in a 2-firm (duopoly) game,
when firm 1 decreases its price, firm 2 must also decrease its price for consumers
will always choose the firm offering the lower price. Thus the prices offered by the
firms will sequentially decrease until it equals the cost of production. This is the
state known as perfect competition where all firms accrue zero profit. As this
solution is trivial, in this paper we shall consider the Bertrand Pricing Game with
differentiated goods in order to avoid the state of perfect competition.

1.3 Supermodular and Submodular

In more modern treatments of oligopoly pricing games, we introduce the notion of
a smooth supermodular game defined as:

G = (N, (Si,)ien),

where N := {1,2,...,n} is the set of players, S; is player i’s strategy space, a
compact cube in R™, and 7; : S — R is her twice continuously differentiable payoff
function, where S := X;enS;. Let s_; € S := Xjen\(i}9; denote the strategy
profile of all players except 7, and s;, denote the hth component of the strategy s;
of player i. Then, G is smooth supermodular if, for every player i € N, m;(s;, 5_;)



(i) is supermodular in s;:

0?mi(s4,5_4)
————2>0 forevery h,k € {l,...,m} with h # k and every s € S, and
0sin0sik;

(ii) has increasing differences in (s;, s_;):

0? i\Si> S—i o S - .
% >0 forevery s €S, everyi,j € N with ¢ # j, and every h, k € {1,... ,m}.
SihUS;

Analogously, we define a smooth submodular game as follows:
G = (N, (Si, ui)ien),

where N := {1,2,...,n} is the set of players, S; is player i’s strategy space, a
compact cube in R™, and 7; : S — R is her twice continuously differentiable payoff
function, where S := x;enS;. Let s_; € S_; := Xjen\(i}9; denote the strategy
profile of all players except i, and s;, denote the hth component of the strategy s;
of player i.

Then, G is a smooth submodular game if, for every player i € N, m;(s;,$_;)

(i) is submodular in s;:

0?mi(s4,5_4)
————2 <0 forevery h,k € {l,...,m} with h # k and every s € S, and
8sih83ik

(ii) has decreasing differences in (s;,s_;):

2
M <0 forevery se€ S, everyi,j € N with i # j, and every h, k € {1,...,m}.
0Sih88j

As seen through the works of Topkis (1978, 1998) [4][11], Vives (2001)[13] and Ti-

role (1998), [6] classification of oligoploy games into supermodular games allowed

the usage of Tarki’s fixed-point method and related results (altogether termed the
lattice-theoretic method) to efficiently find a Nash equilibrium. In oligopoly termi-

nology, supermodular and submodular games are synonymously referred to as games

of strategic complements and strategic substitutes, respectively. In the latter case,

the lattice-theoretic approach is not viable and it is pertinent to use the Kakutani

fixed-point theorem instead. Regardless, a slew of results on supermodular oligopoly

games compiled by Vives (2018) [21] elaborate on the existence and uniqueness of

equilibrium when regular calculus and convex analysis fails.

1.4 Incomplete Information

Since the 1990s, research on oligopoly games has shifted towards focusing on in-
complete information scenarios[22]|, where each firm has does not have complete
knowledge of the actions, strategies or payoffs of its competitors. Since our pa-
per revolves around a game of this type, let us look at a concrete example of an
incomplteme information oligoply, taken from Vives (2001) [13].
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1.4.1 An Illustrative Example

Consider a Cournot oligopoly with n firms, indexed by i € N = {1,2,...,n}. The
market inverse demand function is given by:

P(Q)=a—-Q, where@ = En:qj
j=1

Each firm simultaneously chooses a quantity ¢; > 0 to maximize its expected profit.
This game has the following major components:

e Each firm ¢ has a private marginal cost ¢; € ©;, = © =C [¢, ¢], independently
drawn from a commonly known distribution F(c;). The type of firm i is
Hi = ¢

e The profit function of firm 7 is
(G, q—iy i) = (P(Q) — ci)g = <a - Z%‘ - Ci) i
j=1

e A pure strategy for firm 7 is a measurable function

s; : ©® = R,, mapping type ¢; to output ¢;

In these types of games the goal is to maximize the profit conditional on the in-
formation structure produced by the uncertain marginal costs of each firm. By
definition, these are Bayesian games which introduces more restrictions to the so-
lution concept used to find a pure strategy Nash equilibrium. Formally, they are
defined as:

Definition 1. A Bayesian game consists of

e A set of players N;

o A set of strategies for each player i: S;;

o A set of types for each playeri: 6; € ©;;
o A payoff function for each player i: m;(s1,..., S5, 01,...,01);
o A probability distribution P(6.,...,0;7) over types

With the solution concept determined by a Bayesian Nash Equilibrium (BNE):

Definition 2 (Bayesian Nash Equilibrium). The strategy profile s(-) is a (pure
strateqy) Bayesian Nash equilibrium if for all i € N and for all ¢; € ©;, we have
that

si(ci) € argmax/ﬂ—i(sgvs—i(c—i)aCiac—i)P(C—i|ci)‘

s;ESi



For Cournot Oligopoly under consideration, a BNE is a profile of strategies (s7, ..., s}
such that, for each firm 7 € N and for all ¢; € O,

(a —q; — Z 5;’(03‘) - Cz‘) Qi]

JFi

si(¢;) € argmax E._,
qi=0

Note that the E. , written above is the expectation operator which represnts
integrating a function with respect to the probability distribution of c¢_;. Hence,
this is the same expression given in Definition 2. Additionally, Vives (2001) [13]
provides a set of sufficient conditions for guaranteeing the existence of a pure strategy
Bayesian Nash equilibrium in both Bertrand and Cournot settings with incomplete
information (e.g., uncertainty in marginal cost or demand intercepts).

1. Compact and Convex Action Sets: For all 7, the strategy space A; C R
is non-empty, compact, and convex.

2. Continuity: The payoff function 7;(a;,a_;;6;) is continuous in (a;,a_;) for
every fixed 0; € ©,.

3. Measurability: The function m;(a;, a_;; 0;) is measurable in 6; for every fixed
strategy profile (a;,a_;).

4. Quasi-concavity: The payoff function 7;(a;, a_;; 6;) is quasi-concave in a; for
each a_; and 6;.

5. Finite Number of Players: The player set N is finite.

Keeping the above developments in mind, we shall look at one last important seg-
ment of modern game theoretic research before we explicitly present the duopoly
model this paper concerns with.

1.5 Persuation Theory & Information Design

The study of Bayesian games underwent a remarkable evolution with the publication
of the seminal paper Bayesian Persuasion by Kamenica and Gentzkow (2011)[15],
which gave rise to the modern theory of information design in strategic settings.
The central insight of the paper is that a sender—an agent who has access to private
information—can influence the behavior of a receiver by strategically controlling the
flow of information. Rather than fully revealing their private signal, the sender may
commit to a signaling mechanism (or information structure) that shapes the re-
ceiver’s beliefs and ultimately their actions.

This problem is formalized using tools from convex analysis, where the sender’s
optimal strategy is to induce a distribution over posterior beliefs that maximizes
their expected utility. The key mathematical device is concavification—that is, the
sender’s value function is characterized as the concave envelope of the expected util-
ity as a function of the receiver’s beliefs. Importantly, the paper shows that more
information is not always better: withholding or garbling information can yield
more favorable outcomes for the sender, a result that has significant implications for
strategic communication and market design.



The framework introduced by Kamenica and Gentzkow has since evolved into a
broader theory of information design, applicable to a variety of economic environ-
ments, including auctions, regulation, and industrial organization - the latter of
which concerns the oligopoly games we are currently studying. Within this con-
text, researchers have extended persuasion theory to games with multiple agents
and strategic interactions.

Our thesis draws inspiration from this literature by applying the tools of informa-
tion design to a Bertrand duopoly with differentiated products and uncertainty.
Specifically, we reinterpret the classic price competition model through the lens of
Bayesian persuasion, where a metaphorical sender designs private signals about a
underlying demand parameter. The goal is to understand how signal structures
affect equilibrium pricing strategies and firm profits in settings where both players
react strategically to the same uncertain economic fundamentals.

1.6 The Model

In this thesis we consider a simplified version of the influential model proposed by
Vives & Singh (1984) [5]. Particularly, we look at a linear demand function governing
the price competition between two firms where we introduce a random variable Y
(realized by y) with support [0,1]. This RV acts as a common uncertain parameter.

Looking at the explicit model, let

¢ = Di(y,pi,p—i) =1+y—pi+ Bi+7-y) pi (1.1)
be the demand of the product produced by firm i € 1, 2 where:
e (3,7 are known parameters, (3; +v; -y) € (—=1,1), and y ~ Fy(-) over [0, 1],

e p; and p_; refer to the prices of each firm and its rival respectively and p;, p_; €
[0, p] where D is some theoretical maximum price

While we will look at the reasons for doing so in a later chapter, in order to maintain
(Bi +7vi-y) € (—1,1) Yy € [0,1] we must let § € (=1,1),yv € (-1 — 5,1 —0). We
shall split our work into two cases:

1. By = B2 and ;1 = 79; meaning symmetric parameters. This case aptly leads
to a symmetric game.

2. 1 # P9 and 1 # 79; meaning asymmetric parameters. This case aptly leads
to an asymmetric game

From the above demand function we can derive the revenue of each firm by consid-
ering the product:

G- pi = pill +y = pi + Bip—i + viyp—i) = L+ y)pi =07 + (Bi + i y) - pi - p—i

As our focus is on solely studying the information structures arising from the un-

certain demand, we shall allow the cost of production to be constant. On that note,



we can even let the cost function become zero (C;(q;) = 0) for our convenience *.

As a result, the profit (payoff) function of firm i is given by:

mi(y, pi,p—i) = qipi — Cilq;) = (L +y)pi — p; + (B + viy)pip—i  (1.2)

Observe that o )

Ti\Y, Diy P—i

YT Bi+iy (1.3)

which means, using the definition from Section 1.3, our model produces a super-
modular (submodular) game whenever §; + «; - y is non-negative (non-positive).

1.6.1 The Information Game

At this point we explicate the information design aspect of this game by elaborating
on the role of the parameter y. As stated before, it represents the realization of
the RV Y but what does this RV really entail? In simple language, the demand
function ¢; of firm i tells us, in terms of quantity, the demand for the specific goods
produced by firm ¢. Naturally, such a function should depend on some parameter
which captures the total consumer demand of the goods produced by both firm i
and its competitor firm —i. This parameter is y. However, as happens in the real
world, this value is uncertain - making this a game of incomplete information.

As a result, both firms assign subjective probabilities (called beliefs) to the true
value of total consumer demand. These beliefs, which we take to be common be-
tween the two firms, are represented by the RV Y over Fy (y) with support [0,1]. It
must be noted the Cumulative Distribution Function (CDF) Fy (y) does not govern
the true distribution of the demand but rather their subjective understanding of it.

To better this subjective understanding, each firm tries to gain some private in-
formation about the y. We represent this firm specific information as independent
signals x; which shed some new light on actual value of y. In real world terms, this
x; can be the manifestation of some survey or market analysis. Unlike in Kamenica
& Gentzkow (2011) [15], we consider the sender of these signals as part of ” Nature”

rather than a player in the game. We assume the signals z; come from a common
CDF Fx(x) over [0,1].

With this above addition, it is quite clear that the our model represents a Bayesian
game since:

1. Players: We have a player set N = {1, 2}

2. Strategy Sets: Each firm chooses a price p; € R, from a compact set [0, p]

3. Type Space: Each player has a private type x; taken from the type space
0, =0 =0,1]

4. Payoffs: The profit function for player i is:

7i(y, i p—i) = (L+y — pi + (Bi + viy)p—i) Pis

which is continuous in actions.

ITo what extent these assumptions affect the generality of the model will be addressed in a
later chapter



5. Distribution A probability distribution Fx(z) on the types x;

We may also mention that the derived payoff function it fulfills the criteria of Rosen’s
Existence Theorem (Rosen, 1965) [3]:

e Compact and convex strategy sets: Each firm chooses its price p; €
[0, p] C R. This strategy space is compact and convex.

e Continuity and differentiability: The profit function m;(y, p;, p—;) is con-
tinuous and continuously differentiable in both p; and p_;.

e Concavity in own strategy: For a fixed y and opponent price p_;, the profit
function of firm ¢ is a quadratic function in p; with a negative coefficient on
p?. Specifically,

mi(pi) = (L4 y)pi — 0 + (Bi + i - y) - pip—i-
The second derivative with respect to own strategy is:
627[’1’
ap;

which confirms that 7; is strictly concave in p;.

=—-2<0,

¢ Best response is well-defined and continuous: Since the payoff functions
are strictly concave in own strategy and continuously differentiable, the best
response correspondence is single-valued and continuous.

Therefore, by Rosen’s Theorem [3], a pure strategy Nash equilibrium exists and is
characterized by the solution to the system of first-order conditions (FOC):

om;
T 0, foreachi:=1,2.
Opi
If the reader is concerned, the above conditions also satisfy the existence of a pure
strategy BNE [7]:

Theorem 1. Consider a Bayesian game with continuous strategqy spaces and contin-
uous types. If strategy sets and type sets are compact, payoff functions are continuous
and concave in own strategies, then a pure strateqy Bayesian Nash equilibrium exists.

Although in this paper we will use Definition 2 to explicitly derive the BNE as we
saw in the Cournot example, our main target is not the equilibrium solution itself
but rather its behavior.

1.7 The Objective

Our ultimate goal is to study effects of Bayesian Updating on the equilibrium
payoff function, i.e, the value function. To elaborate, we shall explicitly construct
a likelihood function Fx|y (z = x;|y) using which we will derive the posterior belief
Fy|x(y|z = z;) of firm ¢ regarding the uncertain demand parameter. Note that is in
contrast to Fy(y) which we call the prior belief. After computing the BNE using
this posterior distribution, we invoke the 2nd derivative test and Jensen’s Inequality
to demonstrate that the expected payoft 7 of with respect to posterior belief is
less than the expected payoff with respect to the prior belief - ultimately showing
that more information is detrimental to the competing firms.



Chapter 2

Literature Review

Before we proceed with direct calculations we shall provide the reader with a brief
literature review of relevant publications which informed the scope and structure of
this study.

Starting off with the paper that is the inspiration behind our model, ”Price and
Quantity Competition in a Differentiated Duopoly” by Singh and Vives (1984) [5]
explores the strategic behavior of firms in a duopoly when they compete either by
setting prices (Bertrand competition) or quantities (Cournot competition), partic-
ularly in the context of differentiated products. The objective is to analyze which
type of competition is more beneficial for firms and society, especially depending on
whether products are substitutes or complements.

To address this, the authors model a two-stage game. In the first stage, firms choose
whether to commit to a price or quantity contract with consumers; in the second
stage, they compete based on their chosen contracts. The analysis is conducted
under both linear and nonlinear demand structures, beginning with a linear inverse
demand system of the form:

pz:@z_ﬂzqz_’}/QJa 27&]7 Zaj:172

where v > 0 represents substitutability and v < 0 represents complementarity
between products. They demonstrate that Cournot competition with substitutes
is the strategic dual of Bertrand competition with complements, and vice versa,
implying that the structure of firms’ best responses mirrors under these two forms
of rivalry.

The equilibrium comparison reveals that, when goods are substitutes (y > 0),
Cournot competition leads to higher prices and lower quantities than Bertrand
competition:

p°>p" @ <d®
Additionally, Singh and Vives derive that the price difference between Cournot and
Bertrand equilibria is directly proportional to the degree of substitutability:

c_pp__ T
bemh ey
thus, as products become more differentiated (i.e., lower v/3), the distinction be-
tween Cournot and Bertrand outcomes diminishes.



They also show that profit outcomes vary systematically: Cournot profits (II¢) are
higher than Bertrand profits (II?) when goods are substitutes, equal when goods
are independent, and lower when goods are complements:

ne >1mf ify>o0, 0fY=0° ify=0, I°<I? ify<0

Thus, when goods are substitutes, it is a dominant strategy for firms to commit
to quantity contracts (Cournot competition), while for complements, committing
to price contracts (Bertrand competition) is optimal. However, while firms may
prefer the Cournot outcome for profitability when goods are substitutes, Bertrand
competition generally yields higher consumer surplus and total welfare due
to lower equilibrium prices and higher output levels.

In conclusion, the paper successfully achieves its objective of unifying and explaining
the strategic differences between price and quantity competition in differentiated
markets. It also highlights that firms’ strategic incentives may conflict with broader
social welfare, raising important considerations for market regulation and antitrust
policy.

In ” A General Model of Information Sharing in Oligopoly”, Michael Raith (1996) [8]
develops a general framework to determine when firms in an oligopoly have incentives
to share private information about uncertain market conditions. Each firm’s profit
is modeled as
T = o4(T;) — Z&S’isg‘ + (B + 57 — 05i)si,
J#i

where 7; represents a stochastic cost or demand parameter, and s; is the firm’s strate-
gic choice (quantity or price). Firms privately observe noisy signals y; = 7; + 7; and
can decide whether to share this information before competition. Raith classifies
uncertainty into common value (CV) (where cov(7;, 7;) = t), independent val-
ues (IV) (where cov(r;, 7j) = 0), and perfect signals (PS) (noise variance u = 0).
He shows that under IV and PS, complete information sharing is always profitable,
whereas under CV, sharing is profitable only when firms’ actions are strategic com-
plements (e < 0). In settings with strategic substitutes (¢ > 0), sharing may reduce
profits and create a Prisoner’s Dilemma. Raith formalizes that the expected change
in profits from information sharing, AE[r;], can be decomposed into two terms:

AE[r;] = (direct adjustment effect) + (strategic adjustment effect),

where the direct adjustment reflects the benefit from rivals’ improved understanding
of their own payoffs, and the strategic adjustment captures how rivals’ reactions to
better information affect the firm’s outcome. He derives that the direct adjustment is
always positive under strategic complements but can be negative under substitutes.
Raith also critiques the prior literature by showing that changes in the correlation of
strategies alone cannot explain disclosure incentives — the precision of signals and
the endogenous response of strategies are the decisive factors. Overall, the paper
successfully generalizes previous fragmented results, concluding that incentives to
share information hinge on the interplay between the structure of uncertainty, signal
precision, and the strategic environment of competition.

This survey paper by Currarini and Feri (2018)[20] provides a comprehensive overview
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of theoretical research on firms’ incentives to share private information in oligopolis-
tic markets, especially under uncertainty about demand or cost conditions. The
authors build on Raith’s (1996) [8] general framework and extend it to both multi-
lateral and bilateral sharing contexts. The central objective is to understand when
and how information sharing emerges as a rational strategic choice, and whether it
should be interpreted as a form of collusion or competitive efficiency. The paper
distinguishes between two main models: the strategic model, where firms disclose
unilaterally, and the contractual model, where sharing occurs on a reciprocal basis.
Under multilateral sharing, the paper confirms that information sharing is benefi-
cial when firms’ actions are strategic complements (e.g., Bertrand competition) but
may be harmful under strategic substitutes (e.g., Cournot competition with homo-
geneous goods), unless products are sufficiently differentiated. Currarini and Feri
(2018)[20] also explore smaller-scale or bilateral agreements, where firms selectively
exchange information, forming endogenous networks. They show that such networks
can be pairwise stable, even under strategic substitutes and homogeneous goods, if
firms’ private signals are conditionally correlated. Furthermore, they demonstrate
that core—periphery structures can emerge endogenously when firms are asymmetric
in the quality (variance) of their private signals. The paper concludes that bilat-
eral sharing arrangements can sustain positive levels of information exchange under
broader conditions than previously recognized, challenging earlier assumptions that
full industry-wide sharing is necessary for information pooling to be profitable or
stable.

In this paper, Sasaki (2001)[12] explores how the value of information in duopoly
markets with uncertain demand depends on the strategic structure of the game—specifically,
whether it exhibits supermodularity or submodularity. Using a two-stage model
where firms can choose to acquire costly information about demand before com-
peting in either a Bertrand or Cournot framework, the paper shows that informa-
tion acquisition is strategically complemental when the game is supermodular (i.e.,
actions are strategic complements, such as pricing in Bertrand competition), and
strategically substitutional when the game is submodular (i.e., actions are strategic
substitutes, like quantities in Cournot competition). In these cases, the value of
information for one firm increases or decreases, respectively, when its rival is also
informed. This superadditivity or subadditivity of information value hinges on the
nature of strategic interactions. Moreover, Sasaki (2001) [12]investigates how be-
liefs and asymmetries affect information value in games where firms cannot observe
whether rivals have acquired information (covert acquisition). When actions are
either mutually complementary or substitutive, a firm benefits more from acquir-
ing information if it is believed by its rival to be informed. However, in cases of
asymmetric modularity—where one firm’s action is a complement and the other’s is
a substitute—the opposite occurs. The paper concludes that strategic context and
belief dynamics significantly shape incentives for acquiring or withholding informa-
tion and that these insights can generalize to a broader class of economic games
with smooth payoffs and strategic interdependence.

This paper by Wang and Ma (2013)[17] investigates the dynamics and stability of a
Cournot-Bertrand mixed duopoly model where one firm competes on quantity and
the other on price, under the realistic assumption of bounded rationality and lim-
ited market information. The model incorporates linear demand and cost functions,
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with firms adjusting their strategies based on marginal profit expectations. Unlike
traditional models assuming perfect foresight, this approach reflects more realistic
adaptive behavior. Wang and Ma (2013)[17] derive the system’s nonlinear differ-
ence equations and analyze the existence and local stability of equilibrium points,
particularly focusing on the Nash equilibrium. Through both analytical derivation
and numerical simulations—including bifurcation diagrams and parameter basin
plots—the paper reveals that system stability is sensitive to the firms’ adjustment
speeds and the degree of product differentiation. It finds that excessive adjustment
speed, especially in price-setting behavior, can lead to instability and chaotic dy-
namics. Moreover, greater product differentiation generally increases the stability
of the system. These results imply that firms’ strategic response speeds and market
structure significantly affect the predictability and robustness of competitive inter-
actions. The study concludes that bounded rational Cournot-Bertrand competition
can lead to complex and even chaotic dynamics, offering important insights for both
theoretical modeling and practical market regulation.

The famous paper ”Information Design: A Unified Perspective” by Bergemann and
Morris (2019) [22] The paper “Information Design: A Unified Perspective” by Dirk
Bergemann and Stephen Morris presents a comprehensive framework that unifies
various strands of the literature on information design. The objective is to un-
derstand how the strategic provision of information influences players’ decisions
in games with incomplete information, whether through a literal “information de-
signer” or as an analytical tool for bounding equilibrium outcomes.

Central to the framework is the concept of a Bayes Correlated Equilibrium (BCE).
A BCE is a probability distribution v(a, #) over actions a and states € satisfying two
conditions: (i) obedience (incentive compatibility), and (ii) Bayes plausibility. For-
mally, the obedience condition requires that for every player ¢, given any deviation
Qs

ZZwaz,az, ui(ai, a0 >ZZwal,al, Jui(af,a_;,0), Vaj, Vi

where u; is the utility function of player 7.
The Bayes plausibility condition ensures that the marginal distribution over states
remains consistent with the players’ beliefs:

> d(a,0) = A(©B), VO

where A(6) is the prior belief over the states of the world.

An information designer selects an information structure ¢(s|f), a mapping from
states # to signals s, to induce a distribution over actions that maximizes an objective
function W (w)). The designer’s problem is:

subject to the obedience and Bayes plausibility constraints. This problem can be
formulated as a linear program, with ¢ as the decision variable.

In particular, the authors show that Bayesian persuasion (Kamenica and Gentzkow,
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2011) is a special case where the set of available actions is fixed, and the designer’s
objective depends solely on the action chosen, not on the specific realization of the
state. vspace2mm Through examples such as a two-player investment game, Berge-
mann and Morris demonstrate how the designer can optimally control the extent
of information disclosure, shifting the set of achievable equilibrium payoffs. They
also discuss extensions to dynamic settings and environments where the designer
controls multiple signals sequentially.

In conclusion, the paper achieves its objective by unifying diverse models under the
BCE framework and demonstrating that many economic environments—including
auctions, contracts, regulation, and communication games—can be reinterpreted as
information design problems. This perspective highlights the central role of infor-
mation structures in shaping strategic interactions.

The paper ”Dynamic Oligopoly with Incomplete Information” by Bonatti et al.
(2017)[19] investigates how firms in an oligopoly compete over time when they have
private information about their costs and can only observe noisy market prices. The
main objective is to characterize equilibrium behavior in such a setting, where firms
simultaneously learn about competitors’ costs and signal their own through pricing
strategies.

To tackle this, Bonatti et al. (2017)[19] construct a dynamic Cournot model in
continuous time, assuming private cost information and a market price subject to
stochastic shocks. They focus on symmetric linear Markov equilibria—strategies
depending only on time and firms’ beliefs—to make the model tractable. Using
Kalman filtering, they show that each firm’s belief can be expressed as a weighted
average of its private cost and a public estimate of industry costs. They characterize
these equilibria as solutions to a boundary value problem involving a set of differ-
ential equations and demonstrate existence under certain parameter conditions.

The paper achieves its goal by showing that even in the presence of incomplete in-
formation and noise, firms eventually learn enough to approximate static complete
information outcomes. The conclusion emphasizes that learning and signaling cre-
ate rich, nonmonotonic behavior in firm strategies and prices, with implications for
both market dynamics and policy.

Despite the vast intersection between Bayesian games and industrial organization,
so far no research has addressed the question of how valuable information can be
in context of oligopoly games. In finite form games we are aware of explicit cases
where a player possessing more information led to him accruing lower payoffs - but
no such counterexamples exist in the context of Bayesian games with continuous
type and action spaces nor do researches have produced any general results which
eliminate the possibility of these counterexamples. As a result, our main objective
in this research would solve a price competition between 2 firms and clearly demon-
strate that, under certain parameters, equilibrium payoffs can decrease with respect
to information. This is a highly non-intuitive result in the context of a Bertrand
Duopoly and would serve as the gateway to rigorously studying the role of private
information in games imbued with oligopoly structures.
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Chapter 3

Posterior Probability

3.1 Bayesian Updating

Bayesian updating is a process in decision theory where prior beliefs (represented
by a prior distribution) are revised based on new knowledge, resulting in a posterior
distribution that reflects a more informed understanding [16]. The foundation of

Bayesian updating is Bayes’ Rule (or Bayes’ Theorem), which relates the condi-
tional and marginal probabilities of two events. The rule is stated as:
P(B|A)-P(A)

P(B)

P(A| B) = (3.1)

where:

e P(A | B) is the posterior probability: the probability of event A occurring
given that B is true.

e P(B| A) is the likelihood: the probability of observing B given A.
e P(A) is the prior probability: the initial belief about the probability of A.

e P(B) is the marginal likelihood: the total probability of observing B under
all possible hypotheses.

The word updating refers to the iterative process of refining the posterior proba-
bility as new information is observed. The steps are as follows:

1. Specify the Prior: Before observing any information, we define a prior dis-
tribution P(A) representing our initial beliefs about the parameter A.

2. Constructing Likelihood: Upon observing some signal B, we compute the
likelihood P(B | A), which quantifies how probable the observed signal is
under different parameter values.

3. Apply Bayes’ Theorem: The posterior distribution P(A | B) is obtained
by applying Bayes’ theorem:

P(A| B) = (3.2)
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where P(B), like before, is the total probability of observing B, often computed
as:

P(B) = /P(B | A)P(A)dA (for continuous variables) (3.3)

4. Update Beliefs: The posterior becomes the new prior when additional in-
formation is observed, allowing for sequential updating of beliefs.

In our model the uncertain demand parameter y is distributed on some prior CDF
Fy(y) over [0,1]. This is the initial belief held by both firms. On the other hand,
x; ~ F, is the distribution of signals (new knowledge) observed by firm 7. If we
are to apply Bayesian Updating in our model we must first explicitly construct the
the likelihood probability distribution Fyy(x|y) and then use Bayes’” Rule to derive
the posterior belief Fy|x(y|z) which serves as the required conditional distribution
needed to compute BNE.

3.2 The Likelihood Function

We assume that the probability of the signal variable X accurately informing the
market demand Y is denoted by a parameter 6 € [0,1]. Here 6 governs the "noise”
encumbering the signal z;. In probabilistic terms, P(X =Y, z; = y) = 6. Hence,
P(X #Y,x; #y) =1— 0. Explicitly, we assert:

(1—0)x; <y
0+(1—0)x; x>y

Fxpy(z = xily) = {

Note that 6 is an atom; A point x in a probability space such that the probability
of exactly x; occurring is positive. For visual clarity we may compute the plot of
Fxy(z|y) against z; using example values y = 0.5 & 6 = 0.36 where the magnitude
of the latter value determines the size of the ”jump”.

0.5

Past researchers who have employed similar constructions include Kamenica &
Gentzkow (2011) [15], Lyu & Suen (2024) [25] and Taneva (2019)[23].
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3.3 Deriving the Posterior

We shall now use Bayes” Rule to derive the posterior Fy|x(y|z;). However, to do
this, we make a strong assumption: y ~ Fy(-) = U[0, 1]. That is, we let the demand
parameter y be uniformly distributed over [0,1]. We remind the reader that Fj was
always meant to be a subjective belief on the distribution of y held by both firms
and is not the true distribution of y. This means we may as well assume an explicit
(subjective) distribution of y without encountering a logical contradiction. However,
to what extent this assumption undermines the generality of the forthcoming results
will be addressed at a later section. For now, owing to ease of calculations, let

3.3.1 Computing F,(x;)

Consider two random variables, X and Y with support [0, 1]. Suppose YV ~ Fy =
U|0, 1] and the conditional CDF of X given Y for firm i is:
(1—0)x; it z; <,
Fxy(zily) =P(X < z;|]Y =y) =
xiy (@ily) (X <zl 2 {9+(1—0)xi if z; > .

The marginal CDF of X is derived as:

Fy(z,) = / Fyy (i) fy (v) dy,

= Fy () = / 1<{(1 “On Sy ey

0+ (1—0)z, y<uz

= Fx(e) = [0+ (=0 frlpdy+ [ (1= 0 o)y

2

T; 1
=Fx(x;) :/ 9+(1—9)3:Z--1dy—|—/ (1 —0)x; - 1dy
0 T

using the uniform distribution for Y. Thus, Fix(x;) is also U[0, 1].

3.3.2 Computing Fy x(y|z;)

Let F(z,y) :==P[X < z;,Y <y]. Note that F(z,y) is non-decreasing in both x and
y. The joint density is:
O?F(z,y)

oyoxr
This derivative exists almost everywhere (via Lebesgue Differentiation Theorem)
because F'(x,y) is non-decreasing.
The joint CDF can be expressed as:

Yy px
Fla,y) = /0 /0 1(,9) didg.
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The conditional CDFs are:

x R R xX ‘%’ R x R R
Favtely) = [ st de = [ ai - [ g
0 o fr() 0
Where fy(y) = 1 since Fy(y) = U[0,1]. Thus:
OF(z,y)
F = —"
Similarly:
OF (z,y)
F =7
Now given we have:
(1—-0)x ifr <y

Fxpy(zly) =P(X <zl]Y =y) = {9+ (1-0)x ifx>y

YOF(z,9) ..
=F(x, :/ halh Sl X 2
(z,y) e Y

=F(z,y) = Iy Fxy (@|9)dg + [! Fxyy (zlg)dy if x <y
7 Jo Fxy(z]9)dy ifz>y
L P(py) = P90 O)eglis + (1= )i ifw <y
- Ol >y
—F(z,y) r+(1—0)z*+(1—-0)z(y—2) fax<y
T,y) =
7 (1—0)zy ife>y
=F(z,y) Or+ (1 —-0)zy ifr<y
Z, =
D2V —0my  fasy
OF (x, 1—0)y if y <z
+(1—-0)y ify>u

where x = x; is implicit for convinience.

Fy|x(y|z = z;) is the distribution of the subjective demand y with respect to the
types x; of firm i. The reader may note that it is a function from [0,1] to [0,1] due
to the fact that x;,y,60 € [0,1]. With this explicit form of Fy x(y|z = ;) we can
now also derive the expected posterior (updated) demand E[Y|X = z;] given by

firm i’s observed signal x;
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3.4 Conditional Expectation of Demand

1
d
BIYIX =wi) = [y 5 Frix(ylo) dy
0 Y

1
—Mi%ﬁwmﬁiéﬂw@m%i@My

1 (1—6) 0<y <z
:1.F(1)—0.F(O)—/0 {9+(1—ZJ€)y xigyygl

x; 1
:1—/ (1—9)-ydy—/9—|—(1—9)'ydy
0 Ti

—0) 2 ) (a2
IR L S () TG )
2 2
1 1

With this construction in hand we will now move onto acquiring the expected payoff
at equilibrium, otherwise known as the expected value function.
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Chapter 4

Nash Equilibrium, Value Function
& Concavity

In our setup we have two firms competing in a Bertrand Duopoly of differentiated
goods with the cost of production assumed to be 0. Let the competing firms be
referred to as firm 1 and firm 2. Then we get a pair of profit functions, m and o,
where m; is the payoff of firm 1 in terms of its own price and the price set by firm 2
while 75 is the payoff received by firm 2 in terms of its own price and the price set
by firm 1.

(Y, p1,p2) = (1 +y)p1 — (P1)2 + (B1 4+ - y)p1 - p2 (firm 1 wor.t firm 2)

m2(y, p2,p1) = (1 +y)p2 — (P2)2 + (B2 +v2 - y)p2 - p1 (firm 2 w.rt to firm 1)

Here p; and p, refer to the prices set by firm 1 and 2 respectively. Using a concise
notation, we can represent the two above functions as one:

mi(y, pisp—i) = L+ y)pi — (0)* + (Bi + i - Y)pi - p—; where i € 1, 2.

At this point we delineate the role of 5; and ;. These parameters serve as ”interac-
tion terms” which govern the effect of firm —¢’s price on firm ¢’s profit. Intuitively,
it is clear that in a real world setting firm 4’s profit should not be affected by firm
—1i’s price more than its own price. Hence we apply an affine transformation on
y - as this term is the coefficient of p_; - using 5 € (—=1,1),y € (=1 — g,1 = 5);
forcing (8; + vi - y) € (—1,1). There’s also a mathematical reason for using this
affine transformation; without it the payoff function ”blows up” in equilibrium.

Additionally, in the classical Bertrand Duopoly we have seen the result that when
the products sold by two firms are homogeneous (perfect substitutes), customers will
always choose the product with lower price. This means - in equilibrium - profits
eventually converge to 0. To avoid this trivial (and unrealistic) result, economists
use the parameters (3, to ensure product differentiation between the goods sold
by each firm. The rules are [9]:

e When the p_; coefficient (8; +7; - y) is > 0 the goods are complements to
each other. However, as shown by Bertrand, when two goods are perfect
complements the firms begin to collude and the pure strategy equilibrium
does not exist hence we must let 3; + v; - y < 1. This leads to a Game of
Strategic Complements (GSC).
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e When the p_; coefficient (5; + ~; - y) is < 0 the goods are substitutes to each
other. However, as shown by Bertrand, when two goods are perfect substitutes
the profit function converges to 0 hence we must let ; +; -y > —1. This
leads to a Game of Strategic Substitues (GSS).

e When the p_; coefficient (3; +; - y) is = 0 the goods are fully independent of
each other. Then p_; does not affect 7; and the game reduces to a monopoly

e Thus (5; + v -y) € (-1, 1). We allow negative values to fully explore the
mathematical consequences of GSS.

With this preamble, we may now begin the process of First Order Maximization
(FOM) of m; with respect to p;:

4.1 First Order Maximization

(Y, pinp—i) = (L+9)pi — (0:)* + (Bi + i - y)p—i - ps
We invoke the definition of BNE to compute the expected utility conditional on firm
1’s type x; :

=E(m(y, pi, p-i)) = /01 (L +y)pi — i)+ (Bi + i - y)pi - p—i) - i(FY\X(y\l’z)) dy

dy
Sy pp-)) = [ e Bx ) By (Frix () — s (Fyx ()
0 dy dy "dy
+ (Bi+vi - y)pi - p—i %(an(ym)) dy
1 d 1 d
:E(Wi(yapiapfi» = pi/ d_(FY|X(y’xi)) dy +Pi/ y- d_(FY\X<y’xz)) dy
o a4y 0 Y

1

L d d
_p / T Frix(plo)) dy+ i / o Brix(yfe:) dy

1
d
tvepepie | v (Bl dy
0 Y

=E(m;(y, pi,v—i)) = pi - [Fyix(1]@;) — Fyx (0]z;)] 4+ pi - E[Y]X]
— 97 - [Fyix (Uz:) = Fyix (02)] + B - pi - pi - [Fyx (L) = Fyix (0];)]
+5i - pi - p—i - E[Y|X]

=E(mi(y, pirp—i)) = pi + pi - EY|X] = p] + Bi - pi - p—i +7i - pi - p—i - E[Y | X]

Where E[Y|X] = E[Y|X = z,] is the expected demand for the product sold by firm
¢ based on his type x;. Now taking dip(E(m(y,pi,p_i))) =0:

d
b, (pi +pi - E[Y|X] = p} 4+ B; - pi - p—i + 7 - pi - p—i - E[Y|X]) = 0
=14+ EY|X]=2p;+Bi-p_i+vi-p-i - E[Y|X] =0
1 1 1 1
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We now have the best-response function (BRF) of firm ¢ with respect to the price
(action) set by firm —i. We will now use the the pair of best-response functions (one
each for firm 1 and 2) in order to find the symmetric Bayesian Nash Equilibrium.
In this demonstration, symmetric refers to the specific case where 8 and ~ for both
firm 1 and firm 2 are invariant, i.e, 1 = B2 and v = 7».

4.2 Symmetric Equilibrium

1 1 1 1
P = 57-]92-E[Y!X]+§ﬁ'p2—|—§E[Y]X]+§ (4.1)
1 1 1 1
Py = 57 -p1 - E[Y|X] + 55 “p1+ §E[Y|X] + 5 (4.2)
Substituting Eq. 4.2 in Eq. 4.1,
_ ! E[Y|X]+ 25 - ps + SE[V|X] + -
p1 = 27 D2 B D2 5 5
1 1 1 1 1
=p1=357" (57 -p1- E[Y[X] + 55 “p1+ §]E[Y|X] + 5) -E[Y|X]
sy EYIX) £ 28 1+ SEYVIX] + 3 + SE[YX] + 2
g QT o 1Ty 2/ T3 2
2 EY|X]2 (2 NE[V|X 2 1
= (o FVEVIXP @6+ By +2EYIX] B B L
1 1 14 172
L P EYIXTE  (20yp 4 By + 2BYIX] 5L
P1 4 A 4 412
p, = b+2+ ’y]E[Y|X]2 +1E[Y|X] + FE]Y|X] + 2E[Y|X]
1 - r
1
4 —yElY|X]? - 287E[Y|X] + 5°
1
) 1+ E[Y|X]
=>p; =

2 — (B +E[Y]X])
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Substituting Eq. 4.1 in Eq. 4.2,

1 1 1 1
=Py ==Y DP1- E[Y|X] -+ 56 -p1+ 5E[Y|X] + =

9 2
1 1 1 1 1
=p2 =37 (57 -p2 - E[Y[X] + 55 “p2+ 5]E[Y|X] + 5) -E[Y|X]
+ g EBYIX] 4 18 e+ SEYVIX] 4 3) + SEYIX] 4 X
T\ P2 ol P2y 2/ T3 2
2 EY|X]2 (2 NE[Y|X 2 1
;%:(w?ﬁv) VIXF | @Bypa+ By +2EYIX] Fp. B 1
1 1 4 172
(vV’p2 +VEY|X]?  (2Bype + B+ +2E[Y|X] B%pp B 1
=p2 — - — =—+=
A 1 4 41739
e — B+ 2 +1E[Y|X]? +1E[Y|X] + BE[Y|X] + 2E[Y|X] _
2_ ry
A
4 —’E[Y[X]* - 28E[Y|X] + 5
1
. 1+ E[Y|X]
=ph =

2 - (B+E[Y]X])

1+E[Y|X]
o ko
e P1 = P2 T - EYIX])

Where p} and p; maximize the payoff functions of firm 1 and firm 2 respectively and
are solutions to the symmetric equilibrium.

4.3 Symmetric Value Function

We will now plug in the solution pj, pj into the payoff function for each firm.
However, the symmetry of the solution (pj = p}) assures us that both firms will
have the same payoff given below:

m(y, 01, p5) = (L+ )y — () + (B+7 - v)pi - v
1+ E[Y|X] ) B ( 14+ E[Y|X] )2
2 — (B +9E[Y]X]) 2 — (B +1E[Y]X])
1+ E[Y|X] 1+ E[Y|X]
6410 (5—mrerm) (@)
I+ EY[XN(=B+~v+ DE[Y|X] + By —yy — 2y — 1)
(VE[Y|X] + 5 — 2)2
—EY|X]? + E[Y|X]*8 + E[Y|X]yy — E[Y|X]By — E[Y|X]?
(VE[Y|X] + 5 —2)2
_EY[X] -EY|X]B - 2E[Y[X]y — vy + By —2y — 1
(VE[Y[X] + 5 —2)2

:w@ﬁmwxnz<r+w-(

—(y, BY|X]) = -

=m(y, E[Y[X]) = -

The above expression is called the value function. We will now calculate its ex-
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pectation w.r.t Fy|x(y|z) in order to acquire the expected payoff at equilibrium:

—EY|X]? + E[Y|X]*8 + E[Y|X]*y
(VE[Y|X]+ 8 - 2)?

~ EYIXPB - EY|X]? —1E[Y]X]
(VE[Y|X] + 8 - 2)?

L EYIX)5+ 2E[Y |X]? + 1E[Y|X] — BE[Y|X] + 2E[Y|X] + 1

EY[|X]+ 8 —-2)?
(1+E[NV]X])?
(VE[Y|X] + 8 - 2)?

=E(r(y, E[Y|X])) = —

=E(r(y, E[Y|X])) = 7" (E[Y]X]) =

4.3.1 Concavity in the Symmetric Case

We will now use the second derivative test to check the concavity of 7* w.r.t E[Y|X].
Since the sign of the 2nd derivative will depend on the values of 3,~ we shall find
an explicit range for which the 2nd derivative is < 0.

Second Derivative,

& ( (1+E[Y]X])? )
dE[Y|X]2 \ (VE[Y|X] + 8 — 2)?
2 8L+ E[Y[X])y 6(1 + E[Y|X])*y?
CEY[X]+5-2)? (EY[X]+8-2)?* (EY|X]+5-2)
_ 28—y = 2)(=2E[Y[X]+ 5 -3y —2)
E[Y[X]+ 5 —2)

Since YE[Y|X]+ 5 € (—1,1), the denominator is always > 0. This means the second
derivative is < 0 as long as

(B=7—2)(-2E[Y|X]+B8-3y—-2) <0
Case 1:
B—=v—=2>0 (4.3)
—2EY|X]+5-3y-2<0 (4.4)

From 4.4 we get f—v—2 < 2y+29E[Y|X]. Combined with 4.3 we have 0 < f—~—
2 < 2y + 27E[Y|X]. But this inequality is impossible since 0 < f—y—-2= v <0
which would make 2v+2vE[Y| X | negative while also being greater than zero. Hence
this is a contradiction and we look at the other possibility of how the 2nd derivative
can be non-positive.

Case 2:
B—y-2<0 (4.5)

—2E[Y|X]+8-37-2>0 (4.6)

From 4.5 & 4.6 we get 0 > 5 — v — 2 > 2y + 29E[Y|X]. This inequality is true for
v > p—2and f—v—2 > 2y+29E[Y|X]. From the latter inequality we can derive:
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B—=2 B—2
SEVIXTs = 7 = T3 = WVEN[X] € [0,1]

So for 8 € (=1,1) Ay € [3—2, %52] the 2nd derivative 2E2=2L e MR- <
VE[Y|X] € [0,1]. As a result, our equilibrium payoff is concave for these values of

B,

Why does it matter if it is concave? At this point we invoke Jensen’s inequality:

Theorem 2. Let ¢ be a concave function and X be a random variable such that
E[X] and E[¢(X)] exist. Then:

¢ (E[X]) > E[p(X)].
If ¢ is strictly concave, the inequality is strict unless X is deterministic (i.e., X

is almost surely constant).

This means that for our equilibrium payoff we have:
E(@(E[Y |z = zi])) < 7" (EE[Y ]z = xi]))

= E(@(E[Y |z = 2])) < 7" (E[Y])

Where 7*(E[Y] is the expected payoff of firm i prior to receiving the signal x; while
E(7*(E[Y|z = z;])) is the posterior expected payoff of firm ¢ . This demonstrates
that receiving new information only served to reduce firm 4’s profit; showing the
detrimental effect of information in a duopoly competition. Let us now repeat the
whole process for the AC and test if the same results hold.

4.4 Asymmetric Equilibrium

Asymmetric payoff functions arise when the interaction terms  and ~ are not
invariant, i.e, §; # (2 and ;3 # 7. This leads to to the following pair of best
response functions which we will use to solve, like before, to now find the asymmetric
Bayesian Nash Equilibrium:

1 1 1

1
b1 = 571 “Pp2 - E[Y’X] + 551172 + §E[Y’X] + 5 (4'7)
1 1 1 1
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Substituting Eq. 4.8 in Eq. 4.7,

1 1 1 1
P = =7 -p2- EY|X] + 551292 + EE[Y’X] +5

2 2
1 1 1 1 1
=p; = N (572 -p1 - E[Y|X] + 552191 + §E[Y’X] + 5) -E[Y|X]
1 1 1 1 1 1 1
+ 551 : (572 D1 'E[Y\X] + 552?1 + §E[Y‘X] + 5) + QE[Y‘X] + 5
~ m(ep + DEY|X]E ((Bopr + D+ p1Bive + 51 + 2)E[Y [ X]
=>p1 = 1 —+ 1
Bifepr P11
+ 4 + 4 + 2
i (vepr + DE[Y]X]?  ((Bopr + D)y1 + p1Biye + 81+ 2)E[Y | X]
=p1 — 1 + 1
PrBapr P11
T 1)
Ly Bt 2 WEIYIXT 4 B 1X] + BEIY1X] 4 2EIY 1],
1 — —~
4
4=y - REY|X]? = b1 REY|X] = onE[Y|X] + 51 - 52
4

e = U EYVIXDEY]X] + 6 +2)
P A= (MEY[X] + Br) - (RE[Y[X] + Bo)

Substituting Eq. 4.7 in Eq. 4.8,

1 1 1 1
P2= 3% P E[Y|X] + §ﬁ2p1 + §E[Y’X] + 5

1 1 1 1 1
=py = 52 (5’71 -p2 - E[Y[X] + §ﬁ1p2 + §E[Y’X] + 5) -E[Y|X]

1 1 1 1 1 1 1
~ e(npe + DEY|X]>  ((Bip2 + 1)z + p2foni + B2 + 2)E[Y | X]
=p2 = 1 + 1
BiBapa B2 1
+ 4 + 4 + 2
Yo(yip2 + DE[Y]X]?  ((Bipa + 1)y2 + paBoys + B2 + 2)E[Y|X]
=p2 — 1 + 1
P1Bapa B2 1
T 1)
ey — B2 + 2 + RE[Y|X]* + RE[Y[X] + HE[Y|X] + 2E[Y]X]
o = -
4
4 — vy - RE[Y|X]2 = By - wRE[Y|X] — BonE[Y|X] + B - B2

4
. A+ ENX)(REY]X]+ 6 +2)

LA (EYIX]+ B1) - (RE[Y]X] + )

=P
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Hence
. _ (U EYX)(EY|X] + 6 +2)
P T Y X + B1) - (EY[X] + )
(1+ E[Y|X))(E[Y|X] + B + 2)
4= (MEY|X] + 1) - (REY[X] + B)

Py =

Unlike before, pj # p} , which means we will now have two separate value functions
for each of the firms when we plug in p},p; into m(y,pi,p;) = (1 +y)pi — (pi)* +

(Bi +7i - y)pi - pj-

4.5 Asymmetric Value Function

m(y, pi,p3) = (L+y)pi — (p)* + (B + - y)p; - P
_ (1+E[Y|X])(E[Y|X] + 2)

= m(y, E[Y|X]) = (L +y) - (4 — (ME[Y[X] + £1)(E[Y]X] + @))
B ( (1+E[Y|X)(1E[Y]X] +2) )

4— (EY|X] + A1) (RE[Y|X] + 52)

(1+ E[Y| X)) (mE[Y|X] + 2)
) (4 “MEYX] + 5)(eE[YIX] + @))
,( (1 +E[Y]X]) (EY]X] +2) )
1= (MEY[X] + B1) (E[Y | X] + B2)

We shall simplify the above expression and calculate its expectation w.r.t to Fy|x (y|z)

as before since y is uncertain random variable and we cannot let the payoff depend
on it.

(1+EY|X])?*EY|X]+ 5 +2)

= Em, BYIXDI=m Y IXD = G RVIXT + 61) - (B IX] T )2

The above is the value function of firm 1 with respect to firm 2. We will now
compute the value function of firm 2 in terms of firm 1:

ma(y, 05, 07) = (L4 y)ps — (p3)° + (B2 + 72 - y)p5 - P}

) (1 +E[Y [X))(E[Y|X] +2)

= m EYIX) ={+y)- <4 —(EYIX] + B1) (1B [X] + m))
_( (1+E[Y|X])(E[Y]X] +2) )2

4 — (MEY|X] + 81)(RE[Y|X] + B2)

(1 +E[Y [X])(1E[Y|X] +2)
Bt y)- (4 BV X+ B (RElY X m))
_( (1+EY|X])(nEY|X]+2) )
T= (nEY X 4 50)(eElY [X] + Ba)

Again we will simplify the expression and calculate its expectation:
(1+ EY|X])?*(REN|X] + 52 +2)

= Elm(y, EVIXD] = mEVIX]) = 00 BV x 1 51) - (WENIX] £ 50
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4.5.1 Concavity in the Asymmetric Case

We will use the following concise notation

(1 +EY[X])*(wE[Y|X] + 8 +2)°
(4 — (REY[X] + 5) - (nEY[X] + 5;))?

m (EY|X]) =

to check the concavity of firm i’s profit in the asymmetric case via another compu-
tation of the 2nd derivative with respect to E[Y'|X].

Second Derivative:

d’ ( (1+EY|X])?(wE[Y]X] + 8; 4 2) )
dE[Y |X]? \4 — (wE[Y[X] + 5) - (E[Y|X] + 8;)
_2(3(E +1)2(i(Evy; + By) + (B + Bi)*(Bvi + B + 2)?
(B + Bi)(Ev; + B;) — 4)*
—2(E + D)((Evi + 8:)(Ev; + B5) —4) (Bvi + Bi + 2) (v (B + 1) (Ev + Bi + 2)
(i + Bi)(Ev; + B8;) — 4)* (Evi + Bi)(Ev; + B;) — 4)*
29i(E + 1) (vi(Ev; + B5) +v;(Evi + Bi))
(Evi + Bi)(Ev; + B8;) —4)*
2(%(E; + B;) + % (Evi + 8:)) (Evi + fi + 2))
((Evi + Bi)(Ev; + B;) —4)*
(B + Bi) (B + B5) =4 (3 (B + 1)
((Evi + Bi) (B + B;) —4)*
49 (E + 1) (Evi + Bi + 2) + (Ev; + B +2)%))
(Evi + Bi)(Ev; + Bj) —4)*

where E = E[Y|X] for brevity.

+

Clearly this expression is too complex to check using the same method as the sym-
metric case. However, one may try using evaluating this expression at discreet
points and check that it is indeed negative for certain values. Extending that idea,
it can be verified that the asymmetric value function is highly concave whenever
7 € (—2,—0.5] Avy; € [0.5,2) A B; € [0.5,1) A B; € (—1,—0.5]. Then, using Jensen’s
Inequality again, we can assert the posterior payoff at asymmetric equilibrium is less
than the prior payoff. For a visual demonstration, we explicitly graph the asymmet-
ric value function 7} against E[Y'|X] for values in the aforementioned intervals.
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0:5

Figure 4.1: 7} vs. E[Y|X] for 7; = —1.54,~; = 1.54, 3, = 0.76, §; = —0.76

Observe that not only is the asymmetric value function concave, it is also decreasing
in E[Y|X] after a certain value. So not only is this asymmetric posterior payoff
less than the prior payoff, we also have that, after a certain point, higher quality
information is explicitly detrimental.
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Chapter 5

The Third Stage

Any Bayesian game has three stages (Myerson,1997) [10]:

1. Ex-Ante stage game: Players do not know their types or those of other
players. A player recognizes payoffs as expected values based on a prior dis-
tribution of all possible types

2. Interim stage game: Players know their type but only a probability distribu-
tion of other players. When considering payoffs, a player studies the expected
value of the other player’s type

3. Ex-post stage game: Players know their types and those of other players.
The payoffs are known to players

In chapter 4 we computed the interim stage equilibrium and proceeded to use
Jensen’s inequality in order to demonstrate that firm ¢ acquires a higher payoff
in the ex-ante stage. However, in order to show this result we did not need to use
the explicit form of E[Y|X = x;] which we derived in chapter 3. Yet, in order to
reach the final stage where each firm knows their own payoffs and their opponent’s
payoffs, we must consider calculate the symmetric and asymmetric value functions
over all possible values of x; € [0, 1].

5.1 Symmetric Payoff

In chapter 4 we derived the symmetric value function as:

1+E[Y|X =)

EY|X =x]) = 5.1
mEYIX = i) EY X = z)] + 8 —2)? o1
and in chapter 3 we computed the conditional expectation as:
1 1

Doing the relevant substitution we get:

. (+i+0z-362 (202;,—60+3)*
(V3 +0ai—5 O)+6-2)2  (2902;—70+23+7-4)°

/s
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For the sake of our convenience let us roll all x; independent terms into constants.
Let -0 4+ 3 = b and —0 + 28 + v — 4 = d. Additionally, let us also suppress
coefficients of x; as 20 = a and 270 = ¢. Thus our value function becomes:

. (ax; + b)?

= oty (5.3)

In order to find the equilibrium payoff 7* over all possible types x;, we must integrate
with respect to the distribution Fy(x) = U[0, 1].

(a-z+0b)> d
crtd)l (Fx(z)) dz
E(r*) — / (RN

o (c-x+d)
(2a?d? — 2abed) In(|d]) + a*d? — 2abed + b?c?

c3d

(2a?d* + (2a* — 2ab) cd — 2abc?) In(|c + d|) + a*d® + (—a® — 2ab) cd + (—a? + b*) ¢
ct+c3d '

Plugging back in the the pre-defined constants we get:

8y303(—~0 + 268 + v —4)
80%(—0 + 3)y(—0 + 26+~ —4)In|— 40 + 28 + v — 4
a 87303 (—v0 + 28 + v — 4)
40%(—~0 + 28 + v — 4)*
87303 (—v0 + 28 + v — 4)
80%(—6 + 3)y(—0 + 28+ — 4) 4(—0 + 3)?~%6%)
80—+ 28+ —4) 87303(—70 + 28 + v — 4)
(86%(—0 +28 +~ —4)?
167101 + 84303 (—0 + 28 + 7 — 4)
2(80% — 40(—0 + 3)) v0(—v0 + 26 + v — 4)
16740* + 8303 (—v0 + 28 + v — 4)
1603(—0 + 3)32) In (|40 + 28 + v — 4])
167404+ 89303(—0 + 28 + v — 4)
40%(—~0 + 28 + v — 4)? 2(—46% + (—6 + 3)*)726*
167404 + 833 (—0 + 26 +v—4)  167%0* 4+ 8303 (—v0 + 280 + v — 4)

= E(r*) =

Clearly this expression is too intractable to provide any useful insights. Yet it
represents the utility at equilibrium for the firms without dependence on any random
variables. In other words, this is the full information payoff function of both firm.
Hence we must analyze its behavior for different values of 5,7 and 6. First let us
look at the graph of E(7*) against 6
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Figure 5.1: E(7*) vs. 6 for 5 =0.99,7 = 0.01
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As can be seen from Figure 5.1, the maximum value of E(7*) is less than 2.4 while
the function is increasing in #, demonstrating that higher quality information leads
to greater payoffs. However, if plot the graph for 5 € (—=1,1),v € (8 — 2, %) as in
Figure 5.2, then it is easy to see that the E(7*) is decreasing in 6. This is a visual
confirmation of our previous result where we showed that greater information leads
to lower payoffs for certain values of 3, 7.

—1.54

0.5

Figure 5.2: E(7*) vs. 6 for 5 =0.91,7 = —0.42

5.2 Asymmetric Payoff

Previously we derived the asymmetric value function as:

(1 +EY[X])*(wE[Y|X] + 8 +2)°

m (E[Y|X]) = 5.4
D = G BV X + ) - QEVIXT+ 5P o4
and in chapter 3 we computed the conditional expectation as:

1 1

Doing the relevant substitution we get:
(14 (3462 —10))2(% (& + 62— 10) + 5, + 2)°
GG 10 8) (0, G - 1) +5))°

Unfortunately, the definite integral of the above expression with respect to Fx(x) is
too large and sophisticated for any meaningful analysis. As a result, at this point
we must consider some specific values of 3, and then proceed with the integration.

*_
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Let us consider 8; = 0.5, 3; = —0.8,v; = —0.03,v; = —0.15. Then value function
simplifies to:
" 0.25(202460+3)%(—2.48540.0302—0.0156)>

i = (—4.424375—0.046502+0.0232504-0.00450222 —0.0045622+0.00112502)2

Integrating x over [0,1]:

E(r?) = /1 0.25(20z + 6 + 3)%(—2.485 + 0.030z — 0.0150)2 o d
: o (—4.424375 — 0.04650z + 0.023256 + 0.00450222 — 0.00450%z + 0.00112562)2  dx
E(r?) = /1 0.25(20x + 0 + 3)%(—2.485 + 0.030z — 0.0150)2
: o (—4.424375 — 0.04650z + 0.023256 + 0.00450222 — 0.004562z + 0.00112502)2

(Fx(v))dx

-1dx

Which gives us:

(255600.00* — 2.119605600 x 1062 + 3.953299013 x 10'%) In (—9.00% — 186.00 + 35395.0)
81.005 — 671706.06% + 1.252806025 x 109
n (—255600.00* + 2.119605600 x 1096% — 3.953299013 x 10'?)In (—9.06% + 186.060 + 35395.0)
81.005 — 671706.06% + 1.252806025 x 109
n (—383443.55376* + 3.179769577 x 1096% — 5.930622152 x 10'?) arctanh (0.015733784866 — 0.1625

81.005 — 671706.00% 4 1.252806025 x 100
n (—383443.55376" + 3.179769577 x 1096% — 5.930622152 x 10'?) arctanh (0.015733784866 + 0.1625

81.06° — 671706.003 + 1.252806025 x 106
3600.00° — 6.78753742 x 10703 + 2.341274395 x 1010

81.06° — 671706.003 + 1.252806025 x 100

E(r}) =

(2

If we plot E(7}) against # we can see that this it is an increasing function; i.e for
these values of 3, possessing higher quality signals is better for the firms.

08+

-

0.7+

0.6

]

Figure 5.3: E(n}) vs. 0 for 8; = 0.5, 5; = —0.8,v; = —0.03,7; = —0.15
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On the other hand if do the repeat the all of the above processes with 7} for ; =
0.76, B; = —0.76,~; = —1.54,v; = 1.54 then we get the following plot where clearly
E(7}) is decreasing 0; showing again that even in the asymmetric game there exists
values of 3, for which more information is bad for the firms.

067

" ‘\

04+

034

0.1+

T T T T ]
02 04 06 03 1
]

Figure 5.4: E(7}) vs. 6 for 5, = 0.76, 3; = —0.76,7; = —1.54,~, = 1.54
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Chapter 6

Assumptions and Generalizations

Throughout the results demonstrated in the previous sections we made a number
of assumptions, not all of which were WLOG. In this chapter we shall attempt to
address these preconceptions and evaluate the extent to which our work can be
generalized.

6.1 Universality of the Uniform

A strong assumption was made when we let the prior distribution F,(y) = U[0, 1].
However, invoking the results below [2] [18]

Theorem 3 (Probability Integral Transform). Let Y be a continuous random vari-
able with strictly increasing cumulative distribution function (CDF) Fy : R — [0, 1].
Define the random variable:

U=Fy(Y)

Then U follows a standard uniform distribution:
U ~ Uniform(0, 1)

Theorem 4 (Inverse Transform Sampling ). Let U ~ Uniform(0,1) and let Fy be
a CDF with quantile function Fy' : [0,1] — R defined as:

Fy'l(u) = inf{y € R: Fy(y) > u}
Then the random variable Y = Fy'(U) has CDF Fy.

It is quite clear that for any continuous CDF there exists a process to transform it
into the Standard Uniform Distribution and vice versa. This ensures the assumption
on Fy,(y) does not stagger generality as one may simply transform their general
prior distribution into ¢[0, 1] and continue with the process of deriving Fy x(y|z)
via Bayes Rule.

We may also mention the assumed support [0,1] considered for random variables X
& Y is WLOG since for any [a,b] C R one can always normalize it to [0, 1] using
U= Y=o

b—a
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6.2 Cost function is 0

In our derivation of the profit function m; = p; - ¢; — C(¢;) we assumed C(g;) = 0.
The question is, how strong was this assumption in the context of this paper?

As stated before, the focus of this research is on studying information structures
rather than the explicit equilibrium strategies or other numerical quantification. In
that regard, it is not necessary to consider complex, heterogeneous cost functions.
Rather, we may can consider constant marginal cost ¢ for each firm without disturb-
ing the results. In that case, the profit function for firm ¢ with constant marginal
cost c is:

T = (pz' - C)C]u (6-1)
where the demand function is:

G =1+y—pi+ B+ yp- (6.2)
From this we get our new payoff function as:
mi=1+y—pi+ B+ ypi)-(pi—o (6.3)
Which, using the symmetric BRF, produces the following BNE:

., L1+EY|X]+c
P = EYIX] 52

(6.4)

Plugging (6.4) back into (6.3) and taking its expectation we get the following ex-
pected value function:

1+ EY|X]+c- OEN[X]+5—-1))

= (B[Y|X) = CEY T 65
Which has a 2nd derivative given by:
A(eyEY|X]+ (Be— e+ EYIX]+2) 7= 2+ D) ((c+ 1)y — B +2) (66)

OEY|X]+5-2)!

.. .. . B—2
The above expression is nonpositive VE[Y | X] € [0, 1] given 8 € (=1,0],7 € (=2, 5)-

Hence using Jensen’s inequality we can again claim that the disadvantage stemming
from more information remains for certain values of 3,y

6.3 Generalization to n-Player Oligopoly

Consider extending the original duopoly model to n firms competing in prices. The
demand function for firm ¢ becomes:

g =1+y—pi+ > (Bi+%y)p; (6.7)
J#i
Like before we define the profit function:

n

mi=pi @ —0=pi(L+y) —p} +pi > _(Bij +%9)p; (6.8)
J#
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6.3.1 First-Order Conditions
Each firm maximizes expected profit E[r;|z;]. The FOC for firm i is:

E |pi(1 —p? S (B Yy
0E[7rz‘xl] 8 pl( +y) b; +p1237é1(/62j +/Y7,]y)pj

i o, =0 (69

In symmetric equilibrium with 3;; = 8, v;; = v, and common signal structure:

B 1+ E[Y|X = ]
2 (n=D(BHIEY|X =z,])

*

p

(6.10)

To ensure the above equilibrium price is contained in the previously defined in-
terval [0,P], we must implement new constraints on ,7. In particular, we let § €
(-, %) and vy € (=% — 3, =% — ). This forces (n—1)(B+1E[Y|X] € (-1,1),

n—1’n—1 n—1 n—1
extending the previous economic restriction to the n-player case, where we stated
the competitor’s price cannot have a greater effect on firm i’s price than its own

price.

6.4 Information Effects in the n-Player Game

In the n-player oligopoly the symmetric value function becomes

(1+E[Y]X])?
(0~ DOEYX] + B) ~ 27 (o-1Y
Computing the 2nd derivative we get:
2((n = 1)(8 =) = (=20~ IENYIX] 4 8~ 1) =By =1 =) o

((n = DOEY|X] +5) - 2)*

Once again, we may break it down into cases to find the range of values for which
the 2nd derivative is non-positive VE[Y|X] € [0,1]. This time the equations are:
Case 1:

mn=1)(B—-7)-2=0 (6.13)
—2(n —1HE[Y|X]+B8(n—1)—=3y(n—1)—-2) <0 (6.14)

Case 2:
(n=1)(B-7)—-2<0 (6.15)
—2(n—1HEY|X]+Bn—1)=3y(n—1)—2)>0 (6.16)

Like before, case 1 leads to a contradiction while using algebra on case 2 leads
to the discovery that the n-player symmetric value function is concave as long as
RS (—ﬁ, ﬁ) and vy € (f— %, g— ﬁ) Clearly, the range of values that allow
for concavity becomes smaller as n becomes larger. In other words, as the number
of firms increase the chances of the posterior payoff being less than the prior payoff
decrease - illustrating the that the value of posterior knowledge (new information)

is proportional to the number of players.
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Chapter 7

Concluding Remarks

This study examined a specific linear demand function taken from the duopoly con-
structed by Singh & Vives (1984) and modified it by adding an uncertain demand
parameter; transforming their full information game into a Bayesian game. Inspired
by previous literature, we included the concept of private signals to delineate player
types and explicitly constructed a likelihood function to deduce the compatibility
of the signals with respect to the true demand parameter. Using Bayesian inference
to update the beliefs of each firm we showed that, at equilibrium, the payoff after
receiving the private signal is less than that of the payoff received before observ-
ing any information for both the symmetric and the asymmetric case for certain
values of [3,~v. While such detrimental effects of information have been displayed
in finite normal form games and sender-receiver type games, this result is highly
non-intuitive in a duopoly setting.

In the Ex-post stage of the game we graphed the payoffs against the noise param-
eter # and explicitly showed how, for the aforementioned values of 3,7 the payoff
received by each firm decreases as the quality of signals increase. We were able
to generalize these results to the n-player symmetric game while also addressing
questions regarding loss of generality with respect to some of assumptions made
throughout this paper.

Clearly, most of the difficulties that stem from this kind of approach manifest in
the form of intractable algebraic expressions, particularly arising in the asymmetric
case. In n-player oligopoly, the solutions are so intractable that we are unable to
derive an explicit form of the value function. Even when evaluating the 2-player
asymmetric value function in the Ex-Post stage, we were unable to directly plot
its curve due to the complexity of the resulting function. As a result, one must
experiment with numerical techniques and procedures to solve such quandries.

With that being said, this still paper succeeded in demonstrating the detreminental
effect of information for at least one class of functions - thus opening avenues for
further research on optimal information design in markets and the implications of
signal structure under various competitive and cooperative regimes.
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