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Abstract

M theory is a proposed quantum theory of everything which is connected to
type IIA string theory via S duality. In its low energy limit, M theory is ap-
proximated by 11 dimensional supergravity.

In this thesis, we look at the BFSS formulation of M theory, known as Matrix
theory. We discover that this formulation yields correct expressions for the ve-
locity dependent scattering potential between supergravitons at one and two
loops. Furthermore, it also gives us the correct M2 brane tension.

Another form of the BFSS conjecture at finite N is then used to show that a
static potential does exist between supergravitons. This static potential falls

rapidly at late times, in agreement with the flat spacetime calculation.
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1 Introduction

M-theory is a proposed theory of everything, one that unifies all versions of
superstring theory. At a string conference in 1995, Edward Witten showed that
the M theory is consistent with all versions of superstring theory - one could
obtain type ITA superstring theory or Eg x Eg heterotic string theory from M
theory by transformations called S dualities. Witten’s revelation produced a
flurry of papers known as the second superstring revolution.

11D supergravity

EsxEsg heterotic
Type lIA

Type |IB
S0O(32) heterotic

Type |

Figure 1:  The five string theories and 11D supergravity are all united by
M-theory

M-theory is a consistent quantum theory, but not much is known of it. We know
for a fact that the low energy effective action for M-theory must be 11 dimen-
sional supergravity. This is in contrast to the 9 + 1 dimensions of superstring
theory. Thus, M theory must contain objects called 2 branes and 5 branes, the
latter of which is magnetically dual to the former. They are restricted to these
dimensions by supersymmetry.

In this thesis, we will first explore some properties of D-branes. Even though
D-branes are boundary conditions for strings to end, we will see that they are
actually dynamic objects and are central to non-perturbative formulations of



string theory. Then we will look at a particular formulation of M-theory, the
BFSS matrix theory. We will establish correspondences between Matrix theory
and M theory in the low energy limit (i.e. 11 dimensional supergravity).

Subsequently, we will introduce another formulation of Matrix theory, using
Discrete Light Cone Quantization (DLCQ).Using DLCQ Matrix theory in a
Type ITA linear dilaton background, we will probe the singularity of the big
bang, which is inaccessible via the non-remormalizable theory of General Rela-
tivity. We will see that due to twisted boundary conditions on a Milne orbifold,
there is a static potential between supergravitons that decays rapidly at late
times and spacetime emerges.



2 String Theory and D-Branes

The contents of this section are based on Joseph Polchinski’s String Theory
textbook [I] and Adel Belali’s paper [3].

2.1 T-Duality

2.1.1 Closed Strings

Consider a world sheet parametrized by the variables 7 and 0. Now make the
change of variables z = 7% and zZ = "%, From the Polyakov action for a
closed string, we get the equation of motion

8.0.X"(2,2) =0

This yields the expansion:

e ~ o ~ e - a“m —m ONlum =—m
X“:x”—u/2(048—1—046‘)7’4—\/2(0[5—@6‘)0—1—@\/2%:O(mz —i—ﬁz )

(2.1)
Now, owing to translational invariance of the action, momentum is conserved,
by Noether’s theorem. The momentum of the string field is
1

20/

P = (ag +ap)

If a dimension X* is non-compact, then to ensure the invariance of X* under
o — 0 + 27 requires af = af).

On the contrary, if we compactify a certain dimension, say X?° on a circle of
radius R, such that X*°+27R ~ X2, then |/ % (o —daly) = mR for some integer
m. Then under the transformation ¢ — o + 27, X% — X 4 2rmR ~ X?5.

Now, for the wavefunction ~ exp(iz?°ps5) to remain invariant, the momentum
is pa5 = . If we force X 25 to be compact, we must then have

025 _ ﬁ'(ﬁerﬁ)
o 2 \R o

! R
i =5 (3.

(2.2)

where m is known as the winding number.

We can split up X25 into a holomorphic (z-dependent) left moving and an
antiholomorphic (Z - dependent) parts. Now consider the two fields:



e

Figure 2: Oriented Strings with winding numbers m = +1,0 and -1

X = XP(2) + X¥(2),

N 2.3
and X% = X%(2) — X?°(z). 23)
Here,
! ; too 25
x25 _ 25 % o5 L [ Qi
(z) =21 5P +1 2 2 =
(2.4)

! ;T ~25
25/ = 25 QX 95 . [Q Uy
and X*°(z) = a% —i— + i/ — E .
(2) R 2 Pr 2 mzm
m oo

We have z2° = z%° + 2%). p?® and p3’ are the left and right handed momenta

which are respectively given by:

2 n  mR
25 / 25
= — = — —_—,
Pr o 0 R + o
2 n  mR
25 | 4 ~95
= —Q = — — .
Pr o0 R o

If we make the exchange n <» m and R % simultaneously, then the mass

squared of the string state, given by a3 + &2+ oscillator modes, which remains

invariant. The momentum modes and the winding modes in this theory are then

interchanged. This is known as T-duality: a theory compactified on a circle of
a/

radius R is equivalent to a theory compactified on a circle of radius %.

and

Furthermore, for the fields referred to in (2.3)), the transformation X25 — X25
leave the OPE, energy momentum tensor and correlation functions invariant.
Therefore, T-duality is a symmetry of the perturbative string theory as well.
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2.1.2 Open Strings and D-branes

For open strings, we must set booundary conditions for the ends of the string.
We can have either Neumann (N) or Dirichlet (D) conditions. A Neumann con-
dition is to set the o- derivative at ¢ = 0,7 equal to 0. In so doing, we have
ol = @k for all n.

And therefore, we have

XH =gt —ia/ptnzz + iy o Z %(z_m +z7™). (2.5)
2 ooy m

Now we compactify X2° on a circle of radius R. As before, we have p*® = %.
The T-dual field to X2%isX25 and given by:

25 25 1,257 % o & .
X =1% —ia In— 444/ — (T — 2T, 2.6
R YD
m
It can be shown that 0,X* = i@TX“. This implies that 9, X2 = 0 at o =
0,7. Therefore, at any boundary, X2° is constant - this is what is known as a
Dirichlet boundary condition. The difference between the values of X2 at the
two boundaries is given by

XB(r) = X¥(0) = 2w/ p?® = 2770/% = 21nR. (2.7)
Thus, the difference between the two boundaries is a multiple of ZﬁR, i.e. both
values of the field are identified with each other. Hence, both ends of the string
lie on the same 24 + 1 dimensional hypersurface known as a D-brane.

Here, we have started with N boundary conditions and have derived D condi-
tions in the T-dual space. We could equivalently have started with D conditions
and have ended up with N conditions in the T dual space.

We have T-dualized in only one direction. Thus, our D-brane is a D 24-brane. In
general, if we T-dualize k directions, then we have a D p-brane with p = 25 — k.
If we did not T-dualize at all, we would be left with a D25-brane, which covers
all of spacetime. The strings are ordinary open strings propagating in 25 4 1
dimensions.

2.1.3 Fractional Momentum Modes

Open strings can carry Chan-Paton [4] factors at their endpoints. The states are
labeled as |ij) with 4,5 = 1,2,... N labels for the Chan Paton charges at the end
of the string. For oriented strings, we associate the fundamental representation
with the o = 0 and and the antifundamental representation with the o = 7 end.
This describes a gauge group U(N).

11
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Figure 3: Chan Paton factors at the ends of an open string

The full quantum state is given by

N
16,8, 0) = D Nijlo, ki), (2.8)

ij=1

where ¢ is the Fock state space label and k is the momentum. The A;; are U (V)
matrices known as Chan Paton matrices.

If we include a Wilson line, corresponding to a background gauge field in the
compactified direction,

1.
A25 = ﬁdlag(ﬁl, ey 91\/‘),
the U(N) symmetry breaks to the diagonal subgroup U(N) — U(1)" if the
gauge invariant holonomy matrix or Wilson line

U = exp (ij(lgdx“AM(x)), (2.9)

are all distinct.

The introduction of the gauge field shifts the momentum along the compactified
direction such that 0. _ g
25 _ 1 i —Yj

== . 2.10

R * 2rR ( )

To see how this works in the context of a U(1) theory, consider the action of a
point particle with charge ¢:

. . 2 .
S = /dT(%X”Xﬂ + 5 - 44, X") = /drﬁ.

The gauge field Ag; = —5% = —iA™' 5855 is pure gauge, where A(X?) =
exp(— igfgs ). The term with the gauge field is simply —iq [ dz*A,,. In the path
integral weight exp(—9), the gauge field term picks up a factor equal to the

holonomy matrix. For p # 25, the conjugate momentum II# is given by

12



H/J' :Zﬁ :lXH, (211)
and 9
. . q n
| P— ’ = i Xor — = . 2.12
25 28X25 1A 25 onR R ( )

The last equality results from the periodicity of the wavefunction which contains
a factor of exp(ill5X2%). Thus, the momentum in the X5 direction is given
by
ixe =ty 4 (2.13)
R  27nR
This leads to “fractional winding numbers” in the dual theory X*. The expres-
sion for the T-dual space corresponding to equation ([2.7)) is then:

X% (x) — X¥(0) = (27n +6; — 0,)R. (2.14)

The mass shell relation of the string is given by

%(N—1)= <(27m+9j—9i)f%)2 1

2 __ 25\2 _ _
M= = (p~)" + 5 oW1 (215)

In the equation above, N is the eigenvalue of the level operator, which is defined
by Zi_f Y ns0 @, 0, which is analogous to the number operator of the SHO.

—n-n?

1 T 25

0 OR O6R O:R 0:R g

Figure 4: Including the Wilson line yields D-branes at positions 61 R...04R

2.2 D-brane Action
2.2.1 Motivation

Why do we consider D-branes to be dynamical objects?

13



Massles states of the string only occur when 6; = 6;, since work must be done
to lengthen the string. Thus, in order to be massless, a state must have a Chan-
Paton factor of |i7). We have, for a Dp-brane, the directions a = 0,1,...,p
parallel to the brane and the directions « = p+1,...,D — 1 orthogonal to the
brane, the massless modes of the open string

al |k;id) (2.16a)
and o2 |k; i) . (2.16b)

The first set of excitations in [2.16| are vector bosons. In particular, they are
photons that are the quanta of gauge fields A, living on the brane.

The second set of states are scalar fields ¢® perpendicular to the brane. For
Dp-branes, both translational and Lorentz symmetry are broken in the D —p—1
transverse directions. The string states fall into representations of Poincare(1, p) x
SO(D —p—1).

2.2.2 D-brane action

The low-energy effective action is, with the gauge choice X* = ¢%,a =0,...,p
and setting ¢ = %,a =p+1,...D—1,
N2 p+1 1 ab 1 aaa o
S = —(2ra')?T, | d §(1+1FabF + 50.0°0"6 +) (2.17)

where T}, is the brane tension. The brane energy is tension x volume. Now
suppose that there are no gauge field excitations on the brane and that ¢% =
@*(t). The action takes on the form

1 .
S = /dt( — MDp-brane + TpVDp-brane X §(Xa(t>)2)7
, (2.18)
== /dt( - MDp-brane + §MDP-braIle(Xa (t))2) .

Here, Vpp-brane and Mpp brane are Dp-brane volume and mass respectively. The
term Mpp brane is the vacuum energy (no excitations) of the Dp-brane. This
action is kinetic energy term minus potential and it motivates us to think of the
scalar field as fluctuations of the Dp-brane itself.

At low energies and slowly varying fields, the effective action is given by the
Dirac-Born-Infeld action, which was first postulated to get rid of the infinities
in Maxwell theory,

SpBr = —Tp/dp+1§\/— det(’}/ab + 2770/Fab)- (2.19)

Here v, = %%: 837)5(:77;11/ = nab"‘% %na,@ and pu, v are directions both parallel

and orthogonal to the brane. In other words, 4 is the pullback of the target

14



space metric onto the Dp brane. In matrix form, we can write the DBI action

219 as

Lppr = \/—detyy/det(1+ M), M = 2ra’y "L F. (2.20)

Let us now calculate the product of determinants. Since M is antisymmetric,
we get

Nl

Vdet(1+ M) = [\/det(l M)y /det(1 + M)T]
= det(1 — M?)7

1

= exp <Z Trlog(1 — M2)) (2.21)

1 1
- — Ty (M2 7M4...)
exp (= 7 T2+ M)
1
zl—ZTrM2—...
2 \2

and \/det(l o Ey) =1 — 2T (2.22)

Now consider

det(fvab) = exp

s (14 (%))

0X>9Xh8 2.23
= \/(m det <1 + afaagbnabéaﬂ>, ( )

=1+ %(2770/)26‘,1(;50‘3@9%)0‘ +...

Combining and [2.22] we see that the action in is the same as the action
in[2.19 up to an additive constant. When there are no D-brane excitations, we
have a purely Maxwell theory on the brane.

2.2.3 Nonabelian Generalization

Now consider what happens when we have multiple Dp-branes. Let us take the
case of 2 Dp-branes for simplicity. Each has a gauge field living on it, leading
to a U(1) x U(1) theory. There are strings that start on brane 1 and end on
brane 2 ([12] strings), strings that start one brane 2 and end on brane 1 ([21]
strings) and strings that start and end on the same brane ([11] and [22]) string
sectors. The Dp-brane excitations are given by the matrix,

(@] o)
o= (G ) 220

where (¢,)% represents a string in the a direction that starts on the i*® Dp

J
brane, i.e. has its ¢ = 0 endpoint there and ends on the j*® Dp brane,

15



i.e. has its ¢ = 7 endpoint there. The matrix components transform as

(¢a); — expli(0; — 0;)](da)-

When we have N coincident D-branes, the DBI action generalizes into a non-
Abelian U(N) gauge theory. Consider firstly the 2 case of two Dp branes. There
are strings in the [11],[22],[12] and [21] sectors. These correspond to the four
massless gauge bosons that are the generators of the U(2) gauge field. These
cannot be the generators of the U(1) x U(1) gauge field because the latter are
massive, with string mass, as we shall soon see. Since the D-branes are one
and the same, we have the freedom to shuffle their indices around using unitary
transformations |W;ij) — [W'; kl) = Ui U5 |5 i5) = UVUT, which is a transfor-
mation in the adjoint representation of U(N).

The bosonic part of the U(IN) Yang-Mills theory is,
Shgsenic / P T F, PP (2.25)

Here, F,, = 0,A, —&,AM—I—Z'[AW A,] as p, v run over all directions in spacetime.
Now we will dimensionally reduce the 10 dimensional superstring theory to p+1
dimensions. We start off with a space-filling Dp brane and the directions or-
thogonal to the brane become bosonic fields.

The action in [2.25|may be expanded as (a,b=0,...,pand o, 8 = p+1,...,D—
1),

SHeieme ~ / AP ETr(Fap F® 4 2F g F* + FapFP).

The derivatives 0, A, are 0, - the Dirichlet conditions take out the zero modes
orthogonal to the brane. Also, A, = ¢ = ﬁXa. For the components of F),,,
we then have,

1 : 1
Faa = 5——00Xa = Oalla + 5 L Agy Xo] = 5= DaXa
77(1. T T (226)

and Fa[g = [XouXB]~

i
(2ra’)?
Therefore, the action becomes,

1
2ma!

Sbosonic ~ dp+1€Tr[F2 + <L>2(D X )2 — ( )4[X X ]2] (2 27)
YM ab 27/ e o .

Higgs Term

The coefficients are determined by disk diagrams by summing over topologies.

16



The low energy bosonic Dp brane action is given as

1 1 1
S = —(27ro/)2Tp/dp+1§Tr< ZFabF“” +5Da¢" D" — Z[¢“7¢B]2 )

Gauge Field Term Kinetic Term Higgs Potential Term
(2.28)

We have g21 = ar’T, = ﬁ7 where gy s is the Yang-Mills coupling. Now
Y M s s

consider the commutator term, the Higgs potential. We may write it as: —[¢q, ¢5]°.
The minimum value is when ¢, commutes with ¢g. This only happens if the
two are simultaneously diagonalizable, i.e.

o7
o = . (2.29)
PN
The diagonal components give us the positions of the N Dp-branes. Now when
the D-branes are separated, we get the string mass from the Higgs mechanism

just as we get the mass of the W-boson. Consider the case of two separated
D-branes. The Higgs VEV is

1 0 >
= . 2.30
o= (% o (2.30)
The gauge field matrix is
All Wa

From the term £ Tr[Aq, ¢]? = —W[(¢2 — ¢1)?W,. This gives a W boson mass of
My = raryz | X2 = Xa | = T?| X — X, |? for string tension T'. We can interpret

this to mean that the mass of a string is the tension times the length.

We may write the full general non-Abelian Dirac-Born-Infeld action as:

Sper = -1, / dPT ¢ exp(—®) Tr \/— det(Gap + Bap + 2ma! Fop). (2.32)

The excitations of the closed string include the symmetric metric G, (X), the
antisymmetric Kalb Ramond field B, (X) and the scalar dilaton field ®(X').The
string moves in a background of these fields. The Kalb Ramond field is a two-
form field. In the field strength H = dB is analogous to the two-form field
strength F),, = 0,4, — 0, A, +i[A,, A)]. Thus, Hyw = 0uwBuy + 0, Buw +
0y B.,,. The gauge transformation is given by 6B, (X) = 0,(, — 0,(,, which
keeps the field strength invariant. The spin-2 field G4, = GW%% where
a = 0,...p are the directions on the D-brane is the pullback of the spacetime
metric onto the Dp-brane. The factor of exp(—®) arises because this is a tree-
level action.

17



The combination By, + 2wa’ Fy;, is due to how a string moves in a background
of these fields. On a string worldsheet M the string couples to these two fields
by, o I d?0€*P 0, XP05 XV B, + Jopq dT A X®. This is invariant under the
gauge transformations of Fy,,, and B,,,.

The derivation of 22§ from 2:32] is a non-trivial calculation. This is worked
out in [2], using the invariance of the theory under T-duality.

2.2.4 D-branes in superstring theories

Type ITA superstring theories contain Dp branes with p even and Type IIB
theories contain Dp branes with p odd. D branes in superstring theories couple
to p+ 1 form fields known as Ramond Ramond (RR) fields. In type IIA theory,
DO0-branes couple to A,,, D2-branes to A, D4-branes to A,, - and so on and
so forth. In type IIB theory, D(-1)-branes couple to the RR fields A, D1-branes
to A, D3-branes to A, 0.

In addition to the usual U(N) symmetries, our new Yang Mills action is in-
variant under supersymmetric transformations. Type II string theories have 32
supersymmetry generators (supercharges). D-branes are invariant under half of
these - BPS states. The action now contains 16 component real spinors which
transform in the adjoint representation of U(N).

The string tension is given by T, = % In particular, for DO branes,
we have Ty = —=. The low energy action for a Dp brane is 10 dimensional,
N =1 SUSY Yang Mills action reduced to p + 1 dimensions. This is done by
assuming that all the fields are independent of the coordinates p 4+ 1...9. The
dimensionally reduced action for DO branes is

1 L
§P0 = / arte( - T3 FF" WD), (2.33)
Here, c = ﬁ and g, is the string coupling. The prefactor on the fermion term

has been absorbed into the definition of ¥. Here, ¢ is a Majorana-Weyl spinor
0
o= (o)
And the 32 x 32 gamma matrices are given by

F_<1 o )=y 0)

Where 47 are the 16 x 16 gamma matrices. This action is invariant under the
supersymmetry transformations generated by 16 supercharges.

Now consider the directions m,n = 0....p on the brane and 7,5 =p+1...D—1

18



transverse to the brane. On the brane, the derivatives with respect to directions
normal to the brane are 0. Therefore, the corresponding field strength compo-
nents are Fj; = ic*[X*, X7, Fo; = c(9oX; + i[Ao, X;]) = ¢DoX; and Dof =
000 + i[Ay, 6].

2
SP0 — 7, / T (- (DoX)? — 07 Dol + - (1., X)) + e (X, 0)).
295 495
(2.34)

This is a supersymmetric N x N quantum mechanics, in which X* and 6 are in
the adjoint of U(N) - and these are Hermitian matrices. Each component of 6
is a 16 component real spinor.

19



3 M-theory
The following five different ten dimensional superstring theories are related
through S-dualities and T-dualities,
i Typell A
ii Type II B
iii Eg x Eg heterotic
iv SO(32) heterotic and
v Typel

S-duality (or strong weak duality) in string theory relates a theory with coupling
gs with a theory with coupling gi.

SO(32) Heterotic

EsxEg Heterotic

Figure 5: Relationships between the various superstring theories: blue lines
indicate S-duality and red lines indicate T-duality

At strong coupling, the Type ITA and Eg x Eg heterotic string theories exhibit
the 11" dimension and approach a theory called M-theory. Thus, M theory
unifies all versions of superstring theory and led to the superstring revolution
in the mid-90s.

First, we examine the low energy effective action of M-theory, which is 11 Di-
mensional supergravity.

20



3.1 Eleven-Dimensional Supergravity

Eleven dimensional supergravity contains the following fields: a metric Gy
with M;N = 0,...,9,11 or an elevenbein eﬁf (the M directions are in the
curved space and A in the tangent space), a three form Aj;yp and a Majorana
gravitino ¥+, where M is a vector index and « a spinor index. This gravitino
is a superpartner to the graviton and has spin % Here, we calculate the number
of on-shell degrees of freedom for each field.

The metric Gp;ny transforms in the symmetric traceless tensor representation
of SO(D - 2) in D dimensions. Therefore, the number of degrees of freedom is
w — 1. We subtract 1 because of the traceless nature of the metric.
Plugging in D = 11 dimensions, we have 44 degrees of freedom. The 3-form
field Apsnp transforms in the antisymmetric representation of the SO(D — 2)
and thus it has 4;(D — 2)(D — 3)(D — 4) degrees of freedom (dofs) or 84 dofs in
11 dimensions. Thus the bosonic part of the action has 84 + 44 = 128 dofs.

Since we are working in D dimensions, the Clifford algebra has 2l %] spinor

components. For even D, this equals 2% and for odd D, 277", Since the

components are complex, there are 2.91%] degrees of freedom for each vector
index. Imposing the Majorana condition ¢ = ¢ = CI'%) where C is the

charge conjugation matrix gives us 2 [#] constraints and we have 2/ %] degrees
of freedom per vector index left. Now consider the massless Rarita Schwinger

. .3 . .
action for spin-5 particles:

SRS = /le‘\I/MFMNpaN\I/p. (31)
The massless equations of motion are:

MMNPoNTp = 0. (3.2)

Using the gamma-matrix identities 'y TMN? = (D — 2)I'NP and TMNP =
MNP _ 2pMINTP] (3 2 becomes,

™0y TN — ONTyy) = 0. (3.3)
Taking the derivative dp on both sides, we have,
A O0p¥N — ONTp) =0 (3.4)

This gives us ol %] components. Now we fix the gauge I''¥; = 0 (Coulomb
gauge). The N =0 and N =i components are given by,

o,y — 9o, = 0,

(3.5)
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When we set the Coulomb gauge condition on the first of we get V2, =

0

0 = Yy = 0. For the spatial components of ¥;, we get I' - 0¥, — (“)Z-FO%—
0

;T4 7 =0or I'-0¥; = 0. Contracting this equation with I'*, we end up

with 2n*0,¥; — I‘“@MQ%II/Z»': 0 = 0"¥; = 0. Hence we end up with three
independent constraints:

', (x,0) = 0
\IJO(Xv 0) =0 (36)
0'W;(x,0) =0

Because of these three initial conditions, we have (D —3)2 [2] total components.

This leads to %(D - 3)2L%J on-shell degrees of freedom. In 11 dimensions, this
works out to be 128 degrees of freedom. Thus the full action had 1284128 = 256
degrees of freedom.

_1 11 2
5_2/ d'lz \/é( R +|dAs| )+/ As A dAs A dAs  (3.7)

11-form curvature scalar 3-form 4-form 4-form

The fermionic terms are obtained by supersymmetry considerations.

3.2 Dimensional Reduction to ITA Supergravity in 10 Di-
mensions

We can dimensionally reduce the 11D supergravity action to a 10D ITA action by
compactifying the x'! directon on a circle and assuming that nothing depends
on x'!. We also take only the zero modes in the Fourier expansion of the fields.
This latter fact distinguishes dimensional reduction from compactification, in
which all the Fourier modes are accounted for.

First we see what happens to the fermionic part. We use Greek indices for
10-D Type ITA Supergravity. The Majorana gravitino in 11 dimensions ¥, =
(1/1}\/[ w]?W)T gives rise to a pair of Majorna-Weyl gravitinos ¢;, and a pair of
Majorana- Weyl dilatinos in 10 dimensions, ¢¥* = 9{;,a = 1,2. To calculate
the degrees of freedom of each Majorana-Weyl gravitino, we carry out a cal-
culation analogous to the calculation for Majorana gravitino in 11 dimensions.
In this case, everything is identical except for the fact that for each gravitino,
the Majorana-Weyl condition has 8 dimensional spinors and the vector indices
can take on 10 possible values. Therefore, each Majorana-Weyl gravitino has 56
degrees of freedom. Furthermore, each Majorana-Weyl dilatino has 8 degrees
of freedom and we end up with the same 56 x 248 x 2 = 128 degrees of freedom.

Now consider the bosonic degrees of freedom. We still have the three form field
Auvp in ten dimensions. This gives us 3;(8)(7)(6) = 56 dofs and A,11 — B
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(Kalb Ramond), which has £(8)(7) = 28 dofs. The 11-dimensional metric Gy
becomes a 10- dimensional metric G, which has 5(10 -2)(10-1)—1=35
dofs, G171 11 = exp( 2y (1 dof) and G 11 = —exp( 2)A,, (8 dofs). In total, we
have 128 bosonic degrees of freedom and combined Wlth the 128 fermionic dofs,

we get the 256 dofs of 11 dimensional supergravity.

The 11D metric in terms of the 10D metric G, is given by (Note that G, is
NOT the same as Gy n with M = g and N = v),

_2(;5) ( Guv +exp(20)A, A, ‘ exp(2¢)A, >
3 exp(2¢)A, | exp(29) )¢

GuN = exp ( (3.8)

The line element is given by
2 M N P 2¢ 11\2
ds” = Gyndz™ dz" =G, dxtdz” + exp (?)(dx )
29 .11 2¢ 12
3.9
—|—2exp(3)A datdx +exp(3)(A dz")?, (3.9)
=G, det dz” +eXp( ¢)(dx11 + A dx“) .

Hence, x!! is compactified on a circle of radius exp(2¢/3). Integrating it out

yields a factor of 27. Usmg the expression for the determinant of a block matrix,
you have det Gy = exp( ) det G,,. Hence we have:

dux\/detGMN...:QW/dloxexp (?)\/m (3.10)

The bosonic part of 10D Type ITA SUGRA is then (we are not concerned with
the exact numerical factors),

dlom\/detGW{exp< ) (R +10,60"¢| + |dAs|?) + exp (26)|dA[?
(3.11)

+exp( )|dB| } /B/\dAg,/\dAg.

Now a word about the exponents.The square root of the determinant gives

us a factor of exp (% . From the Ricci scalar, we have terms of the form

Guua#(;unap(;all exp (f %) exp (%) exp (%)5‘uAV8pAU+8¢ terms. This
gives us a term of the form exp (%)QAGA which combines with the factor
from the determinant to give you exp(2¢) in front of |[dA|?. Also, since dAz =
I Anpg), we get terms like GM119A,,110A4,011 exp ( — %) |dB|?. Combine

this with the factor from the determinant and we get exp(—%).
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However, the action for bosonic part of Type IIA gravity is typically written as,

/dlox\/ﬁ[exp(—2(;5)(R+|8H¢8”¢\+|dB|2)+\dA3|2+|dA|2]+/B/\dAg/\dAg.
(3.12)

In order to bring the action to this form, we must perform a Weyl rescaling
G = exp ( - %)gw. This gives us a factor of exp(—%) because the met-
ric is 10-D and we are taking a square root. The Ricci scalar scales as fol-
lows: R[G19] = exp (%)R[g]Jr ~ |0,90"¢|. This results in an exponential
to the power of % — % + % = —2¢. Thus, we have the correct exponen-
tial in front of the Ricci scalar. The terms of the form |dA,|* yield factors of

exp ((p+ 1)%) .These exactly cancel out the prefactors of |dA3|? and |dA|? in
é?) 11))

3.3 String coupling and radius

Consider the metric (3.9). In terms of the rescaled 10-D metric g,, and the
string coupling g; = exp ¢, we may write this as,

ds? = g2 5 g, datde” + g3 (da'! + A, dat)? 3.13
= 0s guuva"'QS(x""ux)‘ ()

From this metric, we see that the relationship between the 11D Planck length
¢, and the 10D string length /; is,

t, = g3, where £, = Vo' (3.14)
Newton’s constant in 11 and 10 dimensions is given as, [4]
G11 = 1677) and G1o = 873 %/3. (3.15)
When we compactify in the 11 direction with radius Ryq, [§],
G11 = 27 R11Gho. (3.16)
Combining the last 3 equations, the 11-D radius is given by
Ry = g2/3€ = gsls. (3.17)

The nonperturbative excitations of of Type ITA superstring theory are DO branes
with mass (in the string frame) is L, . This can be interpreted from the view-
point of M-theory compactified on a c1rc1e as the first Kaluza Klein excitation of
the massless supergravity multiplet. There are 256 degrees of freedom that cor-
respond to the 2% dimensional Clifford algebra of the Majorana Weyl fermions
0 of the DO brane. This 256 dimensional multiplet is sometimes referred to as
the supergraviton.

24



In 11 dimensions, the mass of the supergraviton is zero,

M = —pyp™ =0,M =0,1,...,9,11. (3.18)

This leads to M3 = —pyp™ =0 = —p,p* — p}, = M%) — p?,, where My is
the 10 dimensional mass and = 0,1,...,9. Thus, we have

M120 = P% (3.19)

Because we have quantized in the 11 direction, the corresponding momentum is
P11 = RLH, N € Z and the masses of the tower of Kaluza Klein excitations is

N

My — ——
N7 Ry

(3.20)

If we set N =1 and Ry1 = gsls, we get the DO-brane mass. We can also see

this from the fact that DO branes saturate the BPS bound, i.e. M = |Z|, where

|Z| is the central charge of the A/ = 2 supersymmetry algebra. For the DO
1

brane, the central charge Z = 15 = 7o Or the brane tension. Since these type

IIA states are BPS states, they come in short supermultiplets of 2% = 256 states.

Witten showed that a system of N DO branes has a threshold bound state of
mass ﬁ. There is no binding energy left since the DO branes saturate the BPS
state, 1.e. they are as light as they are allowed to be if they carry N units of
U(1) charge that couple to the one form field A in the ITA action.

Consider what happens as gs — o0o. The states become very light and we
get infinitely many light states, which is the Kaluza Klein spectrum of 11D
supergravity. Furthermore, in this case, the compactified dimension of radius
Ry1 = gsls becomes large and we get back the full 11 dimensional supergravity
theory. Thus, all the Kaluza Klein states of 11 D supergravity on M'? x S* is
contained in the type ITA supergravity. Clearly, 11 dimensional supergravity is
the strong coupling, low energy limit of Type ITA superstring theory. This is
the S duality between 11D SUGRA and ITA superstring theory.

11D supergravity, however, is not a consistent quantum theory. Beyond two
loops, the scattering amplitude of two gravitons diverges. Thus, it must be the
low energy limit of another theory, called M-theory, which generalizes SUGRA
beyond the UV cutoff. Furthermore, M theory with its 11*" dimension com-
pactified on a circle of radius R;y; must be Type IIA superstring theory with
coupling g5 = \1271/. Because it describes type ITA superstrings, M theory must
contain DO, D2, D4. D6, D8 branes and the fundamental string, the F1 brane
from ITA string theory. The correspondence between objects in M theory and

type IIA superstring theory are given in

25



M-Theory Type ITA
KK Photon (g,11) RR gauge field 4,
supergraviton with py; = £~ | DO brane

wrapped membrane ITA string

unwrapped membrane ITA D2 - brane

wrapped 5-brane ITA D4-brane

unwrapped 5-brane ITA NS 5-brane (charged under B,,,)

Table 1: Correspondence between M-theory and Type ITA superstring theory

How do we account for D6 branes? Magnetically, the DO brane is the dual of
the D6 brane. Since the D0 brane couples electrically to the RR field A,,, the
D6 brane must couple magnetically to the same gauge field. Correspondence
with the D8 brane is still an open question.

The three form gauge field A3 couples electrically to the M2 brane and magnet-
ically to the M(11 —2 —4) = M5 brane. The tensions in the M2 and M5 branes
are (we will show this later using M(atrix) theory),

Tara = 2m(21l,) 3 and Tars = 2m(2m,) 6 (3.21)
Since tension is energy per unit area and compactifying the M2 brane in the 11

direction gives us the F'1 string, the tension in the F1 string is

Try = 20 R Thpo = where Ry; = £.g, and £, = g}/3¢,. (3.22)

202’
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4 BFSS Conjecture

Let us recap what we have discussed so far,

I) If we take the large coupling limit of Type IIA superstring theory the com-
pactified dimension becomes large and the 11th dimension appears. The
Kaluza Klein states of 11D supergravity correspond to threshold bound
states of n DO branes.

IT) The collection of N DO branes can be described by a U(N) super Yang
Mills theory dimensionally reduced to 0 + 1 dimensions, as in

In the BFSS conjecture, the 9 space dimensions (X*,i = 1,...9) on which the
DO branes live are the transverse directions in the light cone frame, also known
as the infinite momentum frame (IMF). We will call the momentum in the 9
transverse directions p; . Thus, the total momentum is given by (p°,py,p't).
The statement of the BFSS conjecture is,

“M-theory, in the infinite momentum frame is exactly described by the large
N limit of U(N) matriz quantum mechanics.”

4.1 The Infinite Momentum Frame

The infinite momentum frame was introduced by Weinberg [11] to simplify calcu-
lations in perturbative quantum field theory. If we have a collection of particles
labeled a, the individual momenta can be written as,

Pa = NP +p7 (4.1)

where P is the total momentum of the system. Now P =Y p, = P> .1 +
pt = > n, =1,>p% = 0. Furthermore, (no sum over a), p%.p, =
nep$ P+ pl.p7 = p5.(pa — %) = nep% .P. The LHS in the last equation is
0 since subtracting p$ from p, leaves only the longitudinal component of the
momentum. Therefore, p§.P = 0.

Now comnsider a large boost in the P direction, i.e. P — oo. The observer is
moving in the —P direction. Weinberg [I1] showed, in the perturbative formal-
ism, Feynman diagrams with internal > 0, contribute finitely. If an internal
n < 0, the diagram does not contribute anything because it is suppressed by a
factor of %. Such diagrams correspond to physical situations in which multiple
particles are created from a vacuum or destroyed into a vacuum. Thus, we will
consider 1 > 0 only.

The total energy of a particle is then given by

a \2 2
+mg _
Ea= VA = \floratmP) =P+ P o)
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This is basically the non-relativistic d — 2 dimensional energy - (p i) 5+ constant
terms, with mass 7, P.

We now move to the IMF frame in which we boost in the 11, longitudinal di-
rection The other spatial (transverse) components of the momentum are p;,i =
1...9. We will use p, to refer to these transverse components. Now we com-
pactify the x1; direction on a circle of radius R. Thus, we have p}; = 55 with
ng > 0. The mass shell relation is then

2 2
pl7 +m
I R I I S
a a
p —|—m
~ZP11a(1+ Lo )

2pll ,a
(4.3)
For massless particles, the mass shell relation is then
2
E — prigot) = Z (PLa)” . (4.4)

a 2p11,a
This is reflective of the non-relativistic structure. The Galilean transformation
takes the form

P1L — pL +DpuivlL. (4.5)

The Infinite Momentum Frame therefore confers the following advantages:

1. Because of the Galilean energy momentum relationship, we can néaively
use concepts such as wavefunctions, bound states and mass conservation.

2. pi11,q is not negative because of the large boost in the 11 direction means
that modes with negative p; are very high enegy and will be integrated
out in a low energy effective action. This is good news since we don’t have
to deal with anti DO branes (N < 0) and perturbative states (N = 0).

The 32 real supersymmetry generators split up into two groups of 16 : Q, ga
with o, A =1,...16. Each of them transforms as a spinor of SO(9).

{Qav Qﬁ} = 5aﬂa {QAv QB} = 5ABp117 {Qow QA} = ’Yilapi‘ (46)

For the purposes of this thesis, we will also be using another framework for M
-theory: Discrete Light Cone Quantization (DLCQ) [12]. In summary (details
to follow) we switch to light cone coordinates and set 7 = 7 (timelike direc-
tion), = = transverse direction, and z° the longitudinal 9 dimensions. Then
we compactify £~ on a circle of radius R. Under DLCQ, we are allowed to use
the U(N) SYM action for finite N.
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4.2 Matrix Model Hamiltonian
To= L =L

The action for NDO branes is given by We set ¢ = N
X* and 6 transform in the adjoint representation of U(N ) We make a gauge

choice Ay = 0 and thus the kinetic term becomes [ dt4f (4 ) where M =
is the D0 brane mass. ‘.- we Weyl-rescaled the metric, we Weyl rescale the ﬁeldﬁ

_1
2ra’?

as X' = gl/?’YZ and t = gl/gﬁ T 2/3€ T = . fsi' = Rll/g% But we need the

Hamiltonian to have dimensions of energy or inverse length Therefore, we have
: ToR1

t=gr == (4.7)

We denote Y = 3Y . The action is then

1 . . 02R11 ) ) .
=73 [ dre( viy_ilere Y yi])? 07/[Y;.6)).
§ =3 [ ar e (g (7 =it SRV V) Rt 1.0
- (4.8)
The momentum conjugate to Y? and 6 are given by II = 6‘951_ = RL;1 and
™= % —iTp0T. The Hamiltonian is, therefore,
1o EPT5 i e 20T, j Y
H = Rntr<§Hi - SO Y)? - Tty [Yj,e]) = R H (4.9)

Consider the Higgs potential term V(Y) = —1 Ry c?T5 Tr([Y?, Y7])?
= 1R ATE Te(i[Y?, YI))(i[Y?, Y7]). Since Y is Hermitian, so is i[Y,YJ] and
(i[Y?*,Y7])2. Thus the, trace is non-negative and so is V(Y).

As the compactified dimension becomes large (Ri; — o0), the finite energy
eigenvalues of the Hamiltonian correspond to vanishing H energy. In other
words, we are looking for states for which

HIp) = 5 10) = HIY) = =~ [) (4.10)

where € is a finite number. The minima for V(Y) is for [V, Y 7] = 0, for which
the Y = diag(y}, 48, ... y%) - ¥ is the i*! coordinate of the a'* DO brane.

R11€

If the DO branes are far apart, then the matrices Y commute, to a good ap-
proximation. In this case, being far from each other costs a lot of energy. As the
branes get closer, non commutativity becomes more important. We will justify
these statements now.

Consider a configuration in which Y% is an N x N matrix in block-diagonal
form, which n blocks of size Ny, Ny ... N, with Za N, = N. Each block cor-
responds to a cluster of N,DO0 branes and the distance between the clusters
labeled a and b is,

trY, trY; try; trYb 271/2
o= 10 [ (W
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NOW consider two clusters of DO branes with N, = N, = 1, N = 2. Let Y* =

<5a*i §1> = 712 = [Z?:l(o/ — 6%)?]Y/2 | This is large if, say, for any

i =g, |0y — 03, | is large, |y, — 04| > 371,2. Then, we have,

— (Y, Vi))? = ATm(B85)? + (850, — 0i) — Bl — 50 (412)

This is, in general, of the order of

181 (evig = 640)% = Iﬂy\Qﬁ 2- (4.13)

This idea generalizes to larger block diagonal matrices. tr([Y?,Y7])? is at least
of the order of r2, x off-diagonal elements. Therefore, either the off-diagonal
elements or the distances between clusters must be small in order to limit the
size of the Higgs potential term.

4.3 The spectrum of H

A DO brane carries longitudinal momentum z—. A supergraviton of longitudinal
momentum Rlu corresponds to bound states at threshold of N DO branes.The
256 dimensional representation of the supersymmetry algebra corresponds ex-

actly to the 44 + 84 4+ 128 = 256 Kaluza Klein modes that we have seen before.

For N > 1, we separate our coordinates into center of mass and relative co-
ordinates:

. ) 1 .
Y? Y,,el + Yczml7 Y. =—trY"

N (4.14)
and " =117, + — N P11, Pl =t
with trY)’, = trll,e; = 0. We plug these expressions into the Hamiltonian
to obtain
H=Hem + Hrer- (4.15)
Where Hep, = 12%]1\} (PFm)? = 2p11 (Pf™)2. The relative part of the Hamiltonian

looks just like the original Hamiltonian except that the matrices are SU(N)
traceless. Witten showed [14] that duality between type ITA string theory and
M theory requires the relative Hamiltonian Schrodinger equation H, |[¢) =
E,¢; |¢) must have zero energy normalizable threshold bound states. Thus, the
total energy is the total center-of-mass energy:

R11 1
E—=E _ cm2:7 cm 2 4.16
cm IN (pl ) 2p11 (pL ) ’ ( )
which is a full supergravity multiplet of 256 states. For any N, the spectrum
contains single supergraviton states of momentum p;; = Rlu.
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Now consider what happens when we have block diagonal matrices Y.

Yi 0 0
_ 0 YZ 0 ...
Yi=1lo0 o vi ...|- (4.17)

Each Y/ is an N, x N, matrix, where >_"'_, N, = N. The Schrédinger equation
decouples into n different uncoupled Schrodinger equations, with N degrees of
freedom. Interactions come about via the off-diagonal terms.

In the next chapter, we will look at some reasons why this conjecture may
be correct. In particular, we will see that the effective potential of two super-
gravitons scattering at transverse velocity v and impact parameter b, at one

loop, is V(r) = —12’;?, a result confirmed by 11-dimensional supergravity [4].

Here. r = /b + (vr)?. Furthermore, we will see that, at two loops, no renor-
malization of the v* term of the effective potential occur. Finally, we will use
M(atrix) theory to calculate the M2 brane tension and compare this with the
result from M theory.
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5 M(atrix) Theory

In this chapter, we will verify three correspondences between M theory and
M(atrix) theory, using the ten-dimensional Super Yang Mills theory, dimension-
ally reduced to (0+ 1) dimensions: the effective (velocity dependent) scattering

of two DO branes (supergravitons) at one and two loops and the membrane ten-

sion. We will verify the coefficient of the ”j—i term at one loop. We will then

show that,at two loops, the coefficient of ;’% disappears. Lastly, we will show
that the membrane tension, Thso, is given by

5.1 Background Field Method

The background field method [I5] and [16] is an efficient way to calculate the
effective action while retaining explicit gauge invariance.In quantum field theory,
the most important quantity is the S-matrix. This can be obtained from the
Green’s functions using the LSZ reduction formula. The generating functional
for a quantum field theory is defined as

217] = /DQexpi(S[Q] +J.0), (5.1)

where J.Q = [d%J(z)Q(z) . By taking successive functional derivatives of
Z with respect to J, one obtains Green’s functions with higher numbers of
endpoints. Now consider the generating functional W = —ilog Z. This can be
shown to generate Feynman graphs that are connected, i.e. graphs in which all
vertices and propagators are linked. Now, it simplifies matters a great deal if one
expresses the connected graphs in terms of 1PI subgraphs plus connected pieces.
A 1PI (one-particle irreducible) diagram is a diagram that stays connected even
when an internal line is cut. It can be shown that the generator of 1PI subgraphs,
['[Q] is the Legendre transformation of W[J], i.e.

r(Q) = WiJ] - 1.Q, with @ = V1)

57(z)’ (5:2)

Successive functional derivatives of I'[Q] with respect to @ generate 1PI dia-
grams.

Let us now define a quantity analogous to [5.1] for disconnected graphs:

217.61 = [ DQexpi(s1Q+ 6+ Q) (5.3)

We call ¢ the background field . By analogy with the generator for connected
graphs, we define ~ ~
WIJ,¢] = —ilog Z[J, ¢] (5.4)

and the background field effective action as,
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o . ~ - oW
To see the relationship between the quantities with tildes and those without,
make the substitution @ — Q — ¢ in Performing the integration over QQ, we
have

Z[J, ¢| = Z[J) exp(—iJ.p). (5.6)

Taking the natural logarithm on both sides gives us,
WJ, o) = W[J]| — J.é. (5.7)

Taking the functional derivative of both sides of with respect to J and
invoking the definitions of @ and @ yield

Q=0Q—¢. (5.8)

Using the above relation between Q and Q and the definitions of f and
the relationship between I' and T’ is,

DQ, ¢l =WJ| —Jp—JQ+Jop=W[J]—JQ=T[Q+¢| (5.9)

If one sets Q =0, ~
[0, ¢] = I'[¢]. (5.10)

In other words, the background field effective action is a regular effective action
with the presence of the background field as a source, ¢. Here we see an ad-
vantage of the background field method that massively simplifies computations:
The n-point 1PI Green’s function is the n'" functional derivative of T'[Q, ¢] with
respect to Q. Since we have made @ constant, the Green’s functions are all 0,
the Feynman graphs that this generates are all vacuum diagrams, i.e. they are
all without external lines.

How do we calculate I'[0, ¢]? There are two ways to do this:

1. We treat the background field ¢ exactly, then read off the Feynman rules
from the shifted action S[@Q + ¢] . Then we sum up all the 1PI graphs
using the Feynman rules. We follow this first approach in our thesis.

2. We treat the background field perturbatively. The ¢ fields show up as
external lines. We use the shifted action S[Q + @] to generate Feynman
rules from the quadratic parts of S[Q + ¢] and interactions from higher
powers. Vertices corresponding to powers of Q have internal lines between
them. The ¢ fields generate external lines.
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5.1.1 Background Field Method for Gauge Fields
Consider the gauge theory with gauge-fixing G,

Z[J]:/DQdet [W]expi[S[Q] %G.G +7.Q. (5.11)
—

dwb
gauge fixing term
Here, S = —; [d%x(F%,)? and Ff, = 0,A% — 0,A% + gf*°QbQ¢ where the
fabe are the structure constants of the generators of the gauge group. Fur-
thermore, the term J.Q := fddeﬁ(x)QZ(x) and the gauge fixing term G.G =
[ d%xGe(x)G(z). 59 is the functional derivative of the gauge with respect to
dw
a gauge transformation: 0Q}, = —fabcwaZ + ;auwa.

We define a quantity Z[.J, A] by analogy with for gauge fields:

Z[J,A]:/DQdet lfgb] expilS[Q + A] — iGG +J.Ql.  (5.12)
N—_——

gauge fixing term

Here, % is the functional derivative of the gauge with respect to a gauge
transformation: 6Q% = — f**°wb(Qf + A%) + iauw“. Just as with the scalar
fields, making the shift of variables Qj, — Qj, — A}, in the functional integral
[b-12)and following through with the procedure for calculate the background field
effective action, R

r[o, A] =T[A]. (5.13)
If we calculate T'[0, A] using the gauge-fixing G* = G*(Q, A), you get the con-
ventional effective action T'[Q] with G* = G*(Q — A, A)|g=a- For the following
background gauge choice, the background field effective action f[O, A] is a gauge
invariant functional of A.

G* = 0,Q% + gf*™ AL .Q5. (5.14)

To see this, we only need to prove that the background field generating func-
tional is invariant under the following transformations,

1

SAL = — f*wP AS + g Ou” and 875 = — fetewb g, (5.15)

Then make the change of variables Qf, = @}, — fabcwaZ to get,

1

5(Q5 + AL) = _fabcwb(QZ + A7) + gauwa, (5.16)
Now, is a gauge transformation, we expect S[@ + A] to be invariant under
this transformation. By definition, the gauge fixing term is invariant under a
gauge transformation. Furthermore, it can be shown that the determinant of

the dgrivative is invariant under these transformations. This leads to the fact
that I'[0, A] is invariant under gauge transformations.
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5.2 SYM action in (0+1) dimesnions

We will be using the normalization for the SYM action followed in [I0] and
choose units in which 2ra’ = 1. The A/ = 1 ten-dimensional supersymmetric
gauge theory becomes, after dimensional reduction to (0 + 1) dimensions and
gauge fixing,

1 1 . 1
_ = i uy - nw 2

§=1 /dtTr(QgFWF PG+ (D'A) ) + Sphost. (5.17)
—_——

gauge-fixing term

We want to calculate the effective potential due to low-velocity scattering of
2 supergravitons. If the impact parameter is b and the distance between two
clusters of DO branes with Ny = No = 1is r = 112 = /0> + (v7)?. At a
first approximation, the supergravitons do not interact. The interactions only
manifest when we include the Heisenberg fluctuations in an expansion around
a classical background field B‘:

X'=B'+gY'i=1,...,9. (5.18)

To describe the motion of two DO-branes in straight lines, we choose the classical
background:

b
B! = i%ag’ and B% = 1503 and B, B¥ =0 for k=3,...,9. (5.19)

Here 07 is the j* Pauli matrix, where j = 1,2,3. Along with 15, they form the
set of U(2) generators. In a basis of these generators, we may write the fields
as:

X = %(Xol + X,0%). (5.20)

with analogous expressions for the gauge field A and the fermionic field . In
this notation, we have:
B} =wvr, B2 =b. (5.21)

The 0 components describe the center of mass motion and we ignore them. The
Lagrangian then becomes a sum of four terms:

L=Ly+Las+Lou + Leermi- (5.22)
The gauge field bosonic Lagrangian L4 is:
1 1 1 ) )
L4 :i(iAl(af =) Ay + 5 A(92 = 1) Ay o+ S A302 A5 + 2600, BIALY,

VD YA = JGe T B AAY] — ST A Y ALY ).
(5.23)
The Lagrangian Ly for fluctuations is:
1. 1L o1 )
Ly =i(3YHO2 = )Y + 5Y3(02 = r)Y] + 502 —1?)Y3 52
_ \/§6a3decde§Yg%i}/Cj _ %eabeecdeygnj}/;iyg)_ '
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For the fermionic terms, we define
_ 1
V2

And decompose the gamma matrices in as:

1

\/5(1/11 —itha). (5.25)

o (Y1 +itha) and ¥ =

I =06®®15 and I'¥ = io* @ ~°. (5.26)

The fermionic term is then given by:
Ltermi =1 (%Tr(af —vry1 = b)Y + \/g(Yf — V)T s
+ guF0ms +\ [0 + DT — i S — ATy (521
+ i\/g (A +iA2)0T 05 — GYEU T +iygAsvTy- ).

5.3 Ghost Action

The background condition is:
GU" = " ARt + [ Bt ALt

where, in our case t* = ¢® are the basis matrices for our fields. The gauge
condition is therefore given by:

G® = 9" ALt + BT AL,

From [5], we have the expression for the ghost term in the Lagrangian:
Ga b
5Az DMCCC

Log =7¢c°

for Grassman variables ¢®. The gauge covariant derivative is:
bc ¢ __ be bsc As\ .c __ b bsc g5 ¢
D)fc® = (070, + €A}, )c” = Oy’ + €% Aj et

And also
oG

5AZ
Putting it all together, we obtain,
LGH _ 6a((saba,u + Bm’erba)(aucb + 6bscAZCc)7

EGH — EG.I:'CG, + Eascéaau (A’ZCC) JF B[_LTETCaEaalLCC JF B}LTebSCeT‘baAISLEaCC.

— 5aba,u 4 B;Arerba'

(5.28)

This is a dimensionally reduced Yang-Mills theory, with all the space derivaties
disappearing. Also, BY = 0.

0 0

Lam = T0'0,c™+e25e2 04 A°c°)+ BY9e=Tyct 4 BY e A" 1 Birebse T Ao e,
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We make a Wick rotation ¢t - —it = 0y — i0,. Also, A° — —iA°. Then,
upto a total derivative, in Euclidean space,

Lom = —T02c% + e®¢(9,79)cb A — BiTechecare gegach
We can expand the last term above about the background field,
e eebe pir(pe \/g}/ic)éacb
— (§9¢§T — §abTe)BIT(BE + \/?]Yi(;)zacb’
— piapibgacb \/gBimeéacb _ Bicpicgaa _ \/EBicyichcb7
= (BB 1 BBBB) (@ — 33c3) + \/g(yiaBibEacb —yiegicgbe),  (5.29)
= —r?(e1c1 + Cac2) + /9(BPY e + By 2t cd — By et
— BBY2g),
= —12(C1e1 + Caca) + /g™ e Bl Y

Combining everything,the ghost action is

Sca = i/drél(—ﬁf + 13y + (=02 + 1r?) ey — E30%c3 4 €7°(0,E) P A~
\/§€a3160wa§EaCb}/Z.
(5.30)

There is a difference in normalization of the Yang-Mills action between [5] and
this thesis. Since we have a factor of ~ + as opposed to -, we must rescale our

gauge fields A° — /gA°. Therefore, the final form of our ghost action is:

Sghost = i/drél(—af +12)ey 4 Co(—0% 4+ 1?)cg — 3073 + \/geabC(afza)chC—

\/gﬁa?)wecwaéEachLi.
(5.31)
5.4 Bosonic and Ghost Particles
The free terms in the bosonic Lagrangian are:
Lo iin2  ovvi g Yvriga2  oovvi g Yvrinzvi L Ly a2 2
71/1 (aT -r )Yl + 7)/2 (87. -r )YQ + 7Y38TY3 + 7A1(a'r -r )Al
2 2 2 2 (5.32)

+%Mf—ﬁMﬁé&&&+%m&%&W.

The last term in may be written as 20(A;Y? — A5Y]') = $(20)A4, Y7 +
1(20) A Y — 2(20) AV — 1(2v) AoYY . Let k = 3,4,...,9. Therefore can
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be expressed in matrix form as follows:

1 1 1. 1
SYI(OF = )Y 4 DY3 (07 = r?)Y3 + S Y005 + 5 Aa07 Ay

2
1, —92 + r? 2v Y
A AZ)( 2 o212 \ 4y (5.:33)
19 —92 +r? —2v Y2
o (T ) ().

From the first two terms, we get 7+ 9 = 16 bosons of m? = r2. The third term
gives us 9 massless bosons and the fourth term 1. If we diagonalize the mass
squared matrices in the last two terms, we get 2 bosons with m? = r2 — 2v and
two bosons with m? = r2 + 2v.

Lastly, the ghost action [5.31] gives us 2 complex bosons with m? = r? and
one complex massless boson, as is apparent from the action.

5.5 Bosonic Feynman Rules

In general, bosonic propagators take the form
(—02 4+ 2 + (7)) " = Ag(r, 7l + (v7)2), (5.34)
such that
(=02 + 1 + (vr)) Ap(r, 7' |1 + (v7)?) = 6(1 — 1), (5.35)

and u? = b2 or b% £ 2v, depending on the mass of the bosonic field. This is just
the propagator for the harmonic oscillator and therefore,

Ap(r, T'|p? + (v7)?) = /OO ds exp(—/fs)(#)l/2
B 0 27 sinh 2sv

5.36
o (_2(72+T/2)C08h281}—27'7'/> ( )
AT sinh 2sv '
Expanding up to the leading order in v, we have,
1

Ag(r,7'|b?) = % exp(—b|T —7']). (5.37)

This is the propagator for a particle of mass m? = b?.For b? = 0,
Ap(T,7'|0) = — (7" — 1)0(7" — 7). (5.38)

We can find the propagators from the action with diagonalized mass matrices.
From [5.32] we can read off the propagators for the bosonic fields by inverting
the mass matrices,

(Y)Y (1) = 6ap0” Ap(r,7'|r?) for a,b=1,2 and 7,5 = 2...9.  (5.39)
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For the massless field Y,i=1,...,9
<Y§(T)Y3J(T/)> = 0" Ag(r,7'10) and (A3(7)As(r")) = Ag(r,7'|0). (5.40)

Furthermore, for a,b=1,2,

1
VDY) = (Aa(1)A(r) = S0 (A (7, 712 +20) + Ap(r.7'|r* = 20) ).
(5.41)
And for the mixed fields,

1
(ALY () = ~{ AV (7)) = 5 (Bs(r, 7'l +20) — A(r, 7l — 20)).
(5.42)
The quartic vertices do not contribute anything when they are massless, because
the integral
dp
P2
disappears under dimensional regularization. To see why this is the case, we
note that dimensional regularization of poorly defined integrals requires the
following three properties, by definition [7]:

1. Translation symmetry: [ d?pF(p+ q) = [ d?pF(p).
2. Dilatation: [ d¥pF(\p) = |\~ [ dipF(p).
3. Factorization: [ d%pd? qf(p)g(q) = [ dpf(p) [ d¥ qg(q).

By property (2) above, we have, for [\| # 1, [ % =|A"f ZZL,{] = [ z;lff =

0, for 2n # d. This can be interpreted as UV and IR divergences canceling:

dip od/2 © 1
ap_ —1-2n d—1-2n g )
n F(d/2)(/1 p p+/0 p p

5.6 Fermionic Feynman Rules

From [5.27] the fermionic propagator A is given by (—0, +mz)Ax (7, 7'|mz) =
0(T —7') with the mass matrix mz = v77y; 4+ by2. One way to find the fermionic
massses is to express Ax in terms of a bosonic propagator. We claim that
Az(r,m'Imz) = (0- + mz)Ap(r, '|r* —vy1). We can verify this if we can show
that (=0, + mz)Ar(r,7'|mz) = 6(1 —7') = (02 — r? + vy1) Ap(T, T'|r? — vy1).
We will proceed with the proof using gamma-matrix technology:

(0r =071 = b72) (0 +vT Y1 +b12) A = O2Ap+0-(mFrpAB) —mrd Ap —mFAg.

We can write m% = (vr)%v] + b?73 + bur{y1,7%2} = r?1," gamma matrices
square to the identity and anticommute with each other. Also, 0;(mzrAg) =
mzO:Ag + (0rmx)Ag = mxzd-Ap + vy1 Ap. Thus, we have

(07 — vTy1 — by2)(0r + v7y1 + by2) = 83 — 72 + vy
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By diagonalizing the mass squared matrix M2 = r2 — vy, we get 8 fermions

with mass squared r? — v and 8 fermions with mass squared r? + v. From the
fermionic terms in the action,

(U4 (N (7")) = (O + 0771 + by2) Ap(r, 7'r* — vy1)

5.43
(Wa(P)ia(7)) = 0, As(r 7) 49
5.7 Dimensional Analysis
The loop expansion of the Lagrangian is given as:
o ) o0 ,02n+2
gL = Z 9" Ly = coov” + Z Cmngmm (5.44)
m=0 m,n=1
Therefore
Lo = coov?,
vt v v8
L1 :Cllﬁ+012m+013TT5+~-w
4 o6 v® (5.45)

v
Lo=1C1— +Co—— +C3—= +...
TlO 7"14 7"18 ’
c U e teml +
3 = C31 C32 C33 e
,r13 7,,17 7"21

We can verify these powers of v and r by dimensional analysis. The action [5.17]
has a length dimension of 0 and thus the Lagrangian has a length dimension of
—1, i.e. [£] = —1. But we know that [D,] = —1 = [D,]? = —2. Therefore,
we have 2[X?] —2 — [g] = —1 and from the commutator term, 4[X*] —[g] = —1,
which leads to [X] = —1 and [g] = —3. Now, .- m?,r? and (v7)? have the same
units, we must have [r] = —1 and [v] = —2. As a result [gm%] =—4 = [gL]
as expected.

5.8 One-loop effective potential

The calculation in this section is based on [3].

At first, we integrate out the massive fields, starting with the fermionic ones. For
fermionic fields 1 and 7, and an opertator O we have [ DnDijexp [z J d”xﬁ(’)n} =

det(O), and noting that 1), = v _, the integration gives us a factor of det(d, —
vy — by2).

det(8, — vty — bys) = \/det(0; — vTy1 — byo) det(dy + vTy1 + by2).

= /det(02 — 72 + vy1) = det* (02 — 72 + v)det* (02 + 12 — v).
Since we are not concerned about any numerical prefactors, we use [ D¢ exp(¢pO¢) x
\/ ﬁw) for a bosonic field ¢ to get the determinants det ™" (82 —r2+2v)det ™' (92 +
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r? — 20) from the matrices in m

Next, we deal with the bosons of mass squared m? = r?. Integrating out Y}
andYy from we get a determinant of det (92 —r2) -, we have 7+9 = 16
bosons of mass m? = r2. Noting that the ghost fields are Grassman variables,
integrating them out gives us a factor of det2(83 — r2). Therefore, integrating

out the massive fields gives the following powers of the determinant:

det*(—02 + 7?2 — v)det* (=92 — 1?2 4+ v)det " (=02 + 12 — 20)

5.46
det ™! (=92 — r? + 20)det (=02 + r?). (5.46)

Let Diot be the total determinant in [5.46l Then the Euclidean effective action
at one loop is
Seff = SO — 10g Dtot- (547)

Thus, the one-loop effective potential is

~log Dygs = / AV (r(7)) = / V(R L @02, (5.48)

In order to calculate V g, we must first calculate the determinants of the different
masses. For this, we consider the harmonic oscillator Hamiltonian of unit mass
and angular frequency w:

1
Hy = 5(P?+0Q), [P,Q] = i. (5.49)
We invoke this Hamiltonian because if we set Q = 7,9 = w and move into

momentum space, our determinant operators are of the form —(93 +02r2 N =
2H,, + A. The time evolution amplitude for a time interval 2s is:

1/2
/ -9 Hw =U ) / :(L>
(q'|exp(~25H.)|g) = Ulw,25,0',) =( 57—
X exp ( W (q2 + q/2) cosh 2sw — 2qq’>
2 sinh 2sw :

(5.50)

Now, log(det(2H,, + A)) = Trlog(2H,, + ) We will use the operator identity

o0

Trlog A= lim ﬁTreXp(—sA). (5.51)
s

e—0t J¢
Setting A =2H, + A becomes, up to a divergent term,

—Tr/ fexp(—Qus—S/\) =/ ?SQXP(—S)\)/ dqU(w,2s,q,q). (5.52)
0 0 -

In the last line we have used the continuous version of the fact that the trace
of an operator is the sum of eigenvalues of that operator then applied the first
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part of with ¢ = ¢’ and then summed over q. The second integral in
is then Gaussian in ¢2:

0o o) w1/2 ) 1
dqU (w, 2 = dg——— —wq” tanh =—
/_OO qU(w, 25,4, 4) /_OO 15 sinh 2sw exp(—wq” tanh sw) 2sinh sw
Hence, we have,
*° ds exp(—sA)
—logdet(2H, + \) = —_— . 5.53
og det( +) /0 s 2sinh sw ( )

Owing to the disappearing powers in the determinants, any (potentially diver-
gent) additive constants to will cancel out. Taking the logarithm of [5.46]
we get the exact relation

*d —sb?
—log Dyt = / —S%(—G — 2cosh 2sv + 8 cosh sv). (5.54)
o S 2sinhsv

We will expand in powers of ;2—1 For this low energy scattering process,
only small s contribute, since b is large.

o0 342 3 7
— 2 v-s 6 _ U v
—log Dot —/0 ds exp(—sb )<— - - 0(s )) = _b6+0<b14>'

4 . .
The 27 term in Vg is:

ooyt o v? 1603
d _——= d == .
“/ T a/w T2+ (0r)2)772 “( 15b6)

o _

Equating the last two expressions above, we get a = —}—2 and obtain the well-
known result that . s
15v v

V(1) = — o (’)(—) 5.55

a(r) 1677 * ril (5.55)

This is exactly the result from M theory, using probe and source gravitons,
calculated in [4].

5.9 Effective Potential At Two Loops

In the background field formalism, the diagrams that contribute at two loops
are given by Figure[6] The wavy lines represent propagators of the gauge fields
A and fluctuations Y. The dotted lines represent the ghost propagators and the
solid lines represent fermionic propagators.

By a SUSY non-renormalization theorem, [I7] we expect the total contribution

(bosonic + fermionic) up to the 7}’% coefficient to cancel out. The contributions
from the 17 individual vertices in [5.24)/5.23}5.27|and [5.31] are listed in [10]. We
then use the resuts from sections and to determine the propagators. We
will outline how to evaluate them individual diagrams in this section.
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For a diagram with a quartic vertex A4, we have two propagators A; and As,
the explicit expression for the graph is:

/dTA4A1(T,T|m1)A2(T,T|m2). (5.56)
For diagrams with two cubic vertices, )\gl) and )\§2),the diagram is:
/deT/)\él))\z(f)Al(T, 7'lm1) Ao (1, 7' |m2) Az (T, 7' |ms3). (5.57)

The bosonic and fermionic contributions sum to zero up to the v* term, confir-
iming another correspondence between M theory and M(atrix) theory [10].

'r\/\/L

; f\/\”g e ( \
(% S /\/\/\/\ AN
A R

(a) (b) (c) (d)

Figure 6: Diagrams with two loops that contribute to the effective action.
Wavy lines indicate bosonic and gauge propagators. Broken lines indicate ghost
propagators and solid lines fermionic propagators.

Consider for example the of quartic term in [5.24]

= Seecete [ aryin) Y (Y)Y (o)

=~ Sgeeatt = 5rs) [ aryin)) (Y)Y (o) (5.58)

== [ar(ViOW VI (1) - YO (¥ Y.

Here, we sum over i, j,a and b. Since there are two propagator loops, we use
to evaluate the diagram. The corresponding scattering amplitude is given
by

i /dT< (MY ()Y (MY (1) + (Y ()Y ()Y ()Y (7))

8 x4
— (Y)Y (MY ()Y (7)) = (Vi)Y (1)) ()Y (7))
(5.59)
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The prefactor of % is due to the symmetry factor of the diagram. To evaluate
we use the bosonic propagators in section From [10], we know that
this diagram has an expansion of,

9 302 42390

r2 &6 640010

(5.60)

5.10 (Super)membrane tension

The calculations in this section are based on [3]. Before proceeding with the
membrane tension calculations, we will describe some mathematical machinery.

Consider a pair of unitary operators U and V', such that
o
UN = 1,VN = 1,UV = exp (%)VU. (5.61)

Set, for matrices p and ¢, U = exp(ip) and V' = exp(iq) with [¢,p] = % This

is consistent with since, by the Baker-Campbell-Hausdorff formula,

1
UV = exp(ip) exp(iq) = exp(i(p + q) + =[ip, ig] + nested commutators)

2
=e (z( +q)+ ﬂ)
=exp (ilp+9) + 57 )-
(5.62)
Similarly, _
i
VU = exp(iq) exp(ip) = exp (z(q +p)— N)
This leads to the last part of The eigenvalues of p and ¢ are 0, QW", 2%”,
(N —=1)28 .- UN = VN = 1y. The eigenvalues of U"V™ are then

1, exp(iZF (n+m)), exp(i22F (n+m)), ..., exp(i(N—1)2F (n+m)). Thus, Tr U V™
= Ndp,0 mod NOm,0 mod N- Using this fact, we may expand any N x N matrix
Z as follows:
N/2 )
Z= > zunU"V™ with 2y = ~ Uz, (5.63)
n,m=—N/2—1
We can verify the value of z,,, as follows:
N/2
Ubzvt= Y zaUtRvml
n,m=—N/2-1

Take the trace on both sides and we have

N/2

Tr(Uikzvil) = Z anN(;n—k,O mod N(sm—l,O mod N -
n,m=—N/2-1
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Therefore, 2z, = % Tr(U=*ZV ), as required. We have the expressions for U
and V and can write [£.63] as

N/2

Z = Z Znm exp(inp) exp(imq). (5.64)
—N/2-1

As N = o0, [q,p] = 27” — 0 and thus they commute. The eigenvalues of p and
g then fill up all the values in [0,27] x [0,27], with 0 ~ 27. We can Fourier
expand z(p, q), periodic in both p and ¢:

o0

2(p,q) = Z Znm €xp(inp) exp(imq), (5.65)

m,n=—o0

where

Znm = /27T /27r @, (p, q) exp(—inp) exp(—imq), (5.66)

2m 27

are the standard Fourier coefficients. From the matrix expression for z,,,{5.63|
we have Tr Z = Nzgg and in the N — oo limit,

27 27

dp d

TrZ—>N/ / L, q). (5.67)
0 27T 27T

We will show that the commutator of two N x N matrices in the N — oo limit
becomes a Poisson bracket of the corresponding functions, i.e.

{A(p,9), B(p,9)} = 04A(p,q)0, B(p, q) — 0pA(p, 9)9, B(p, q). (5.68)

nmm

Now, using the expressions for U and V, [U™, V™] = 2i sin( ™%
We have ."., upon expanding the sine function,

) exp(inp+imgq).

1
o [U”V’“ U™V = (nl = km) expli(n +m)p +i(k +Dg) + O().  (5.69)
Let N — oo and set u(p,q) = exp(ip) and v(p,q) = exp(ig) and plug this into
the definition of the Poisson commutator [5.68 we have

N

o —[U"VF U™V = {umF, umo! ) (5.70)

We will exploit the bilinearity of both the commutator and the Poisson bracket.
Multiply both sides by z,, Wy, and sum over n, k, m and [ to get, in the limit
as N — oc:

2]7\: [2,W] = {2(p, 9), w(p, 9)}, (5.71)

where we have used m and for Z and z(p, ¢) respectively and analogous
expressions for W and w(p, q).

M2 branes or supermembranes exist in 11 dimensions. They are described by
bosnic coordinates y*(p,q,7), where p = o1,q = o2 and y* describes how the
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membrane is embedded in 11 dimensional target space. In the Hamiltonian
formalism, any dependence on 7 disappears. Using we may write the
Hamiltonian for matrix theory [£.9] as:

1 dp dq (27TT5")2/ ; ;
—_— [ 22y ——= [ dpdq({y" g
1 | 2n 2 i(p,q) + T p q({y (p.q), v’ (p, q)})

2

(5.72)

+ fermionic terms .

The II;,i = 1,2,...9, are the transverse momenta conjugate to the y*. We have
used the fact that p;; = %. T7" is the membrane tension. If the transverse
momenta all disappear, i.e. II; = 0, the membrane mass M is given by M? =
2p11H. If there are no fermionic excitations,

CELE [ apaa (1000, 0. 00)) (573

We will now check the normalization of this term. The area A of the membrane

A2 = (27r)2/dpdq;j ({y"(n 9,y (p, q)})27 -

— 5 [ doaa (15 pr0). v 1))

Now plug in y8(p,q) = +Lg and y Np,q) = 5-Lg,p,q € [0,27] with 0 ~ 2m.
We then have A = LgLg and M? = (T3 A)%. This is just the expected relation
for branes: energy = tension x volume. .'., we have the correct normalization
constant.

M2

Now we rewrite the bosonic part of the Lagrangian, in the N — oo limit,

using [5.71]

dp dq R .
bos 2 22 7 2
— —c“T, dpd I1)=. 5.75
matrlx 2R / o 27‘( )) 4Nc 0 / p q({y Y }) ( )
Equating the last term of [5.75] with the last term in we have
R 27 Ta)? 1
272 _ (2rT3") — 20T = Ty = (4% )Ty,

WG 0 4p11 oral ° - 2ma’
= T3" =T>.
We see that membrane tension equals D2 brane tension. Therefore,
m 2 _ 2w
2 gs(2m)3a3/2  gg(2mls)3"
We use the fact that ¢, = g;/gés to get
27
(2m0,)3"

T = (5.76)

as promised.
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6 A M(atrix) Big Bang Model

In this chapter, we use non perturbative string theory, where the degrees of
freedom are the D branes, to investigate the structure of the big bang singu-
larity. In particular, we will use the M(atrix) version of M-theory to probe the
singularity.

6.1 Singularities

General relativity predicts spacetime singularities. Intuitively speaking, a singu-
larity is a ”place of infinite curvature” (we are excluding curvature singularities,
which can be dealt with by changing the coordinate system). A singularity is a
point at which a geodesic ends: GR cannot predict the behaviour of a particle
at the singularity.

Figure 7: A singularity is the point at which the worldline (geodesic) of a
particle ends, according to GR

Consider the FLRW metric with scale factor a(t):
ds* = —dt* + a*(t)dz'dx; where i = 1,2, 3. (6.1)

Asa — 0 at t =0, the curvature blows up and this cannot be done away with by
a change of coordinates. This singularity is known as the big bang singularity.
General relativity cannot tell us what happens at singularities. Therefore, we
must find complete, quantum theory, for which general relativity is a low energy
effective theory.

6.2 Renormalizing General Relativity

Consider the Einstein-Hilbert action
B 1
- 167Gp

/ dPz\/—gR. (6.2)

SEH
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The measure has a length dimension of D and the curvature scalar a length
dimension of -2. .-, for the action to have a length dimension of 0, Newton’s
constant in D dimensions must have a length dimension of D — 2, which means
that canceling out the infinities requires an infinite number of counterterms.
Thus, for D > 2, Gp has a negative mass dimension. .- Gp o 2, which is the
coupling constant, the Einstein Hilbert action probably cannot be renormalized,
from power counting arguments. This is not true for D = 3, but by explicit
calculation the D = 4 (pure gravity) theory is nonrenormalizable.

So long as we are using a theory as the low-energy effective action of a full
quantum theory, non-renormalizability is not a problem. However, the infinite
number of counterterms cannot be ignored in high-energy interactions. There-
fore, we must find an underlying theory for which general relativity is a low
energy effective theory.

An effective low-energy theory is obtained from a a complete quantum theory
by integrating out the heavy degrees of freedom.

Scff(¢light) = IOg [/ Dd)hcavy exp(s(d)hcavyv d)light)) . (63)

In order to find a complete theory applicable to interactions at the Planck scale,
we need to integrate out fewer low-energy degrees of freedom.

6.3 Light-like linear dilaton

We use as our starting point, a type IIA string propagating in a light like linear
dilaton background. This defines a conformally invariant theory with string
coupling g5 given by

gs = exp(—¢) = exp(—QX ™) where Q = a constant . (6.4)

At early times, i.e. as X — —oo, this theory is very strongly coupled, but the
coupling becomes weaker at later times (as X — +00).

This background preserves 16 of the 32 supersymmetries. To see why, we note
that only the dilatino feels the presence of the linear dilaton background in the
supersymmetry variation. The dilatino variation is A = I'td,¢e = 0 which
gives us 16 solutions to the supersymmetry parameter e:

I'te=0. (6.5)

where I'" is a Dirac 32 x 32 matrix, since we are dealing with a superstring
theory here in 10 dimensions.While we can use perturbative string theory as
X1t — oo, the supersymmetry that remains will aid us in non perturbative cal-
culations as XT — —o0, as we shall soon see. In all of this, we are assuming
that @ > 0 (a big bang scenario). @ < 0 would correspond to a big crunch
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scenario.

The linear dilaton background metric is

8
ds® = —2dXTdX~ + ) dX'dX;.
=1

(6.6)

If the radius of compactification becomes large,then using we can lift this
solution to one of M-theory:

2 4
ds?, = exp ( - §¢>ds%0 + exp (§¢)dy2. (6.7)
Here, ds?, is the metric in We now switch to tetrad formalism in order to
calculate the curvature components. Define the following orthonormal basis of
one-forms

e' = exp (QTﬁ)dXi,e"‘ = exp (QTX+)dX+
_ QX™
and e” =exp (

(6.8)

920X+
)dX_,ey = exp <QT)de.
We plug in the above basis vectors into the metric [6.7]
dst, = —2eTe™ 4 (e')* + (e¥)?. (6.9)
The spin connection components are then:
wis = Lexp (= B
i+ 3 3 )
-9 X+
Wyt 3Q exp (— QS )ev, (6.10)
X+
W= —%exp(— QT) +

We can use the Cartan structure equations to find the curvature two-forms

1
Rab = dOJab + wac AN wcb = iRabcdec A ed.

(6.11)
The non zero components of the curvature two-form are then given by:
_ Q? +/9Y ot A ol
Ry, = ?exp(QQX /3) =e" Aé’,
) (6.12)
8Q + +
Ry, = e exp(—4QX T /3) = e AeY.
The nonzero components of the Riemann curvature tensor are then,
Q? .
R+i+i? exp(2QX™/3),
80?2 (6.13)
and Ry 4y — o> exp(—4QX " /3).
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The Ricci tensor components, given by R4, = R, all disappear. The singular-
ity at XT — oo is at infinite geodesic distance and hence we will not consider it.

The only non zero Christoffel symbol is Fi L= % Given an affine parameter

A= exp(%X T), the geodesic, up to an affine transformation, is given by,

P /\(dX+)2 —0 (6.14)

dA? i

The left hand side is a total derivative of )\% and therefore, integrating both
sides gives us:

dx—+

X

At the singularity XT — —oo, the affine parameter A\ — 0. When X+ —
+00, A = 0o0. This corresponds to the radius of the 11*" dimension curling up
to zero size. Now, in the lifted M theory metric, AddX+ = %d/\ and by taking a
derivative with respect to X+. In terms of the affine parameter and the constant
@ > 0, we may write the lifted M-theory metric [6.7] as:

= some constant. (6.15)

1=8
Lo
ds? _%dmﬁ + Y (X 4 pav?, (6.16)
=1

The nonzero Riemann tensor components in these affine coordinates are:

1
AN’

2
F.

Ryixni =
(6.17)
and R)\y,\y = —

Even upon changing coordinates, the singularity remains. Thus, the singularity
at A = 0 is a curvature singularity and not a coordinate one.

6.4 Einstein and String Frame

We get the low energy effective action for a superstring coupled to a graviton and
dilaton background, by setting the one-loop beta functions for the background
string metric G,,, the dilaton ® and the Kalb-Ramond 2-form B,,, equal to 0
[13]. The first term in the bosonic part of the action for type IIA theory is given
as,

1
_2/%

1
S /dloX\/—GeXp(—Qq)) (R - §|H3\2 + 4au<1>aﬂ<1>> : (6.18)

Here R is the curvature scalar and H3 = dBs. The first term in [6.18] is almost
the Einstein-Hilbert action with except for the factor of exp(—2®) which comes
from the fact that this is a tree level action. To get the Einstein Hilbert action,
we need to get rid of this factor. First, we break the dilaton into a constant part
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and a part that varies: ® = b+ ®, with ®¢ constant. Define a new metric in
D dimensions by,

G (X) = exp(—49/(D — 2)) G (X), (6.19)

where D is the number of dimensions. In D = 10 dimensions, the square root
of the metric determinant becomes

V=G =/ —exp(5 = exp (5(1)) -G. (6.20)

For a given Weyl transformation of the metric, G, = exp(2w)G),,,, the Ricci
scalar transforms as,

R = exp(—2w)(R — 2(D — 1)V?w — (D — 2)(D — 1)9,wi"w). (6.21)

We are only interested in the first term of the transformation with 2w = _%'

Therefore, we have R = exp( )(R +...) =exp(— %)(R +...) in ten

dimensions. The ... represents terms in the dilaton, its derivatives and the
field strength of the Kalb Ramond field. The first term of then becomes,

Ser = /leXF (6.22)

23 exp( 2<I>0

This is exactly the Einstein Hilbert action in D = 10 dimensions with k2 exp(2®¢) =
SWG%O). Therefore, we may call the metric G uv the Einstein frame metric. It is
the metric that gravity sees, as opposed to G ,,,, which is the string frame met-
ric. In ITA superstring theory with linear dilaton background, the relationship

[6.19is given as

X+
ds% = exp (QQ )ds%o. (6.23)
We introduce the affine parameter u given by,
u=exp(QX1/2), (6.24)

and set the coordinate v = X ~. The Einstein metric is given by,

ds? = f%dudv +uy (dX"). (6.25)

Define an orthonormal basis by,

- . 2

el =ut?dX?, e = Zdu, €’ = dv. (6.26)
Q

And just as with the superstring metric, we have a non-vanishing spin connection
Q.

wy, = Ee’, (6.27)



and the curvature two-form is

;o Q7
Ry = 16u2

el Net. (6.28)

The nonzero component of the Riemann tensor in a coordinate basis is then

1
TULU IRl 2
R Tu (6.29)
and the Ricci tensor is,
2
Ryuw = e (6.30)
For ¢ = —2logwu, the energy momentum tensor then becomes,
1 2
Tuu = =(040)* = = 6.31

This is also true in the Einstein picture as well. The singularity in the Riemann
tensor Ryyx, shows up in the energy momentum tensor in the dilaton and by
Einstein’s equations, to the Ricci tensor [6.30]

6.5 Perturbative String Theory

Now consider the light-like linear dilaton solution in perturbative string theory.
The energy-momentum tensor on the worldsheet is given in (2.5.1) in [I] with
o =1is

T(z) = —0X;0X" +20XT0X™ — QI*X ™, (6.32)

where the central charge ¢ = D and @ > 0 a free parameter. From the state-
operator correspondence, we may construct the vertex operators corresponding
to [6.32hre given by

V = exp(ip, X")Pn(0XH", 0X"), (6.33)

where Py is a polynomial of scaling dimension N.The CFT Hamiltonian equals
the Virasoro generator Ly where

1 1 .
Ly = lpf - §p+(p +1iQ)+ N. (6.34)

The zero mode part of vertex operators for the emission of string modes has the
general form
V =gs9, (6.35)

where ¥ is the wavefunction and g, = exp(—QX ™). The wavefunction is of the
form exp(ip.X)The, the momentum conjugate to X+ is p~ + iQ. Therefore,

U(XE XT X7) =exp(ip" X* —ipt X~ —i(p™ +iQ)X ™). (6.36)
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Hence, E~ = p~ +14Q. Since Ly = 1 for physical states,the mass shell condition
in light cone coordinates becomes

m2;p=2pTET — PPk =4(N —1). (6.37)

Any free scalar field ¢ in a linear dilation background of mass m will have a
Lagrangian that is proportional to

1
L= 5 exp(2QX ) (204 00_¢ — OppOpp —  m2p? ). (6.38)
——
Kinetic Term Potential Term

The Euler-Lagrange equations yield
(20_01 — OxOk +2Q0_ +m?)p = 0, (6.39)
and the solutions can be expanded in the basis
HXT, X7, XF) =exp(—QXT —ipT™ X~ —iE~XT +ipp Xy), (6.40)
with the mass shell condition,
—2p"E” + prpr +m? = 0. (6.41)

Now we attempt to calculate string scattering amplitudes in a light-like linear
dilaton background. We make a gauge choice X = p™7 on the worldsheet and
over light cone diagrams to get the amplitude. For a genus (number of handles)g
contribution to n-string scattering, the number of vertex operators is 29 —2+n.
Every joining/splitting amplitude is multiplied by exp(Qp™7;).We are going to
perform an integration over the average of all the positions 7, and the relative
insertion points 7;.The string scattering amplitude integrand is,

2g—2+4+n
H exp(—QpT7;) = exp[—(29 — 2+ n)QpT 7). (6.42)
i=1
Integrating over the 7; gives us the amplitude in flat space A{}. The full
amplitude in the light like linear background is then,
“+oo
A9 = AT / dr. exp[—(29 — 2 +n)QpT 7.]. (6.43)

Even before summing over the genus, we see that A9™ diverges. Thus, we
introduce a cutoff 7.. But even when 7, > 7., for 7. negative, the effective
coupling g5 ~ exp(—Qp™7.) becomes large. Clearly, we need a non perturbative
description.

93



6.6 Matrix String Description

Before providing a full derivation, we quote the result: Matrix theory with the
light-like linear dilaton background is described by the flat-space matrix string
theory with the string coupling g5 = exp(—QX ™). We dimensionally reduce a
(9 + 1) dimensional super Yang Mills (SYM) theory to a (1 4 1) dimensional
SYM. The 8 matrix fields X represent the transverse bosonic coordinates and
the 8 matrix -valued spinor coordinates ©% the fermionic part of the action.

1 1

_ 1 N2 | T 254 272 i 312
5= 27r£%/Tr<2(D“X) FODO+ g by — g X X
1 7
1)
(6.44)

The worldsheet metric 7, =diag(—1,+1) and the spatial coordinate o ~ o +
2nlg. The Yang-Mills coupling constant gy s is defined as,
1
gy M = 9ols’
where ¢, is the string length. The fields X?, 6% and % are N x N Hermitian
matrices that transform in the 8,,8; and 8. representations of SO(8) respec-
tively.

(6.45)

There are two equivalent ways we may look at matrix theory. The first is

VNN !

Figure 8: We can either think of Matrix theory as a theory on a cylinder going
from the UV to IR or as a theory with constant coupling on a Milne orbifold

to think of it as a (1 + 1) dimensional Yang-Mills theory on a cyclinder, with
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coupling gy = %exp(QT) with a compactified coordinate. As 7 — oo, this
corresponds to a renormalization group flow from the UV to the IR phase.

A second way to view this is to transfer the exp(Q7) dependence to the world-
sheet metric. If the metric is rescaled by a function f(7)2, the coupling g, is
reslaled by f(7)~!.We then have a Super Yang Mills theory with a fixed coupling
but a worldsheet with metric given by

ds® = exp(2Q7)(—dr? + do?) (6.46)

This describes an FLRW cosmology, with a scale factor of exp(2Q7). This is
known as a Milne orbifold. If we define the light-cone world sheet coordinates
1
V2Q

the metric [6.46] becomes a flat light cone metric

& =

exp|Q(T £ )], (6.47)

ds® = —2d¢re. (6.48)
This is an orbifold because of the identifications

£ ~ exp(£27QU,)EE. (6.49)

6.7 The Emergence of Spacetime

As we have already mentioned,in the Matrix theory picture, the passage of time
corresponds to renormalization group flow. Near the big bang, the Yang-Mills
coupling [6.45] is very weak and hence the potential terms turn off. We need to
replace our spacetime theory by a theory of non-commuting matrices.The off-
diagonal modes which are, as before, identified with strings stretched between
different D-branes, provide extra light degrees of freedom, other than the de-
grees of freedom in general relativity. This theory is of non commuting matrices
is the matrix big bang model referred to in the beginning of this chapter.

However, as time grows large, the Yang Mills coupling becomes larger, and
the matrices in the potential term commute, since, in the low energy theory, off
diagonal modes that represent the distance between well-separated D-branes or
clusters of supergravitons become heavy and therefore can be integrated out.
While these do give rise to a static, effective, harmonic oscillator potential, su-
persymmetry comes to our rescue. The bosonic contribution to the zero-point
SHO energy can be shown to cancel the fermionic contributions. Thus, we are
left with a purely velocity dependent potential between two supergravitons that
is essential to describe M(atrix) theory in flat space time. In fact, we have
already seen this chapter
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6.8 Derivation of Matrix Theory in the DLCQ

Discrete Light Cone Quantization (DLCQ) involves taking the null direction
X~ and compactifying it in a circle of radius R and therefore giving it a con-
jugate momentum of Pt = %, then quantizing the theory. Usually, this is
accomplished by making taking a large boost limit of a space-like identification
of radius R, to get a space-like identification on a radius of R >> R;, i.e. we

take the high boost spacelike compactification
x T —/R2+ £
()-()(VEF) -
V2
This leads to
X" ~X +R. (6.51)
However, this breaks the symmetry of the linear dilaton background
p=-QXT. (6.52)

We single out a direction in space, say X! and make the identification

(X, X7, XN~ (XT, X7, XY + (0, R, €R). (6.53)
We will take the e — 0. Now consider the Lorentz transformations
Xt =ex™,
+ - 1
x—=2 42 42 (6.54)
2¢ € €

Of course, this leaves the linear dilaton background metric invariant.

8
ds* = —2dxTdz™ + Z(dmi)2

p (6.55)
¢ =—eQuxt.
We still have the identification
o' ~ 2! +€R. (6.56)
This leads to a momentum in the z! direction p! = 23}%\7 . When we do a T-

duality, ! is now compactified on a circle of é and we have converted a Type
ITA background to a Type IIB background. Define,

eR
= . 6.57
" 27l ( )
This leads to the identification
2l
ot gt s (6.58)
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Now we perform an S-duality g; — gi and get

8
ds* = rexp(eQzt){ — 2dzTdx™ + Z(dmi)z},
i=1

(6.59)
and ¢ = eQz™ + logr.

This gives us a theory of N D1 branes in a background in which the coupling
becomes weak close to the big bang and strong at later times. This behaviour is
exactly the opposite that of the original coupling gs.The bosonic action for the
ground state of the D1 brane at low energies is given by the DBI action [2.19)]
coupled to the dilaton background at tree level.In the following action,u and v
are directions in spacetime and {a, 8} = {o,7} are coordinates on the brane.
Also £, = V/o/. The DBI action for ND1 branes is then,

1
Sp1 = —M /deanp(—(b)\/— det(0a XH0s XV Gy + 2mL2F o g FF).

(6.60)
We make the gauge choice [6.8]
1
! = ~o,
" (6.61)
and ot = -~ .
V2
We define a new coordinate y by
17
T = -— V2 6.62
" s y (6.62)

Figure 9: D1 brane is a Type IIB string background

Using the gauge choices in [6.61] and going through the same analysis as in
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section we get the action,
= L — l 1 2 N2 2 N2
91 = 2702 / de”( = +510r9)" + (9r2")° = (059)" = (952")7]

2
+ 2#263 exp < — feQT)FmF”’ +. )

r

(6.63)

After a rescaling of fields, this is the same as the bosonic terms in for
N =1. As before, we can derive the commutator term using T-duality [2].

6.9 Validity of the Matrix Direction

The modes of a scalar field after the Lorentz transformations are given
by

+ +

p(zt, 27, 2%) =exp(—eQz™) exp [— i(eE™ + ];— —k)zt — LA
€ €

= 8 _ (6.64)
ik = E)at + z‘]zzkja;ﬂ}.

Given the identification we can write the momentum conjugate to ! as

ki — % = 2337' We look for quantum fluctuations with n = 0 which leads to

P = ek (6.65)
We now invoke the mass shell condition with m? > 0. This gives us

8
ptET = kik! > 2eki BT — |ky|? > 0. (6.66)

j=1
The latter condition leads to,
|k1] < 2¢|E7|. (6.67)

This tells us that energy and momentum in the new Lorentz boosted coordinate
system is ~ eE~. Given our gauge choices [6.61] the world sheet energy and
momentum are of order

eE~ E

Etypicalworldsheet ~ r ~ r . (668)

Effectively, the time-dependent string length is given by,
ot _ Ly exp(—eQx*/Q)'
S \/77
Open string oscillatory modes decouple when the energy scale of the string is
much greater than the worldsheet energy scale, i.e.,

(6.69)

eE et << 1. (6.70)
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This is true when € — 0.

The corresponding effective Newton constant is
G~ g208. (6.71)
The closed strings decouple when
(BTG << 1. (6.72)

This is also true as € — 0. Therefore, matrix theory is valid for small e.

6.10 Effective Potential

At one loop of the supersymmetric M(atrix) theory, the following potential is
generated between two supergravitons a distance b apart,

/\/g‘/;ff(b) ~ /dadT\/Zexp ( — %) (6.73)

This potential is generated because of twisted boundary conditions on the
Milne orbifold. These twisted boundary conditions lead to a mismatch between
bosonic and fermionic frequencies in the Matrix model and we end up with a
velocity independent potential. However, at late times, this potential decays
rapidly and we are free to use the DO brane scattering effective potentials that
we calculated in the previous chapter, which is good news.

In this thesis, we will not be using the Wilsonian effective action since we are
dealing with a time dependent background. At early times, matrix theory
is a theory of non-commuting matrices. This leads to a non-abelian gauge the-
ory. But notice what happens when we integrate out massive degrees of freedom
at early times. The mass scale the W bosons is,

miy, ~ exp(2Q7)b?. (6.74)

Where b is the SO(8)invariant distance between the eigenvalues of X¢. At early
times, i.e.7 — —oo, this mass becomes very small and hence is not integrated
out. If we introduce a cutoff A for our energy scale, the effective action is non-
abelian for times for which my, > A. In other words, the action is non-abelian
for times after Thopabelian Such that

1 A
Tnonabelian > 6 In ( b ) . (675)
There is a second time scale about which we transition from non perturbative to

2

perturbative string theory. This occurs roughly when £ ~ 1. Now " % ~ m%
W

1 1 1 1 .

by W ~ ﬁ, W ~ m This leads to
1

Tstring ™~ ~ hl(ESb) (676)

Q
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Beyond this time scale, we get a perturbative string theory, corresponding to
DLCQ type ITA string theory in a linear dilaton background.

6.11 One-Loop Effective Potential

To calculate the 1PI effective action, in a loop expansion, we rescale the param-
eters in [6.44] as follows:

X' = £2X" and o — 29, A, — A, (6.77)

The rescaled action then becomes

S = @/Tr (l(D X2 4 Iy + exp(—2Q7)m2 F2
o 20" g " (6.78)

— T epQIX X 4 o exp(Qn)ITIX v)).

On a cylinder, the massive off-diagonal fields with W-boson mass are given
by,
2 .
S = 2—5 / drdo(X? — X — b* exp(2Q7)X?). (6.79)
m

When we switch to the conical Milne orbifold and light cone coordinates ¢+,
with identification the Klein Gordon operator H becomes,

82

_ 2
H = 25-ae + b, (6.80)

Path integrating out this boson gives us the determinant
det~Y/2(H). (6.81)

The effective action generates all the 1PI diagrams. From standard QFT, the
one loop effective potential Vi_io0p is given by

1
—i / Vicloop = logdet ™ /2(H) = 5 Trlog(H). (6.82)

Call the propagator of mass b, G(&, &', b?). The heat kernel can then be expressed
as,

dz exp(tz)
27 2 — H '
[ dz  exp(tz)
) 2miz — (p? +b2)’ (6:83)
[ dz exp(tz)
i p? + (12— 2)

exp(tH)(¢, &) =
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The the expression multiplied to exp(tz) is the propagator with mass b? — 2.
Therefore, the heat kernel becomes:

xp(tH)(6.€) = — § 3% exp(tG(E €L B — 2) (6.84)

Using the identity and the fact that the trace of an operator is the sum of
its eigenvalues,we have,

- %Trlog(H) = %/d%/?exp(—it(H —ie€))(&,¢). (6.85)
The e factor is inserted to ensure convergence. € is then taken to go to 0. Now
we will find the propagator for off-diagonal modes of SYM theory on the Milne
orbifold with a boost identification. To invert the kinetic operator [6.80, we use
the method of images, noting that the action of a boost depends on spin s. The
images are under orbifold identification.

) dp*dp* exp ( ip~ (€1 — exp(27rQ£8n)§+/)>
G(&.€ 1) Z / T T 656)

X exp ( —ipt (¢ — exp(f27rQ€5n)§7/) + 277Q€5n5>.
According to [6.84] this leads to a heat kernel of:
exp(—itHs) f— exp(—itz)

48 - oorn)

X exp ( —ipT€ (1 — exp(—27Qlsn)) + 27TQ€5ns)
y 1
—2ptp~ + 02—z

(6.87)

The contour integral in has a pole at z = —b? + 2pTp~. This leads to

exp(—itH;) = Z/ dg(a;c_l)};_ exp ( —ip T (1 — exp(27rQ€m))>

X exp ( —ipT ¢ (1 — exp(—27Qlsn)) + QWQESns) (6.88)
X exp ( —it(b? — 2p7p+)).
Performing the integrals over p* and simplifying,
exp(—itH,) = Z ﬁ exp ( —ith? + 215 §+ sinh?(rQlgn)
n (6.89)

+ 2ﬂQ85n5> .
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Therefore, the heat kernel leads to,

[vat) =i [ [ 55 ew (i - i) €. (6.90)

he11c1tles

Each supersymmetry multiplet effectively contributes one s = 1, four s = %, six

s =0, four s = —% and one s = 1 states. *." ghosts cancel out two of the scalars.
Therefore, summing up the only term with helicities gives us

Z (—)?% exp(2mQlsns) = (exp(mQlin/2) — exp(—mQln/2))?,
helicities (691)

=16 sinh4(7TQ€Sn/2).
The potential in equation then becomes,

/d2§ Z < ‘)smh‘i (mQlsn/2)

= (6.92)
% /0 %exp ( — ith? + %2sinh2(ﬂQan)f+§_)~

We analytically continue the Schwinger parameter ¢ = it’,

/ d?¢ Z —smh4 (mQlsn/2)

n=—oo

o0 dt/ . Z . —
% /0 3 XD ( —it'h? — —,2 sinh?(mQln)ET ¢ )7

o 2 bsinh* (7Qlsn/2)
/ e Z T [2sinh? (7 Qlgn)ETE]L/2

(6.93)

« K, (\/ 812 sinh? (xQLsn)+¢ ),

where K is a modified Bessel function with the following asymptotic behaviour,

(z>>1),
(6.94)
(z << 1).

Plugging in for b26T¢~ >> 1, we see the effective potential for late times
is,

/ / g2 2710/ sink (v Q¢ /2)
oft &= m(+E-)3/4sinh® 2 |7 Q| (6.95)

X exp ( - \/ 8h? sinhQ(ﬂQés)§+§*>.

62



The contributions to the sum in are dominated by n = +1.At late times,
the circle on which o becomes large and full supersymmetry is restored.

Plugging in [6.47] yields,
1
+ —
¢ 2Q2 exp(2Q7) = 20742

Furthermore, the measure in terms of the cylindrical coordinates 7,0 becomes,

(6.96)

detde = giszda. (6.97)

S

Combining [6.93][6.96] and [6.97, the effective potential in the light-like linear
dilaton background becomes, schematically,

iVisoon®) ~ — [ drdo( L Y (=), (6.98)
9s Js

for a positive constant C' > 0.

In order to compute the early time potential, we set b?¢t¢~ << 1 and
use the approximation [6.94] to get,

/ SV /d2 bsinh*(7Qlsn/2)
" 281nh2(ﬂ'Q€Sn)§+§ J1/2 /862 sink® (rQe,m)E e~

:—/d2§8 e z:tanh2 TQlsn/2),

%/d2§W 10g(2b2§+£_)

(6.99)

In the last line, we have summed only over the values of n for which the ar-

gument of the modified Bessel function \/ 8b2 sinh? (mQlsn)ETE~ < 1, since the
summation decays rapidly otherwise.

Let us recap what we have done so far.

The off-diagonal modes in Matrix Theory that correspond to stretched strings
between D1 branes are massive with masses poroportional to the distances be-
tween the D1 branes. Integrating out these off-diagonal modes gave us an effec-
tive potential for the diagonal modes. The Green’s function for the propagator
may be calculated using the method of images under orbifold identification.
This one-loop potential vanishes at late times, which is exactly the behaviour
that we expected.

63



7 Conclusion and Further Developments

In this thesis, we started with bosonic string theory and applied ideas about D-
branes to superstring theories. We then established a correspondence between
M-theory and type ITA string theory, in order to demonstrate that M theory
was the lynchpin that connects all five superstring theories.

We then demonstrated the correspondence between M theory and the hypoth-
esized BFSS Matrix model by calculating the velocity dependent potential of
scattering potential between two DO branes or supergravitons at one and two
loops using background field formalism. Additionally we managed to derive
the correct membrane tension, which provides additional support for the BFSS
conjecture.

Subsequently, we looked at finite NV version of Matrix theory, in which one of the
null directions was compactified, in a type ITA linear dilaton background. Us-
ing the Dirac-Born-Infeld action, we derived the Matrix theory action, a U(N)
non-abelian Super Yang Mills theory, compactified on the Milne circle. From
the effective dynamics of this theory, we derived a one-loop potential at distance
b, given schematically by This expression corresponds nicely with our su-
perscattering potentials in one and two loops, since, as time goes to infinity, we
expect the static potential to go to zero.

At this point, the following avenues of research are open to us:

1. We can extend the computation to higher loops on the Milne orbifold just
as we did in flat spacetime. This calculation, although tedious, will help
us see if higher loop effects are suppressed due to supersymmetry,

2. Is it possible to extend our computations to the large N limit? Can we
carry out the DLCQ computation at finite N and then set N — oo at the
very end?

3. We can consider the light like linear dilaton in type IIB string theory using
IIB Matrix theory. There will be additional complications, since the I1B
string theory is S-Dual unto itself.
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